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ORIGINAL ARTICLE
UDC 519.6
https: //doi.org/10.26907 /2541-7746.2025.4.607-626

Numerical study of the 2D Sivashinsky equation
for binary alloy solidification problems

R. Abazari' ™, K. Yildirim?

! Department of Mathematics, University of Mohaghegh Ardabili, Ardabil, Iran
2Mus Alparslan University, Mus, Turkey

™ abazari-r@uma.ac.ir

Abstract

Binary alloy solidification involves the transition of a liquid mixture of two metals into a solid
phase and presents several complex challenges that researchers aim to address. These problems can be
categorized into issues related to thermodynamics, diffusion, and macro- and microstructural evolution
during the cooling process. The Sivashinsky equation is a fourth-order nonlinear partial differential
equation that arises in the mathematical modeling of binary alloy solidification problems. In this
article, we apply the Fourier spectral method combined with the Euler method to numerically solve
the 2D Sivashinsky equation with periodic boundary conditions. A numerical study of the Sivashinsky
equation is important because its analytical solution does not exist, except for trivial solutions.
The error estimation of the approximate solution is provided. Furthermore, we show, both theoretically
and numerically, that the proposed method preserves the decreasing mass condition of the obtained
numerical solutions. Finally, to validate the theoretical results, three examples with different initial
conditions are investigated.

Keywords: Sivashinsky equation, alloy solidification, Fourier spectral method, Euler method, mass
conservation

For citation: Abazari R., Yildirim K. Numerical study of the 2D Sivashinsky equation for binary
alloy solidification problems. Uchenye Zapiski Kazanskogo Universiteta. Seriya Fiziko-Matematiche-
skie Nauki, 2025, vol. 167, no. 4, pp. 607-626. https://doi.org/10.26907/2541-7746.2025.4.607-626.
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YHucsaenHoe nccjaegoBaHe AByMEPHOIOo yYpaBHEHNs
CuBaImHCKOTO JIJId 331249 3aTBepdeBaHus
OMHAPHBIX CILJIABOB

P. A6azapu' ™, K. Mungupum?

! Kagedpa mamemamuxu, Yrnueepcumem Mozazexa Apdebunu, 2. Apdebuav, Hpan

2 Vnueepcumem Myw Asvnapeaan, 2. Myw, Typuus
™ ubazari-r@uma.ac.ir

AnHoTamus

SaTBepeBanne OMHAPHBIX CILIABOB MPECTABIIET co00i (ha3oBBIil MEPEX0] CMECH IBYX METAJIIOB
U3 YKUJIKOTO COCTOSHUsI B TBEpIOe ¢ obpa3oBaHneM OMKOMIIOHEHTHOrO MarepuaJa. V3yueHnue mamHO-
o IIPOIECCa CBA3AHO C PEIICHUEM pPsAJIa CJIOXKHBIX 3a/1a4, ABJISIONUXCA IPEeIMETOM MHOTUX COBpe-
MEHHBIX HCCIEIOBAHUN B 0OJIACTH TEPMOJIMHAMUKE, JUM@OY3UOHHOTO IEPEHOCA, 8 TaKXKe U3MEHEHUs
MaKpO- U MUKPOCTPYKTYPBI BEIIECTB IIPH OXJiaKaeHun. [ MaTeMaTrnvecKoro OnrcaHus 3aTBepIeBa-
HUsi OMHAPHBIX CIJIABOB UCIIOJIb3yeTcsi ypaBHeHne CHBAIMHCKOTO, KOTOPOE OTHOCUTCS K HEJIMHEHHBIM
nuddepeHnnaaIbHBIM YPABHEHUSIM I€TBEPTOrO MOPSIIKA B YACTHBIX MPOU3BOJAHLIX. HacTosias crarbs
[IOCBSIIEHA PEIIEHUIO IByMEPHOT0 ypaBHeHust CUBAIIIMHCKOTO C IePUOIUIECKUMEI IPAHUIHBIME YCJIOBH-
siMu MeToioM ditsiepa— Oypbe. HncsieHHOE HCCIe0BaHIE 3TOT0 yPABHEHHSI UMEET OCOOYI0 3HAUUMOCTb,
TIOCKOJIbKY €I'0 aHAJMTUICCKHAE PEIICHNST BO3MOXKHBI TOJIBKO JIJIS MPOCTENHINNX, TPUBAAJJIBHBIX CJIY4YacB.
[TpoBesena orenKa MOrpentHOCTH TPUOIMKEHHOTO pereHusi. Kpome Toro, pe3yiabTraTbl TEOPETUIECKOTO
aHaJIN3a U YUCJIEHHBIX SKCIEPUMEHTOB MOKA3aJIH, YTO MPEJJIOKEHHBII MeTO, 00eCIeYnBaeT yMEHbIIIe-
HUe MACCHI JIjI BCEX BBIMUCJICHHBLIX pereHuii. PaccMOTpeHbl Tpu mpuMepa ¢ Pa3InIHbIMU HAYAIbHBIMU
YCJIOBASIMH.

Kuarouesbie cioBa: ypapaenne CHBAIIMHCKOIO, 3aTBEpAEBaHUE CILIABOB, CIIEKTPAJIbHBIA METOJ
Oypre, MeTojT Ditiepa, COXpaHEHNE MaCCh

Hna murupoBanusi: Abazari R., Yildirim K. Numerical study of the 2D Sivashinsky equation
for binary alloy solidification problems // YVuen. zan. Kazan. yu-ta. Cep. @us.-marem. nayku. 2025.
T. 167, xu. 4. C. 607-626. https: //doi.org/10.26907/2541-7746.2025.4.607-626.

1. Introduction

Binary alloy solidification is a non-equilibrium thermodynamic process of phase
transformation in which a homogeneous liquid mixture of two elements cools and transitions
into a solid with crystalline microstructure. The final solid morphology is determined
by the interplay between thermal diffusion, solute redistribution, and capillary forces

VYuen. zan. Kazan. yu-ta. Cep. @us.-mar. nayku | 2025;167(4):607-626
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at the solid—liquid interface. As the solid phase grows, solute atoms are typically rejected
(for most phase diagrams), leading to composition gradients in the liquid that can cause
instabilities and complex patterns such as dendritic structures. A good understanding of
the solidification dynamics, including constitutional undercooling and the Mullins—Sekerka
instability [1], is critical for predicting and tailoring properties like strength, corrosion resistance,
and ductility in cast metals and engineered components [3,4]. It is also important that solute
diffusion along temperature gradients can induce a compositional segregation behavior, affecting
the final alloy properties [5]. Advanced modeling techniques, including phase-field models and
cellular automata, have been developed to simulate these processes more accurately [2|. Effective
control of the solidification dynamics is essential for optimizing the mechanical performance
of binary alloys in various applications. Fig. 1, (a)—(d) is a typical image sequence showing
the progressive nucleation and growth of AI-Cu alloys inoculated with TiBs particles [6].
The mathematical modeling of alloy solidification problems is based on a nonlinear evolution
equation known as the Sivashinsky equation, first formulated by G.I. Sivashinsky to describe
minor thermal diffusive instabilities in laminar flame fronts and slight perturbations from
a baseline Poiseuille flow in a film layer on an inclined plane in higher spatial dimensions [7,8].
The Sivashinsky equation in two dimensions takes the following form [9]:

ug + A%u+au=Af(u), inQx(0,T],
u=Au=0, on 02, (1)
u(x,0) = up(x), in €,

where f(u) = %u2 —2u, A is the Laplacian operator, Q = [0, L]*> C R?, and « is a positive
constant. The Sivashinsky equation is also used to model the Bénard convection in an elongated
box, long waves at the interface between two viscous fluids, and unstable drift waves in
plasmas [8]. It belongs to the family of equations describing phase separation problems and
shows a competition between destabilizing (—V?u) and stabilizing (V*u) forces, wich is
mediated by a nonlinear term that generates a complex pattern-forming behavior. The main
feature of the Sivashinsky equation (1) is the decrease of mass condition of its solution within

the time domain [7-9], i.e.,

/Qu(.,t)dQ g/u(.,O)dQ, t>0. 2)

Q

It can be concluded that the conservation of mass condition, [, u(.,t)dQ = 0, is satisfied in
the steady state.

To date, studies on the one-dimensional (1D) and two-dimensional (2D) Sivashinsky
equations remain quite rare. In [10], a splitting scheme based on the Crank—Nicolson method
was proposed for the 1D Sivashinsky equation. Omrani developed a semi-implicit splitting finite-
difference method to approximate the numerical solutions of the 1D Sivashinsky equation [12]
and subsequently solved the same equation numerically using a linearized finite-difference
method in [13]. Benammous et al. [14] applied a finite element method with an error estimate for
the 1D Sivashinsky equation. In [15], Omrani introduced a piecewise linear semi-discrete finite
element scheme to approximate the solutions of the 2D Sivashinsky equation (1). A linearized
three-level difference method was employed by Rouis and Omrani to solve the 2D Sivashinsky
equation in [16]. Ilati and Dehghan formulated a meshless weak form method based on the radial
point interpolation technique for the Sivashinsky equation arising in the alloy solidification
problem [11].

Uch. Zap. Kazan. Univ. Ser. Fiz.-Mat. Nauki | 2025;167(4):607-626
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() (b) (c) (d)

Fig. 1. Image sequence (a)—(d) illustrating the crystallization of solidifying Al-Cu alloys inoculated
with TiBy particles [6]

Spectral methods are a class of numerical techniques for solving differential equations
by expanding the solution in terms of globally defined basis functions, including orthogonal
polynomials [19], Fourier series [20], wavelets [21], etc. These methods leverage the properties
of these basis functions to achieve high accuracy with fewer degrees of freedom compared to
traditional finite difference or finite element methods. Spectral methods are particularly effective
for problems with smooth solutions, as they can capture details of the solution with exponential
convergence rates. They are widely used in various fields, such as fluid dynamics, meteorology,
and computational physics, to facilitate the modeling of complex systems.

In this article, the Fourier spectral method combined with the Fuler scheme was applied to
approximate the numerical solution of the 2D Sivashinsky equation (1), as a mathematical
modeling of binary alloy solidification problems, under the periodic boundary condition.
With this aim, a limited set of trigonometric fundamental functions were used as trail
functions for the Fourier spectral method and then merged in a linear manner to find a
numerical solution of equation (1). Finally, the Euler method was utilized to solve the reduced
equation. The selected trail functions were as smooth as possible. Since the Fourier spectral
method represents the obtained numerical solutions on a discrete set of grid points, it reduces
the computational cost associated with evaluating higher dimensions of the differentiating terms
of the Sivashinsky equation (1). The proposed method preserves the decreasing mass condition
of the obtained numerical solutions.

2. Numerical Simulation

In this section, we propose a scheme based on the Fourier spectral method and the forward

Euler method for solving the 2D Sivashinsky equation (1). Let N,, N, be positive integers and
h, = i, hy = — be the step sizes of the x- and y-directions, respectively, with 7 = z set
N, N, Ny
as the time step size. Suppose that u}, . is an approximation of u(zm, Yn, tr) , where z,, = mh,,
m=0,1,2,...,N;, y, =nh,, n=0,1,2,...,N, and ¢, = k7, k=0,1,2,...,N; are the grid
points. Here, the superscripts m,n denote a quantity associated with the special domain mesh
points x,,, y,, while the subscript n refers to a quantity associated with the time level %, .
Let S ,, = {uf ,lm=0,1,2... N, &n=0,1,2,....N, & k=0,1,..., Ny} beadesired
approximate solution. For any u,v € Sf_,, by (., )n, n, . the discrete L? inner product (.,.)n, n,
is defined as follows:
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Nm Ny
(uk’ Uk)hwahy = hzhy Z Z ulrcn,nvsv,,n‘ (3)
m=0 n=0
The discrete L? norm is denoted by ||.|| and written as
112 = (u*, w*)n o, (4)

Under the above assumption, the discrete Fourier transform of u¥ , and its inverse transform
are

N,—1Ny—1

ﬂ];,q = Z Z u£7nei(§p$m+nqyn) (5)

m=0 n=0

and
1 N,—1Ny—1
koo ~k o i(EpTmAngyn)
Uy, = NN, ak el Cpmmtnan), (6)
p=0 ¢q=0
27p 2mq . .. ..
where &, = I and 7, = I To develop an implicit-explicit Euler method for (1), we treat

1
the terms A%u+2Au+ ou implicitly and the right-hand term §Au2 explicitly, which results in
1
+ A%F 4 2808 + ok = §A(uk’1)2 + R¥, (7)
-

where |R*| < er and c is a constant. Multiplying both sides of (7) by 7 and neglecting the
small term 7R*, we arrive at

(1+ar)u® + 7A%NF + 27 AU" = 1 + %A(ukil)2 + 7R". (8)

Since the time step size 7 and the error term RF are small, then its multiplying can be
eliminated from (8). Consequently, the time discrete scheme for equation (1) yields to

(1 +ar)u® + 7A%F + 27AU" = uF~1 + %A(uk’l)z. 9)

Applying the Fourier transform to equation (9), we get

N N A A fo— T ~fo—
(L + ar)iy, +7(& + 1) ity — 27(&5 + 1))y =ty ' — 5(5,3 + 1) (g '), (10)

which simplifies to

~k— T ~k—
aF = Upg - 5(’52% + ng)(upq 1>2 ' (11)
n = T ar —2r(@ + 1) + 7(& + 2P

Using equation (11), an approximate solution can be obtained by recovering wy,, from af, .

In the next subsection, we demonstrate the stability of the proposed spectral method (9) in
the L? norm and investigate its convergence.
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2.1. Stability and convergence analysis. Consider the space of L?(2) as the Lebesgue
space with the following inner product and related L? norm:

(u,v) = / wodQ,  ||vl|rz = (v,v)% Vu,v € L*(Q).
Q

To analyze the stability and convergence of difference scheme (9), we employ the energy method.
For this purpose, we introduce the following spaces:

H*(Q) ={v:veL*Q),VweLQ)},

ov
H{(Q) = H*(Q) : =0,—| =0¢.
0(2) {UG (€2) : v]og 0»(9”‘89 0}

Theorem 1. Let u* € H3(QY). Then the implicit-explicit Euler scheme defined in (9) is
stable in the L* norm.

Proof. The proof follows a strategy similar to that of [10,18]. Let u* and U* be the exact
and approximate solutions of equation (1), respectively, and e* = u* — U* be the error between
them. Then the roundoff error of the implicit-explicit Euler scheme (9) takes the form

(1+ar)ef +27Ae" + 7A%er = 71 4 gA ((uk’1)2 - (Uk’l)z) : (12)

Pairing equation (12) with e* and integrating on Q, we get
(14 ar)(eb, ) +2r (Ack, ¢) 47 (A%, ¢8) = (71, eh) 4 (A (1) (UF1)?) ). (13)

Via two consecutive integrations by part of the term (A2e*,e*) on 2, we obtain

(Azek,ek) = (% (Aek),ek) — (VAek,Vek)
0 " deF (14)

N Aek ’ek) o (Aek,—) + Aek,Aek ]

From the boundary conditions of the Sivashinsky equation (1), u|og = Aulsgq =0, we
0 Oek

have —(Aek),ek = Aek,i =0, and, since e* € H3(Q), it is concluded that
ok 50 ok J 5

(A%ek,e¥) = (Ae*, Ae¥). Then equation (13) can be rewritten as

(1+ ozT)(ek, €k>+2T(A€k, ek)+T(Aek, Aek) = (ek_l, ek)+% <A <(uk_1)2— (Uk_1)2> ,ek> . (15)

Applying the Schwarz inequality to equation (15) yields

7T
(1+ (@ + 1)7) el + T IA g »
1 _ 1 T _ _
< §H€’“ Y72 + 5!\6’“\@2(9) + Z\I(u’“ D2 = (U120
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The term |[|(u*71)% — (Uk*1)2||%2(m satisfies the Lipschitz condition
|(uk71>2 o (Uk71)2| < |uk71 o kalHukfl + Uk71|
1
< 5]\4*|uk—1 _ Uk (17)
< Elukfl o Uk71|’

where M* > max,cce(q)|u| and £ is the Lipschitz condition. Consequently, inequality (16)
becomes

1 T 1 7L? _
(5 + (@4 D7) 1ty + 1A < (54 75 ) I s (18)

After the simplification step, we have

2
1, 72 1, L2
a0y < [ 2ot ) e oy < [ i | 12
@ =\ Iiatnr O =\ Li@inr L2()

1, 7L£2 K (19)
2t 4 012 _
<...< <%+(a+1)7) le"lz2), k=1,2,...,N.
To derive a relation between ||e*|| and [|e°|| independent of 7, we have
k k
lim —1—%+%Q = lim ﬁ = eT(%QJ(aH))
k—o0 §+(a+1)’r koo 1+W o '
Therefore,
[:2
T( % —2(a+1)
Hek”?ﬂ((l) < ce (2 )He()’l%?(ﬂ)v k= 1727"'7N7
. . . 7( 5 -2a+1)
where c¢ is a positive constant. By setting C' = ce , we get
||6k||%2(9) < C||60H%2(Q)7 k= ]_,2,...,N.
This completes the proof. O

Remark 1. From the result of Theorem 1, it can be concluded that

If %2 —2(a+1) <0, then the scheme defined in (9) exhibits strong stability.
If %2 —2(a+1) > 0, then the scheme defined in (9) exhibits weak stability.
If %2 —2(a+ 1) =0, then the scheme defined in (9) exhibits strong stability.

Remark 2. Although it must be that o > 0, if & = 0, then, from the result of Theorem 1,
it is concluded that £ < 2 for strong stability of the scheme defined in (9).

In the next theorem, the convergence of the proposed method is investigated.
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Theorem 2. Let u* € H3(Q)). Then the time discrete solution obtained by the proposed
scheme defined in (9) is L*-convergent with the convergence order O(T).

Proof. The proof proceeds analogously to that of [10,18|. Let u* and U* be the exact
and approximate solutions of the Sivashinsky equation (1), respectively, and p* = ufF — U*.
Substituting p* in difference scheme (9), we have

(L4 ar)p® +2rAp" + 7A%p" = p*~1 + %A <(uk_1)2 — (U’“‘l)2> + 7RF, (20)

where |RF| < C7 for a positive constant C' and p° = 0. Multiplying equation (20) by p* and
integrating on {2, we get

(1+a7)(p", p%) + 27 (20", p") + 7(Ap", Ap")

k=1 k T k—1)2 k—1)2 k ko k (21)
= (071 0") + 5 ()" = (U A0) + 7 (R 65).
Applying the Schwarz inequality to equation (21) leads to
1 1 T
S+ (a+ )7 HPkH%%Q) + —HAPkH%%Q)
2 2 4 (22)

1, 4w T N2 ) T
< §||P’C 1||%2(Q)+Z”(uk = (U ||%2(Q)+§||Rk||%2(ﬂ)
The term [[(u"~")? — (U*1)?[| 72, satisfies the Lipschitz condition as
112 = (U 120) < L2010 220,
and inequality (22) leads to

1 1 1 7L T
(5+ @+ 7) WM + 1A < (5+ 75 ) 1o + SUR e (29

1 1 1
Neglecting the term ||Ap”*|| and considering that <§ + g) < <§ + (a + 5)7’) , We can rewrite

inequality (23) as follows:

1 7 1 7L? 1 7L?
(5+3) Wiaer < (54 75 ) 1 M + 7 (54 75 ) IR s 20

Considering relation (24) for k — 1,k —2,...,1,0, we get
1 7L£2 1 7£2
S+ S+
HPkH%%Q) <| %3 P 1HL2(Q)+T 21 ”Rk“%Q(Q)
2772 2t3
l+T_52 k22 l+£ : k—11|2 l+T_L2 k12
< 2—1—§ ||L2(Q) +7 | &) IR e +7 | 2 | IR 22 (25)
T3 2772 2772
l+T£2 1+T£2 / i1
<- 2 ”P HL2 )+TZ T |R ot HL2(Q)7 k=12...,N.
2+3 2+3
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Since p =0 and |R*| < C7, we have

Eof1 2\’ 12\ F
=4 o =+
2y < 7 §() |7 J+1\112<Q)gk7(zl+;> . (26)
=1 272

1 7
212

In addition,

Then we obtain

T
10822 < Te2(E-2) 272,

/ T
Setting C = \/ TC2e2 "7 | we get
172y < CT,

which shows that the implicit-explicit Euler scheme defined in (9) is L?-convergent with the
convergence order O(7). This completes the proof. O]

3. Mass-Decreasing Property

This section demonstrates that the proposed approach confirms the mass-decreasing
property (2) of the Sivashinsky equation (1). Using the same reasoning as in [17,18|, a similar
conclusion can be reached. With this aim, we take the inner product of equation (12) with a
constant grid function 1 and get that

T

2k
(u l)hx hy + T ar (A U ,l)h%hy + T ar (Au l)hx’hy -
1 k—1 T k—1
= — 1 — (A 1 :
1+ ar ( ’ )hwvhy + 2(1 + ar) ( (u i )hz’h@/
Let us consider the boundary values (7)-(9), for (Au*, l)h .. » and have that
Nz Ny
(A1), = By 3 562+ 0
m=1n=1
Ve Sfuk, = Stuk ., Shuk ok
L (gt g -
Ny
=y Y (0fub = G 1) + B Z (b, —oFub, ) =0,
m=1
Since (A2 k 1)h h = (Auk Al) = (Au’l‘C O)h by then (A2uk 1) = 0. Similarly, we
have ( l)h . =0. By substltutlon of these values in equatlon (27) it is found that
(uk, 1)h N (uk ! 1) . Since « is a positive constant, the following theorem can
be derived.
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Theorem 3. The mass of scheme (12) under the boundary conditions (7)-(9) satisfies the
decreasing property, i.e.,

(", 1)y, 0, < (@7 1)

vk > 1.

ha,hy

4. Numerical Experiment

As mentioned in the Introduction, solidification represents a fundamental process in
materials science that has a significant influence on the microstructure and properties of
metals and alloys. Binary alloy solidification, which is the focus of this study and consists
in the cooling and phase transformation of a mixture of two metallic elements from a liquid
to a solid state, determines and can alter many functional properties of alloys, including their
mechanical strength, thermal stability, corrosion resistance, etc.

During solidification, numerous processes take place, such as nucleation, dendritic growth,
spinodal decomposition, solute partitioning, and microsegregation (coring). The dynamics of
these processes depends on the cooling rates and alloy composition. Binary alloy solidification
occurs naturally in metallurgy and even planetary science. In this section, three examples
are shown, each with a different type of initial condition: benchmark cross initial value
(as a toy model of alloy solidification), smooth initial value (a more realistic model of alloy
solidification) [9], and random initial value (as a spinodal decomposition model), all presented
in Fig. 2. The experiments were performed using Python 3.9.

(a) Benchmark cross initial
value

e 0 P T S T, 150
e ks BT e L

20 {4

a0{ "
> 50
804"

0.2 100 4

120 45 e S R

o 20 40 80 80 100 120 o 20 40 &0 B0 100 120 ] 20 40 80 80 100 120
X X X

(d) Pseudo-color plot of (a) (e) Pseudo-color plot of (b) (f) Pseudo-color plot of (c)

Fig. 2. Initial values of (a) example 1, (b) example 2, and (c) example 3. Panels (d), (e), and (f)
display the pseudo-color plots of (a), (b), and (c), respectively, on a uniform 128 x 128 mesh
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The obtained numerical results for each of the three examples confirm that the proposed
method satisfies the property of mass decreasing condition (2). In all examples, we set & = 1 and
we divide the domain (0, 1)? into N, x N, meshgrid, where N, = N, = N = {8,16, 32, 64, 128}
with the corresponding step size h, and h, in the z- and y-directions such that

hy = hy = hqg = m for d = 1,2,3,4,5. In order to further assess the numerical results,
the discrete L? error is estimated as a difference between the approximate solutions ufnn
computed on two consecutive grids with the time grid t;, = k7 for Kk =0,1,2,..., N; as follows
N(d) N(d) 2\
2
= | 00303 (i =) )
m=1 n=1
where uNt’ = uﬁ,vjn is the numerical solution with the splitting time step size 7. Since no

exact solution exists for the Sivashinsky equation (1), we can assess the convergence rate
of the proposed approach by measuring the ratios of differences between the approximate
solutions uf,m computed for different step sizes h, and h,. Most commonly, we compare
solutions, where h, and h, are halved successively, then the convergence rate can be computed

by the formula

[ —ui
order = log, : (29)

[T — 27,

Most studies conducted on the 2D Sivashinsky equation have approached the problem from
a theoretical perspective, and only a few of them report numerical results. To compare the
numerical results of the proposed method and other similar methods, we consider examples 2
and 3 from [11], with the outcomes presented in Tables 1, 3, and 4. The numerical comparisons
demonstrate a decrease in mass conservation of the proposed method as time increases, which
is consistent with the statement of Theorem 3.

In light of the above, the following three examples are considered.

Example 1. In the first example, we consider the Sivashinsky equation (1) under the
following benchmark cross initial value (Fig. 2, (a)):

o= (n(e- ) (o)) (o 2) - -2)
(o) al ) -2)-u(-D)
(oo 2) a2 (o))

where (z,y) € 2 =10,1] x[0,1] and H(z—.) and H(y—.) are the Heaviside functions. Binary
alloy solidification with a cross initial value is a common benchmark problem in computational
materials science for testing solidification models and numerical methods. It describes the
solidification of a binary alloy from a molten state with an initial composition profile shaped
like a cross. The numerical solutions of the Sivashinsky equation (1) corresponding to initial

1 4
condition (30) with step sizes h = k = 158 and 7 = %h at times t = {0.5,3,5,10,30,50} are

shown in Fig. 3. According to Fig. 3, the solution loses its mass and tends to a steady state.
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(d) Pseudo-color plot of (a) (e) Pseudo-color plot of (b) (f) Pseudo-color plot of (c)
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(j) Pseudo-color plot of (g) (k) Pseudo-color plot of (h) (1) Pseudo-color plot of (i)

1
128

4
T= %h at times (a) t=0.5, (b) t=3, (c) t=5, (g) t=10, (h) t=30, and (i) t=50. The second and fourth

rows are the pseudo-color plots of the first and third rows on a uniform 128 x 128 mesh

Fig. 3. The first and third rows are the numerical solutions of example 1 with h =k = and
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The L? error and convergence rate of the numerical solution of example 1 at

11 1 1 4
i =0.5,1. f =k=<—, sz, == =55 ' in Table 1.
times t =0.5,1.5,3,5 for h=k {16’32’64’128} and 7 25h are given in Table
The reduction in mass condition observed in the numerical solution of example 1 with initial
values (30) is also illustrated in Fig. 4 (solid line).

1 4
Table 1. L? error of example 1 with h =k = N and 7 = %h at times t =0.5,1.5,3 and t =5

N t=20.5 order t=1.5 order t=3 order t=5 order
16 | 9.7076e-02 — 1.1125e-01 - 1.3685e-01 - 1.5663e-01 -

32 | 4.3349e-02 1.16 4.1864e-02 1.41 4.1988e-02 1.70 4.1432e-02 1.92
64 | 1.5336e-02 1.49 1.4496e-02 1.53 1.1330e-02 1.89 1.0504e-02 1.98
128 | 2.8300e-03 2.43 2.6352e-03 2.46 1.9485e-03 2.54 1.7573e-03 2.58

o
=)
s

—— Example 1
Example 2
-------- Example 3

|
e
-

|
e
N

Mass Error
&
w

|
1N
IS

L

~0.51

Fig. 4. Decrease in the mass error for the numerical solution of example 1 (solid line), example 2

(dashed line), and example 3 (dotted line) at t = 0: 35 : 5 on a 128 x 128 mesh

Example 2. In the second example [9], the following smooth initial value is considered for
the Sivashinsky equation (1)

up(z,y) = sin(2mx) sin(2ry), (z,y) € Q=10,1] x [0, 1]. (31)

Binary alloy solidification with smooth initial conditions is a fundamental problem in
computational materials science for studying how smooth composition and temperature
gradients evolve during solidification. This approach avoids discontinuities present in sharp

interface benchmarks, making well-suited to diffuse-interface models like phase-field methods.

1 4
The numerical profiles of this example with step sizes h =k = -— and 7= —h at times

128 25
t ={0.5,1.5,3,4,5,6} are shown in Fig. 5.

The Ly errors of the proposed numerical solution and the Ly errors of the meshless global
weak form method under the same initial condition (31) with 7 =0.001 at ¢ =1 is shown in
Table 2. The numerical results of this example agree with those discussed in [11] for the same
example using the meshless method based on the radial point interpolation technique.
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(d) Pseudo-color plot of (a) (e) Pseudo-color plot of (b) (f) Pseudo-color plot of (c)
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L
4 128
T= %h at times (a) t=0.5, (b) t=1.5, (c) t=3, (g) t=4, (h) t=5, and (i) t=6. The second and fourth

Fig. 5. The first and third rows are the numerical solutions of example 2 with h =k = and

rows are the pseudo-color plots of the first and third rows on a uniform 128 x 128 mesh
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The L? error and convergence rate of the results of example 2 at times ¢ = 0.5,1.5, 3,5 with

1 1 1 1 4 . .
steps h =k = {E’ 32 61’ @} and 7 = 2—5h are presented in Table 3. Similarly, the dashed

line in Fig. 4 confirms the decrease in mass condition of the numerical solution obtained by the
proposed method for this example.

4
Table 2. The L? error of example 1 with h =k = and 7 = %h at times £ =0.5,1.5,3 and t =5

1
N
h==k Lo-error Lo-error [11]
1/10 9.3614e-04 9.1972e-04
1/20 2.1364e-04 2.3743e-04
1/40 2.2245e-04 2.1476e-04

1 4
Table 3. L? error of example 2 with h =k = N and T = %h at times t =0.5,1.5,3 and t =5

N t=20.5 order t=1.5 order t=3 order t=5 order
16 | 3.8496e-02 - 5.2156e-02 - 5.7316e-02 - 8.0701e-02 -

32 | 1.4997e-02 1.36 1.9222e-02 1.44 1.7397e-02 1.72 2.3202e-02 1.80
64 | 4.2471e-03 1.82 4.9415e-03 196 6.4727¢-03 2.15 5.0142¢-03 2.21
128 | 9.6364e-04 2.14 1.0339e-03 2.25 1.1674e-03 2.47 1.0181e-03 2.30

Example 3. In the last example, we simulate spinodal decomposition, energy dissipation,
and mass conservation. We consider the Sivashinsky equation (1) with respect to the following
random (normal distribution) initial value:

up(z,y) = 0.5 + orandn(z,y), (x,y) € Q=][0,1] x [0, 1], (32)

with the mean deviation o = 0.5 and the standard deviation o = 0.25. Binary alloy
solidification with random initial conditions is used to study how microscopic fluctuations evolve
into macroscopic solidification patterns. Similar to the above examples, the numerical profiles
1 4

of this example with steps sizes h = k = 58 and T = 2—5h at times ¢t = {3, 10, 20,40, 80, 120}
are shown in Fig. 6.

The L? errors, including the convergence rate of the numerical results of example 3 at times

1 1 1 1 4

t = 0.5,1.5,3,5 with steps h =k = 16’ 32" 6_4’@} and 7= 2—5h, are given in Table 4.
The dotted line in Fig. 4 also shows the decrease in mass of the proposed scheme for example 3.

1 4
Table 4. L? error of example 3 with h = k = — and 7 = —h at times t =0.5,1.5,3 and t =5

N 25
N t=0.5 order t=1.5 order t=3 order t=>5 order
16 | 4.3364¢-02 - 3.0082¢-02 - 2.3488¢-02 - 1.8926¢-02 —

32 | 2.7793e-02 0.64 1.9014e-02 0.66 1.4676e-02 0.68 1.2242¢-02 0.63
64 | 1.1613e-02 1.26 8.3152¢-03 1.19 6.9209¢-03 1.08 6.1555e-03 0.99
128 | 2.4584e-03 2.24 1.8479e-03 2.17 1.5921e-03 2.12 1.4457e-03  2.09
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4
T= %h at times (a) t=3, (b) t=10, (c) t=20, (g) t=40, (h) t=80, and (i) t=120. The second and

fourth rows are the pseudo-color plots of the first and third rows on a uniform 128 x 128 mesh

Fig. 6. The first and third rows are the numerical solutions of example 3 with h =k = and
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Remark 3. The numerical profiles of examples 1, 2, and 3 with the same initial values as in
(30), (31), and (32) are listed in Figs. 7, 8, and 9, respectively, but for a = 0.5. A comparison
of the results for a« =1 and a = 0.5 reveals that a decrease in the positive constant o causes
the numerical solutions to tend rapidly towards the equilibrium state.

0 20 40 60 80 100 120 ] 20 40 60 80 100 120 0 20 40 60 80 100 120
X X X

(d) Pseudo-color plot of (a) (e) Pseudo-color plot of (b) (f) Pseudo-color plot of (c)

Fig. 7. Numerical profile of example 1 for « = 0.5, (a) t =1, (b) t =2, and (c) t = 2.5. Panels (d),
(e), and (f) are the pseudo-color plots of (a), (b), and (c), respectively, on a uniform 128 x 128 mesh
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X X X

(d) Pseudo-color plot of (a) (e) Pseudo-color plot of (a) (f) Pseudo-color plot of (a)

Fig. 8. Numerical profile of example 2 for a« = 0.5, (a) t =1, (b) ¢t = 2, and (c) t = 3. Panels (d),
(e), and (f) are the pseudo-color plots of (a), (b), and (c), respectively, on a uniform 128 x 128 mesh
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Fig. 9. Numerical profile of example 3 for « = 0.5, (a) t = 1.5, (b) t =3, and (c) ¢t = 5. Panels (d),
(e), and (f) are the pseudo-color plots of (a), (b), and (c), respectively, on a uniform 128 x 128 mesh

5. Conclusions

In this article, the 2D Sivashinsky equation was studied numerically as a mathematical
model for a planar solid-liquid interface dynamics in a binary alloy that naturally arises in
material sciences. The mathematical formulation of this model is a fourth-order nonlinear
partial differential equation for which no analytical solution exists, except for trivial solutions.
The Fourier spectral method combined with the Euler method was proposed to approximate
the solution of the governing equation with periodic boundary conditions. It was proved
theoretically that the numerical solutions obtained by the proposed approach preserve the
decreasing of mass property. Three examples (with a benchmark cross initial value, with a
smooth initial value, and with a random initial value) were analyzed to validate the performance
of the introduced scheme. A custom Python code was developed to solve numerically the selected
examples. The accuracy of the method was assessed in the Lo error norm. Based on the obtained
numerical results, the following conclusions were reached:

e The numerical experiments confirm that the theoretical results are in good agreement
with previously published data.

e With an increase in time, the numerical mass of the solutions decreased in all examples,
and the obtained numerical solutions tend to a steady state.

e Figs. 3, 5, and 6 demonstrate that, for a smooth initial value, as time increased, the
coarsening process led to a sample with separated regions of the blue and red phases.
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O pa3zpenmMocTé ONTUMI3AIMOHHON 3a/ja9M MTOCTPOEHUS
BIIOJIHE MHTEPHNPETUPYEMbBIX JUHENHBIX perpeccuii

M.I1. BazuneBckuii

Hpxymexuids 2ocydapemsennoidi yrusepcumem nymetd coobusernus, 2. Upxymex, Poccus

mik2178Qyandex.ru

AHHOTaIMS

CraTbsl MMOCBAIIEHa COBEPIIEHCTBOBAHUIO TEXHOJIOIMU ITOCTPOEHUsI MHTEPIPETUPYEMbBIX PErPECcCH-
OHHBIX MOJIeJIeil, mapaMeTpbl KOTOPBIX OIEHHBAIOTCS C IIOMOINBIO MeTOJa HAWMEHBINNX KBaJPaTOB.
BBeneno omnpejenenne BIOJIHE UHTEPIPETHPYEMOil JuHEiHO perpeccun. K Hell nmpeabsaBiieHbl Tpebo-
BaHUs COIJIACOBAHHOCTH 3HAKOB OIEHOK IAapaMEeTPOB COJIEPKATEIHbHOMY CMBICJY IE€PEMEHHBIX, 3Ha-
YUMOCTH OIIEHOK, HU3KOI CTEIeHU MYJILTUKOJIIMHEAPHOCTH M BBICOKOIO KadeCTBa AIIPOKCHMAIIH.
[TpunagIeKHOCTD MOJEIN K KJIACCY BIIOJHE NHTEPIPETUPYEMBIX PErpecCuil 3aBUCUT OT YPOBHS 3HAUU-
MocTH. B TepMuHax anmnapara 4acTHIHO-OYJIEBOrO JUHEHHOrO IPOrpaMMUPOBAHHUSI, IPOIPECCUPYIOIIETO
3a IMOCJIeJIHIE T'OJIbI B BBIUUCIUTEBHOM ILIaHe, COPMYJIMPOBAHA ONTUMU3AIMOHHAS 3/1a9a, IIOCTPOe-
HUsI BIIOJIHE MHTEPIPETUPYEMBIX JIMHEHHBIX PErpeccuil ¢ TOBOILHO OOJIBIINM KOJIHMYECTBOM JIMHEHHBIX
orpannydennii. JIokazaHa pas3penmMoOCTh 3TOH 3aJa9u IPU OIpEIeJIeHHBIX yCaIoBusx. IIperaraembrit
MaTeMaTHIeCKHU alapaT MOYKeT YCIEIIHO MPUMEHATHCS IJIst 00paboTKN OOJIBIINX JAHHBIX, IIOCKO/Ib-
Ky 4YHCJIO OrpaHMYeHuii B cOpMYIMPOBAHHOI 3ajade, B OTJIMYUE OT CYIIECTBYIOIIMX 3apyOErKHBIX
aHAJIOTOB, HE 3aBUCHUT OT 00beMa BBIOOPKH.

KuaroueBbie ciioBa: nuneiinas perpeccusi, MeTOJ HAMMEHDLITNX KB IPATOB, HHTEPIPETUPYEMOCTb,
MYJIBTHKOJ/LIMHEAPHOCTh, 3HAYUMOCTD, 33Ja4ua YaCTUIHO-OyJIEBOIO JIMHEHHOI'O IIPOrpaMMUPOBAHMUSI,
Pa3pelnuMoCThb

Hnsa nurupoBauusa: baszuaesckut M.II. O pa3pemuMocTd ONTUMUBAIMOHHON 3a/a9i TOCTPOCHUS

BIIOJTHE UHTEPIPETUPYEMBIX JIMHEHHbIX perpeccuii // Yuen. zam. Kasan. yu-ta. Cep. ®@us.-marem.
naykn. 2025. T. 167, ku. 4. C. 627-640. https://doi.org/10.26907/2541-7746.2025.4.627-640.
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Abstract

This article is devoted to improving the technique for constructing interpretable regression models
in which parameters are estimated using the ordinary least squares method. A definition of quite
interpretable linear regressions is provided. The main requirements for such regressions include
the consistency between the signs of the parameter estimates and the substantive meanings of the
variables, the significance of the estimates, the low degree of multicollinearity, and the high quality
of approximation. Whether a model belongs to the class of quite interpretable regressions or not
depends on its significance level. In terms of mixed 0-1 integer linear programming, which has made
progress in recent years due to computational advances, an optimization problem is formulated for
constructing quite interpretable linear regressions with a fairly large number of linear constraints. The
problem is proved to be solvable under certain conditions. The proposed mathematical framework can
be successfully applied to processing big data, as the number of constraints in the formulated problem
does not depend on the sample size, unlike existing foreign analogues.

Keywords: linear regression, ordinary least squares method, interpretability, multicollinearity,
significance, mixed 0-1 integer linear programming problem, solvability

For citation: Bazilevskiy M.P. On the solvability of the optimization problem for constructing quite
interpretable linear regressions. Uchenye Zapiski Kazanskogo Universiteta. Seriya Fiziko-Matemati-
cheskie Nauki, 2025, vol. 167, no. 4, pp. 627-640. https://doi.org/10.26907/2541-7746.2025.4.627-640.
(In Russian)

Bsegenue

B Hacrosiiee BpeMst B Hay IHbIX MCCJIeI0BaHusIX (CM., HAITpuMep, paborsl [1,2]) BbaemIoch
HOBOE HAallpaBJICHUE, CBA3AHHOE C TEeM, UTO IPHU IOCTPOCHUM MOJIe/Iell MAIUHHOIO O0yYeHUsd
BaykKHO 00ecIiednBaTh He TOJIBKO X BBICOKOE KAUeCTBO, HO M MHTEPIIpeTupyeMocThb. Cpenn MoJie-
Jielf MaImmHHOTO 00yYeHns Hanbojiee MpOCTO UHTEPIPETUPYIOTCSA MOJIE/IN JIMHEWHON PErpeccui,
YeMy TOCBSIIEH OT/ENbHBIN pasiesn B Monorpadun [1]. OmHako nayke mpu MOCTPOEHUH TIPO-
creifiieil inHEHON perpeccun ¢ TOMOIIBIO MeTojia HanMeHnbuxX KBajparos (MHK) Bosaukaror
JBe 1pobJieMbl. Bo-11epBhIX, elie 10 oleHuBaHusT HEU3BECTHBIX IIapaMeTPOB MOJIE/IH TpedyeTcs
OIIPEIEIUTh COCTAaB BXOISIINX B Hee O0bsICHAMOINX IIepeMeHHbIX. BO-BTOPBIX, HET TapaHTUH,
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YTO MOJEJb, mocrpoennyo ¢ nomonibio MHK, moxkHO Oymer ajgekBaTHO MHTEPIPETHPOBATH.
Beiesium monorpaduio (3], B KOTOPOi IpeIoyKeH aJrOpUTM [IOCTPOEHUST HHTEPIIPETUPYEMOii
PEerpeccuoHHOl MOJIE/IA ¢ UCIOJIb30BaHUEM aHAJIN3a MocjaeaoBaTeIbHocTeil. Ho B HeM i1 BbI-
O6opa HamboJiee CYIIEeCTBEHHBIX PErPeccCOpPOB B JIMHEIHOW pPerpeccuu UCIOIb30BaH METOJ BCEX
BO3MOXKHBIX perpeccuii [4], Tpebytommuii 601bImx 06bEMOB BbIYUCICHUI.

BMmecTo meTojia Bcex BO3MOXKHBIX Perpecchil Jijisi IMOCTPOeHUsl JIMHEHHO perpeccuu ¢ I1o-
morpbio MHK B 3apy0OekKHBIX MCC/IeIoBAaHUSX MPUMEHSIOT alapaT 9acTUuIHO-OY/IEBOI0 KBaJI-
paruuanoro nporpamvuposanus (UBKIT). Cunraercs, 4o Hav4a 0 9TOMY HOJIOKUIA CTAThs 5]
2009 roma asropos X. Konno u P. fmamoro. Baaromapst sromy b paborst |6, 7|, mo-
CBdAIEHHBbIE 0TOOPY B JIMHEWHON perpeccuu ONTUMAJILHOIO YMCJ/Ia PErPecCOPOB 10 KPUTEPHUIM
Axkawnke, [IIBapa u Maioy3a, a Takyke 110 CKOPPEKTUPOBAHHOMY KO3 MDUIINEHTY TeTepMUHA-
. B [8,9] uccieqoBasbl BOIPOCH CHUZKEHMsT TIPU MOJIETUPOBAHIN 9(bDhEKTa MyTbTHKOJIINHE-
apuoctu. Pazpaborke HOBBIX 3(bdeKTuBHBIX ajaropurMoB pernennd 3agad UBKII as Beibopa
CTPYKTYDBI JINHEHON perpeccun mocesimensl crarbu [10,11].

Opxmaxo B 2018 rogy B oredectsentoit pabore 12| mogsuiach HoBas GopMaIu3aIls 3a1ax i
IIOCTPOEHUSI JINHEIHO# perpeccuu, HO yzKe B TepMHUHAX allllapaTa JacTUIHO-OYJIeBOro JIMHe-
Horo nporpamvupoBanust (UBJIIT). CoeBpeMeHHOCTH TAKOTO MOJIX0/Ia 06YCIOBICHA T€M, UTO,
Kak ormedeHo B [13], B cpegnem ¢ 2001 1o 2020 roj KoMIIbIOTEPHOE 0GOPY/IOBAHKE JIJIs PEIIEHUs
zagad YBJIII cramo npumepHo B JBajiiaTh pa3 ObICTpee, a aJroOpUTMbl — B ISTHICCAT. 3ajada,
npeioKenHas B [12], 3a mocseane ropl OblIa CYIeCTBEHHO pacmupena. Tak, B Hell mosBu-
JICh OTPaHUYIEHHs] HA MYJIbTHKOJLUIMHEAPHOCTH [14], 3Ha9nMOCTh 0O11eHOK 110 ¢-kputepnio Crbio-
nenta [15], sHaunmocts Mogesn o F-kpureputo Puiepa [16] u 1. 1. B 3apybekHBIX mCCIe-
JIOBAHUSIX IapaJLIebHBIM XOJI0M CTaJIO IPUHSITO JejarTh Tak, 4To0bl 3agada YBKII #e mpocto
OCYIIECTBJIsL/Ia OTOOP IEPEMEHHBIX B JIMHEHHOM perpeccuu, HO U M0 BO3MOXKHOCTH T'apaHTUPO-
BaJla 3HAYMMOCTH OIIEHOK, BBIIIOJIHEHUE YCJIOBUIT TeopeMbl ['aycca— MapkoBa u T. 1. Hanpumep,
B [17] 11t 9TOro MCHOJIB30BANO MOHSATHE PErPECCHOHHOI IMATHOCTHKY, a B [18] — mesocrmoi
perpeccun.

[lennb gaHHO CTATbU COCTOUT B CJAUSHUU PACCMOTPEHHBIX B paborax [12,14-16] u B jipy-
rux MaHyckpuirax apropa 3ajad UYBJIII B eaunyo 3ajady MOCTpOEHUs] MHTEPIPETUPYEMO
JIMTHENHOI perpeccuu, a TaKKe B MCCJIE/IOBAHUU TIPEIOKEHHON 3a/1a4n Ha Pa3PeITnMOCTb.

1. Bnosane mHTeprpeTupyeMas JUHEHas perpeccusi

Pacemorpum Moze/ib MHOXKECTBEHHON JIMHEHHON perpeccuu, BKIYAIONLYI0 00bICHIEMYIO

MEPEMEHHYIO Y U [ OOBLIACHSIONNX EPEMEHHBIX X1, L2, - .., Xy
l
Yi = Qo + § ATy +é&i, 1= 17”7 (1)
Jj=1
rjie ag, o, ..., @y — HEU3BECTHDBIE NTAPAMETPDI; N — 00beM BBIOODKH; €1, €9, ..., €, — OINIMOKN
perpeccun.

[IpuBeieM KpaTKo HEKOTOPbIE IIPEIIIOCHIIKH, [IO3BOJIUBIINE C(DOPMYIUPOBATH OIIpeIeIeHIe
BIIOJIHE MHTEPIPETUPYEMOil JImHeiiHO# perpeccun. Bo-1iepBbIX, €C/ii B OIEHEHHON| ¢ ITOMOIIBIO
MHK wmogesin (1) orcyreTByer MyaIbTUKOJIMHEAPHOCTD, TO HEJIOMYCTUMO, YTOOBI 3HAKHU OIle-

HOK &, j = 1,], IDOTUBOPEYMIIN CMBIC/IY CTOAIMINX IIPH HUX IIepeMeHHbIX. Bo-BTOPEIX, cTeleHb

Yuen. zan. Kasan. yu-ra. Cep. @us.-mar. Hayku | 2025;167(4):627-640



630 M.P. Bazilevskiy | On the solvability of the optimization problem ...

MYJITUKOJJIMHEAPHOCTH, HETATUBHO BJIASTIONIEN Ha WHTEPITPETAIUIO OIMEHOK PErPECCUu, JTOJIHK-
Ha ObITh HU3KOW, MpUYEM KaK Hapbl 0O0bICHSIIONNX MMEPEMEHHBIX HE JIOJIZKHBI CHJIBHO KOppe-
JIMPOBaTh, TaK W JIMHEHbIEe 3aBUCUMOCTHU KaXKJIOH IIepEMEHHOI ¢ OCTaJIbHBIMU MPEJUKTOPaMU
JIOJIZKHBI OBITH HeaeKBaTHBI. [l 1MoJrydeHnsi BHIBOJIOB O HAJIMIUU WU OTCYTCTBUU 3HAYUMBIX
CBsI3ell MeKJIy MepeMeHHBIMU MBI MpeJljlaraeM MCIOJIb30BATh K/JIACCUUECKUI almapaTr MpoBep-
KI CTATHCTUYECKUX TUIIOTE3, TIPEIITOIArafoNnil Ha HadaJbHOM dTalle BHIOOP YPOBHS 3HAUNMO-
cru «. B-rperbux, mHTepnperanus Mojean (1) Oymer COMHUTETBHON, €Cl CPe ee OIEHOK
OyyT He3HAYUMBIE 110 t-KpuTepuio CrhiogerTa. K ToMy Ke HeIOmyCcTUMO, 9TOOBI OTHOCUTE b=
HBle BKJIaJbI IEePEMEHHBIX B OOIIyI0 JeTepMUHAImI0 R?, KoTopble HaxomdaTcs 10 (hOpMyJIaM

Ty

C';l]l,’s = O_—T’yx]. a;, j = 1,1, tne oy, 04, ..., 0z, — CTaHJAPTHBIC OTKJOHEHHUS IE€PEMEHHBIX,

y
Tye;» J = 1,1, — K03(bPUIMEHTEI KOPPEIAIIT IEPEMEHHOf § ¢ NPEIMKTOPaMU, OBLIM HE MOJIOZKH-
TeJbHBL. B-4eTBepThIX, WHTEpIpeTalus HeJoIyCTuMa, ecii KoahduImenT nerepMuHanyun 2
CJIUIIIKOM HHM30K JIMOO MOJIe/Ib He 3Ha4YnMa B 1ejioM 1o F'-kputepuio Puiepa.

Onpenenenne 1. Jluneitnas perpeccusi (1), onenennas ¢ nomonipto MHK, HaswiBaercs
Briosine uaTeprnperupyemoii (BUJIuuP) st BBIOpAaHHOrO ypOBHsI 3HAYUMOCTH v U HUYKHEH
rpaHuibl 6 abCOJIIOTHBIX BKJIAIOB C;;fs HepeMeHHbIX B OOIIyIO JleTepMuHanuio R?, ecau ona
YJIOBJIETBOPSIET CJIC/IYIONIUM YCTIOBUSIM:

1) sHaku KOI(MPUIMEHTOB KOPPEJISIUT Tye;y J = 1,1, cOOTBETCTBYIOT COJI€PKATETLHOMY
CMBICJIy pellaeMoi 3a1a4Hu;

2) 3HaKH BCEX OIIEHOK (v COIVIACYIOTCS CO 3HAKAME COOTBETCTBYIONINX KO(hQUINEHTOB KOP-
PeNIANIY Ty, T.€. (O Tye, >0, j=1,1;

3) Cot >0, j=T,1;

4) K03(pHUNMEHTE HHTEPKOPPeTAHi 74,0, ¢ = 1,0—1, j = i+1,], ne 3HaUEMBI
o t-kpureputo CTbIO/IEHTA;

5) BCe BCLHOMOTaTeJ/IbHbIEe 3aBHCHMOCTHI KazK10il OObSICHSIIOMIEN IepEMEeHHON Xj Ha OCTaJIbHbIE
[IPEIMKTOPHI He 3Ha9uMbl 110 F'-kpurtepuio Purnepa;

6) omenku &, j = 1,[, 3Haunmbl 110 t-Kpurepuio CTbIOIEHTA;
7) MoJesib B 1iesIoM 3HaunMa 110 F'-kpurepuro Puirepa;
8) R?>10..8.

Ormerum, uto i BeinosHerus yeaoust 1) BUJIuuP erme g0 mocrpoenunst mojenn HeoO-
XOJIUMO TPUBJIEKATDH JKCIEPTa U3 COOTBETCTBYIONIEH ITPEIMETHON 00JIacTH, KOTOPBIN CIIOCOOEH
BBIABUTH OOBSCHSIONINE IIePEMEHHBIE, MO-HACTOAIIEMY BJIMSAIONIUE IO CMBICTY HA OTKJIUK 1,
a TaKyKe HallpaBJIeHUS MX BJIUSIHUS.

Kaxk BujiHO U3 onpejie/ienus, OTHOCUTCS Ji nocTpoerHast Mojieb (1) k BUJIuuP win we or-
HOCHUTCs, 3aBUCUT OT MApaMeTpoOB « U . YPOBEHb 3HAUUMOCTU (¢ TPAIUIUOHHO MOXKHO ITPH-
uaTh paBabiM 0.1, 0.05 mwmm 0.01, a HUKHIOIO paHUILy BKJIAJIOB # BBIOpATb U3 MIPOMEKYTKA
[0,1), mpuaem dem HuKe « u BBIE 6, Tem xectae TpeboBanus K BUJIuuP, a snaunt, Hizke
IMAHC, YTO TaKas MOJeb /I KOHKPETHO! BBIOOPKH BOBCe CyIlecTByeT. BriOpanHoe HaMu 1o-
porogoe suavenue 0.8 maa R? B ycnosun 8) BUJIuuP Takske MOXKET ObITH CKOPPEKTHPOBAHO
B COOTBETCTBHU C IPEJIIIOYTEHUEM UCCIIET0BATES.
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2. IlocraHoBka onTUMHU3AIMOHHON 3aadun

YIpocTuTh pacdeTsl ONpe/IeIeHNs OICHOK HEM3BECTHBIX IapamMeTpos Mojesn (1) mo3sosser
craHjapTu3alys (HOpMUPOBaHUE) repeMeHHbIX [19]:

e Yi—UY e  Tin—T1 o  Ty—IT . ——
Yy =, Ty = ..., Ty = —, 1=1n,
oy Oy O,
rue Y, Ty, ..., T] — CpelHue 3HaYeHUs IepeMeHHbix. Torma ypasHenue JUHEHHONW perpeccun

(1) B cranmapruszoBanHoM Maciitabe [19] mpuobperer Bu

!
° ° ° . -_—
Y, = E ﬁjxij+€i7 i1 =1,n, (2)
Jj=1
. [ ] ]
rne (1, ..., [ — HeU3BeCTHBbIE CTaHIAPTU30BaHHbIE KOIMDMOUIMEHTHI; €7, ..., & — ONIMOKH

CTaH/IapTU30BaHHOIl perpeccuu.
MHK-orenkn cranapTu30BaHHbIX KOMDMOUIUEHTOB perpeccun (2) HaXOIATCs B pe3y/IbraTe
pelleHnsl CUCTEMBI JIMTHEIHBIX ajarebpandecKux ypaBHEHUN BHUIA

er 6 = Rym
1 Tey2o S T Tyzq 61
rxlasg 1 S ngml rymz 62
R, = . . . . > Ryx = . ) B = . )
Teiz; Taoxy S 1 Tyay ﬁl

a KoaddunmenT gerepMuHamn R? Momaean — 1o GpopmyIie
2 T
R =R, B,

rie 1 — omeparust TPAHCIOHMPOBAHMSI.
C ucnosbzoBarueM 3tux (opmy B [12] 6b11a cchopmynmuposana ciemyormas 3agada IBJIIT:

l

R* = Z Tyz, B — max; (3)
j=1
!
_(1_5J)M§2Tz3$k6k_ryzjS(l_éj)Ma j: al7 (4)
k=1
—6; M < p; <&M, j=1; (5)
5 €{0,1}, j=1,1; (6)
l
> di=m, (7)
j=1
e m — uucgo Hambosee  CyIIECTBEHHBIX —perpeccopos, mnpudeMm m < min{l,n — 1};
M — nocrarodHo 6oJIbIIOE HMOJIOKHTEIbHOE YHCIO; 0;, j = 1,1, — OyJeBBI IepeMeHHBIE, 3a-
JIAHHBIE 110 ITPABUILY
5 — 1,  ecnm j-g craHgapTU30BaHHAs IIEPEMEHHAs BXOJUT B PErPECCHIO;
! 0 B IIDOTUBHOM CJIydae.
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Baxno, aro B 3amade (3)—(7) umcio M Ha Beeil 00/IaCTH JIOIMYCTUMBIX DEIIEHHI JOJIZKHO

YJIOBJIETBOPSITH HepaBeHCTBY M > m%({’rwk Br — Tya; |, |85]}, mHATE MOXKHO «yIyCTHTB» OII-
J: k)
TUMaJIbHOE pellleHne 3ajadu. Byjaem cuaurarh, uro dncio M — oo. Torma pemienue 3a1a4u

(3)~(7) npuBosuT K BBHIGOPY HamIydInei o Kpureputo R? juneiinoil perpeccun ¢ (bUKCHpPOBaH-
HBIM 9HCJIOM 11, PErPECCOPOB.

UcnonpzoBas pesyabrarsl pabor [12,14-16|, chopmynmupyeM eauHyio 3a/ady MOCTPOEHUS
BUJInuP. dns seimosnnenus yeaosus 2) BUJIuaP Bvecro (5) BBemeM orpaHudeHust

0< B <&M, jeJb (8)
—0; M <p3; <0, jeJ, (9)
rae Jt, JT — MHIEKCHbIE MHOXKECTBA, 3JIEMEHTHI KOTOPBIX YIOBJIETBOPAIOT yCIOBUAM Tya; > 0

U Ty, < 0 COOTBETCTBEHHO;
Juts BbioiHenust yesosus 3) BUJIunP ucnosb3yem orpanudenus

Tyx; 63' > ‘95]'7 .] = 17l7 (10)

Jutst Bbrosinenust yesosust 4) BUJIuaP — orpanndenus

‘Tx,xj‘(dz—i_(sj_l)Sra Z:Ll_L j:Z+17l7 (11)

B KOTOPBIX JIJIs1 0O0eCcIIedeHnsT He3SHAUUMOCTH KOI(MDMUITUEHTOB HHTEPKOPPEIAIHIA 110 {-KPUTEPHIO
typur(Q, 1 — 2)

\/n -2+ tipm(a,n —2)

CTBIO,ZLGHT& JJIA BbI6paHHOFO YPOBHA 3HAYUMOCTHU X YUCJIO T =

Juts BeinosiHenns yeaosus 5) BUJInuP — orpannaenus

-1
ZTI%“ Bri— (1 —=0) M —(L—p) M <ri, k=11, i=1m% (12)
j=1

-1

—(1=0,,)M < erqkiquj Brj = Tagor < (1= 6 ) M, k=11, i=11-1; (13)

J=1

—6qkiM§5ki§6qkiM, k=11, 1=1,1—1; (14)
1

M (1—p) <> G- <MQ1—p), j=1m" (15)
k=1

pj € {071}7 J=1m% (16)

j=1

IIe @;; — 9JIEMEHTBI MaTPHUIIbI le(l,l) , IOJIYYEHHOI IIyTeM BblYePKUBAaHUS IVIABHOI JIMaroHaJ I

1 2 s 1
1 2 s 1 _ -

n3 KBaJIpaTHON MaTpurpl | . . s Brjs k= 1,1, j = 1,1 =1, — cramgapruzoban-
1 2 s 1

Hble KO DUIMEHTE BCIOMOTaTe/ IbHbIX PErPeCCuil /s KazK/I0i epeMeHHoi &7

Ha BCE OCTaJlb-
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Fepur(a,j —1,n—j —2)
n—j—2 . . Y
jfl + Fipue(0,j —1,m —j —2)

J=2,m*; pj, j=1,m* — OyjeBbl nepeMeHHbIe, 3a/JaHHbIC 110 IIPABUITY

HBIE TPeTUKTOPEL; m* = min{l,n — 1}; wncna rf =1, r; =

l .
b = 1, ecmm Y ,_,0k=7J;
! 0 B IIPOTUBHOM CIIyYae;

Jutst Beinosinenns yeiaosus 6) BUJInuP — orpanuaenus
!

l -1
Z Tyay; B — Z Tyzq,; Brj = Z Ty, B05) T,
j=1 j=1 (18)

—M(1—=6)— M1 —p), k= 1l i=1,m*

-1

(1 =00 ) M < Py g By = Ty, < (1 =05 )M, k=T, i=T,0—T; (19)
j=1
re Op;, k= 1,1, j = 1,1 — 1, — crangapTu3oBaHube KOIMOUIUEHTH BCIOMOTATEILHLIX Pe-
t2 —j—1
rpeccuif mepeMeHHolt y* Ha Bee OcTaIbHbIe IPEMKTOPDI 0e3 5 ; uncna T = pur(© . j1 ) ;
n—j—
J=1m;
1t BbrnosiHerust yesosust 7) BUJIuaP — orpanmdaenus

FKpHT(a7j7n _j - 1)
n—;—l + FKpI/IT(&hj? n _] - 1)

Kaxk Bumno, cdopmymuposannas 3agada UBJII (3), (4), (6), (8)—(21) comepRut J0BOIBHO
OOJIBITIOE KOJIMYECTBO JINHEHHBIX OrPAHNIEHN{T, TI09TOMY BO3HHKAET BOILPOC, OyIeT JIN 9Ta 3312~
9a paspermma, T. e. OyJIeT JI OHA UMETh XOTs Obl OJIHO PEIIeHHe B 3aBUCHMOCTH OT HA3HAYECHHBIX
nmapamMeTpoB « u 6.

rae anciaa G; = , J=1,m*.

3. HccraenoBanme onTUMHU3AMMOHHON 3aJa4YM HA Pa3pPENIUMOCTb

Teopema. Ilycmo us ecex oyenennoir ¢ nomowvro MHK naprnor aunelinox pezpeccut y
om x;, j =1, 1,1, 1 > 2, nauboavwee snavenue 6% | 0% < 1, xoafuyuenma demepmunavuu R?
umeem modeaw, 3Hauumas no F -kpumepuro @uwepa 0N 3a(9a7moeo YPOBHA ZHAMUMOCTIU T
Tozda 3adawa YBJIII (3),(4),(6),(8)—(21) npu M — oo paspewuma daa 4106020 YpoGHA 3Ha-
wumocmu o € [a 1) u wucaa 0 € [0,07].

JokazareabcTBo. /[lns yinobcTBa OyaeM cauTaTh, 9TO U3 BCEX OOBACHSIONINX IT€pEeMEeH-
HBIX HamboJIiee TeCHO KOPPEeIUPYyeT ¢ OTKJIMKOM ¥/, HAIIPUMED, ITepeMeHHas x1. LTorjaa mo ycJio-
BHIO TeopeMbl 110 I -kputepnio Ouepa /g ypoBHA 7 3HAYMMA, CTaHIAPTU30BAHHAS MTapHast
JINHEHasT Perpeccust

y* = pral +&°. (22)
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[TocieiHee paBHOCHIILHO 3HAMMMOCTH JI/Is YPOBHS o Koaddurmenta ) perpeccun (22), a Tak-
’Ke KO3 dUIIeHTa KOPPEIAIHUN Ty, 10 t-KpuTepuio CThIOTEHTA.
MHK-omenka HapaMeTpa f1 Momenu (22) paBHA Ty, , & KOIDOUIUEHT JeTepMUHAILIK
R* =72, , otkyma 0% =12 .
[Tokazkem, uro npu M — 0O BCeM OrpaHUYEHUSM 3aJIa9H JIJIs JIIOOOTr0 YPOBHS 3HAUYUMOCTHI

a € [a#,1) u uncna 6 € [0,0%] ynosiersopser ciejyiomiee pelieHye:
Bi="rye, B;=0, j=2;
=1, 6=0, j=2]1;
Bit = Toyays k=20, Bu=0, i=11-1, Bu=0, k=21, i=2,1-1;

Bay =Tyay, k=20, B},=0, i=11-1, Bn=0, k=21 i=2]1-1.
[MosicTaBuM 3HAYEHUs] BCEX STUX [EPEMEHHBIX B OrpaHuuenud 3a1auu. Torma orpanudenus (4)
IPUMYT BU/L

0<0<0 mpuj=1;
—M < Ty, ey — Ty, < M, §=2.1;
orpanndenns (8), (9) npn 7y, > 0:
0<ry, <M npuj=1;
0<0<0, jeJ\{l}
0<0<0, jeJ
orpanmdenust (8), (9) mpu 7y, < 0:
0<0<0, jeJt
—M <71y, <0 mpuj=1;
0<0<0, jeJ \{1h

orpanmdenus (10):
r2 >0 upnj =1; (23)

y$1

0>0, j=2;

orpanndenus (11):
typur(, 1 — 2) —

, i=1, j=20; (24)
=2+ Gp(an = 2)
e | < typur(Q, 1 — 2)
Ty | > s
\/”—2+t12<pm a,n —2)

orpanndenus (12):

0<

i=2,0—1, j=i+1,1; (25)

0<1, k=1, i=1;
Mo —M<1, k=21 i=1;

M <ri, k=1, i=2m"
T2 —2M f; Tr7 k = 7l7 1= 27Tnﬁ;

T1T)
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orpanmdenus (13):
M <y <M, k=1, i=T11-1;
M < =1y oy <M, k=21, i=2,1-1;
0<0<0, k=21, i=1;
orpanndenus (14):
0<0<0, k=1, i=1,1—1;
0<0<0, k=21, i=2,1—1;
~M < 7Tpa, <M, k=21, i=1;
orpannyenus (15):
0<0<0 mpuj=1;
M<1—j<M, j=2m
orpanndenue (17):
1=1;
orpanmyenus (18):
@mz(y—igﬁwfiz 2 o1 -1 (26)
szl (1— szl)Tl —M, k=21 i=1;
rhn > (A= VT, —M, k=1, i=2m5
rog > (L—r2 )T, —2M, k=2, i=2m"
orpanmyenus (19):
M < =ryp, <M, k=1, i=11-1
M < =1y, <M, k=21, i=2,1-1;
0<0<0, k=21, i=1;
orpanndenus (20):
0<0<0, k=1, i=11-1,
0<0<0, k=21, i=2,1—1;
~M <71y, <M, k=21, i=1;
orpanndenus (21):
5 Fepur(a,1,n —2) i1 (27)

>
Tz = n—2+ Fpu(o, 1,n —2)
2> G - M, j=2m.

yr1

OueBu/IHO, YTO BCe BBINIENPHUBEIEHHBIE HepaBeHCTBa, Kpome (23)—(27), crpaBeyiuBbl pu

M — oo. Taxxke Boinosaenst yenaosus (6) u (16) GyaeBocTn nepeMeHHBIX.
Paccmorpum mepasenctso (23). Tlockonbky 6% = r

2
yxy?

TO OHO CIIPABEJIMBO JJIsi J1I0O0I0

6 € [0, 0%]. TIocKOIBKY typur(ct, n—2) > 0 17151 11060T0 YPOBHS 3HAYMMOCTH (¢, TO HEPABEHCTBA
(24) u (25) cupaBeUBLL JIs JTIOGOTO (v, B YaCTHOCTH, Jyisd o € [a, 1).
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[TockonbKy Kosdbdunument () mapHoit perpeccun (22) sHauUM [yis YpoBHA o 110 t-KpH-
tepuio CThIOjIeHTa, TO OH 3HAYUM U 1Ipu « € [ | 1). Dro o3HauaeT, uTo j1st ioboro a € [ 1)
CIIPABEIJINBO HEPABEHCTBO

|tuasal > tipur(a,n — 2),

rmae Ha6ﬂIO,ZLa€M06 SHa4YeHure t—KpI/ITepI/IH CTI)IO,ZLGHT& HaXOAUTCA I10 (1)OpMyJI€

OTciofia ciieflyer crpase/yImBocTh HepasencTsa (26) st moboro « € [, 1).

Hnst maproit smmeitnoit  perpeccnn (22)  Fipur(a,1,n —2) =2 ,.(a,n — 2), nosromy
HepasercTBa (26) n (27) pasrocmibHbl. OTCIOa HEpaBEHCTBO (27) CHpaBeMBO It JIE060-
ro a € [a#,1).

Taxum obpaszom, npu M — oo i mobbix 0 € [0,07] u a € [a¥,1) MuOKeCTBO J0IyCTH-
MBbIX perennit 3amaan (3), (4), (6), (8)—(21) He mycTo. A MOCKOIBKY BCe II€pEMEHHbIE OTDaHMU-
YeHDbI CBEPXY W CHH3Y, TO paccMaTpuBaeMasl 3a/ada paspelmma.

Teopema mokazaHa. O

Pemmenne 3aa4u (3), (4), (6), (8)—(21) mpuBouT K HOCTPOEHUIO JIMHEHHOI PErpeccuu ¢ orl-
TUMAJIBHBIM [0 KPUTEPUIO R? YHUC/IOM PErpeccopoB, YI0BIETEOPSIONIEt EPBLIM CEMH yCJIOBUSIM
BUJIunP. Bomosanenne yenosus 8) BUJIuaP mposepsiercs mocste perrernst 3amaan YBJIIT.

CremaeM JiBa BayKHBIX 3aMevYaHus KacareabHo 3agaqn (3), (4), (6), (8)—(21).

3ameuanne 1. Suadennus Ko3hOUINEHTOB KOPPEJIANNN DU PEIIEHUH 3TON 3a/1a9l HEen3-
OEXKHO TI0J[BEPraloTcst OKpyryennto. Femu marpuna R,, mioxo obyciosiena [20], To u3-3a
OKPYIJIEHUIT peIleHre 3aJla9i MOYKET OKa3aThCsd HeONTHUMaJbHLbIM. [losTomy 3mavenus koad-
pUIMEHTOB KOPPEIAIUU cielyeT 6paTh ¢ OOJIBINECHl TOYHOCTHIO, CHUKAsl ONNOKU OKPYTJICHUS.

3ameuanume 2. [Ipu perennn 3aja9u HEMHHYEMO MPHUJETCSI OIPAHUYUBATHCH KAKHUM-TO
KOHKPETHBIM 3HadeHuneM 4ducja M u3-3a HEBO3MOXKHOCTU obeciiedenus ycjaoBud M — oo.
Cremxyer mOMHUTH, 9TO Yucja0 M I0JKHO OBITH JOCTATOYHO OOJIBINMM, WHAYE ONTUMAJIHLHOE
pelenne MOXKeT ObITh «YITYIIEHO>.

3akJroueHue

amo orpeesieHne BIIOJIHE WHTEPIPETUPYEMOil JnHeitHoi perpeccun. st ee mocTpoennst
B TEpMHHAX allllapara JacTUIHO-OYIeBOTO JIMHEHHOrO HMpOorpaMMUpOBaHus cHOPMYIUPOBaHA
ONTUMHU3AIMOHHAS 3a7a4a. JlokazaHa pa3permMOocTb 3ada4di IIPU OIPEIECJIEHHBIX YCJIOBHUSIX.
SHAYNMOCTh pa3pabOTAHHOIO MAaTEMATHIECKOIO allllapaTa COCTOUT B TOM, UTO MHOTHE STAIIBI
ITOCTPOEHNsT JIMHEHHOW PEerpecCHOHHON MOJE/N YAAI0Ch (hOPMa/n30BaTh B BUJIE €IHHON 3a/1a-
91, KOTOpasi MOXKeT OBITH PellleHa ¢ UCIOIL30BaHUEM COBPEMEHHBIX 9 (DEKTUBHBIX peInaTeseil
CPLEX nau Gurobi.

HepermrenabiM 10 KOHIIA OCTAETCSA BOIIPOC, CBI3aHHBIN ¢ BBIDOPOM JIOCTATOYHO OOJIBIITUX M-
cen1 M B HEKOTOPBIX JIMHEHHBIX OIPaHHYEHUsX 3a/adu. JlajbHeilme uccaeIoBaHus aBTOpa
OYJ/IyT MTOCBSIIIEHBI UCCJIEIOBAHIIO 9TOT'O BOIIPOCA.

KondaukT naTepecoB. ABTOp 3asB/IseT 00 OTCYTCTBUH KOHMJIUKTA HHTEPECOB.
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AnrebpamvecKkne m IOPsAKOBBIE CBOIICTBA ollepaTopa
0JI0YHOro MPOEKTUPOBAHNA Ha ajJaredpe m3MepuMbIX
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AnaxoTanus

IIycTh T — TOUYHBII HOPMAJIBHBIH TOJIYKOHEUHBIN cjel Ha ajredbpe ¢oH Heiimana M. Vcciemosan
oneparop Go4noro upoektuposamust P, (n > 2) B *-amrebpe S(M, ) BCeX T-H3MEPUMBIX OLIEPATO-
pos. Iokasano, uro f(Pn(A)) > Pu(f(A)) mans kaxmoit oneparopuo MonoTonnoi dbynkm f na RT
u AeS(M,r)t. Il oneparopuo soimykinoii dbyuxmmu f ma RT umeem f(Pn(A)) < Po(f(A))
g A€ S(M,7)T. Usydennl ycaoBusi, Ipu KOTOPBIX ﬁn(A) npuHaiexkuT Kiaaccam  So(M, 1)
T-KOMIIAKTHBIX omeparopos, F(M,T) siementapHbix omeparopos, Lp(M,T) T-unTerpupyeMbIx
¢ p-il cTeneHbio orepaTopoB win camoii anrebpe M. Ecomn A, B € S(M,7) n 75n(B) SIBJISIETCSI JIEBBIM
(mpaBbiv) 06paTHbM Hst omeparopa A, 1o P, (B) TakiKe SBISETCs JEBLIM (COOTBETCTBEHIO, IPABLIM)
obpaTHbiM s oneparopa Py, (A).

KirioueBbie ciioBa: riyib0EPTOBO TPOCTPAHCTBO, ajredbpa ¢dou Helimana, cien, mamMepumblii ore-
paTop, ornepaTop GJIOYHOrO MPOEKTUPOBAHUST
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Algebraic and order properties of a block projection
operator on the algebra of measurable operators
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Abstract

Let 7 be a faithful normal semifinite trace on a von Neumann algebra M. The block projection
operator P, (n > 2) on the *-algebra S(M,7) of all T-measurable operators is investigated. It is
shown that f(P,(A)) > Pn(f(A)) for any operator monotone function f on R* and A € S(M,7)".
For an operator convex function f on R*, we have f(P,(A)) < Pn(f(A)) for Ae SM,7)".
Conditions are established under which P, (A) belongs to the class So(M, ) of 7-compact operators,
to the class F/(M,7) of elementary operators, to the classes L,(M, 1) of operators 7-integrable with
p-th power, or to the M algebra itself. If A, B € S(M,7) and P,(B) is a left (right) inverse for the
operator A, then P, (B) is also a left (respectively, right) inverse for the operator P, (A).

Keywords: Hilbert space, von Neumann algebra, trace, measurable operator, block projection
operator
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BBenenne
IIycte M — anrebpa ¢on Heiimana, meiicTByromass B THIb0EPTOBOM IIPOCTPAHCTBE 7,
MPT — pemerka 1poektopor (P = P? = P*) B M u T — TOYHBI HOPMAJLHBIH MOJIy-
KoHeuHbI caen na M. Jlng durcupoBannoro mabopa Pi,..., P, € MP' onpenenum omepa-

Top Guounoro npoekrupoBanus P, : S(M, 1) — S(M,T) dopmynoit P,(X)=>"7_, BXP;
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(X € S(M,1)). B [1] ¢ ncrionpzoBanuemM 0{HONO HETPUBHAJIBLHOIO HEpaBeHCTBA U3 [2| mokaza-
HO, 9TO OEPATOp P, SBISACTCA NONOKUTCILHBIM JHHCHHBIM ckatieM B M u B Li(M,T).
OToT daKT OBLT IPUMEHEH JIJIf ONMCAHNA KPAHIX TOYEK BBIMYKJIBIX BIIOJHE CHMMETPIIHbIX
HOJMHOX)KeCTB B HGaHaxoBoM npocrpanctse Li(M, 1) + M. B [3| nokaszano, uro oneparop P,
OIpeJIe/IfeT JIMHEHHOE IIOJOKUTEIbHOE CXKATHE JJIS BCEX HOPMHPOBAHHBIX HJICAJIBHBIX PO-
crpaucts X C S(M, 1), obsagaromux cojictBamu (A) u (B). Oupenenenns coiicts (A) u (B)
cM. B [4, . 4, §3]. B [5] ycranoBseHbl HepaBeHCTBA PABHOMEPHON CyOMasKOPU3AIIN JIJIST OIle-
paTopa P, Ha CUMMETPHUHBIX IPOCTpaHcTBax Ha (M, 7). B KBasnHOpMIpPyeMOM CiIydae Jis
upocrpancTB L,(M,7) ¢ 0 < p <1 6bum JoKa3aHbl 06paTHBIE HEPABEHCTBA.

Ilpu P +---+P,=1 B [6] nokasano, uro X < nP,(X) a1l KaxKIOro OrepaTopa
X € S(M,7)"; ecrm oneparop X € S(M,7)* obparmu B S(M,7), To P,(X) obparnm
B S(M, 7); yrounen u ycuaen onun npumep u3 |5]. Hanomuanm, aro npuy M = B() u 7 = tr
oriepaTop ﬁn 6bu1 ucciegoan B |7, it 11, §5; rr. 111, reopema 4.2; §7, m. 6°; Teopema 8.7
u B caydae, korma dim 7 < +oo, B [§].

B JlaHHOi CTaThe HCCIELYIOTCS aqrebpantecKie I NOpsKoBEe CBoficTBa oneparopa P,
B *-asrebpe S(M,T) Beex T-U3MEPUMBIX OIEPATOPOB, IPUCOEINHEHHBIX K anrebpe M. Hamm
pe3yJIbTaThl PA3BUBAIOT U JIOMOJHAIOT IPEbLLyIe paboThl IPYIUX ABTOPOB B 3TOH 00JIACTH.

1. OmnpenesieHnust 1 0603HAYEHUS

[Iyctb M — asrebpa ¢don Heiimana omepaTropoB B I'mjibOEPTOBOM IIPOCTpaHCTBe 7,
MP* — pemerka npoextopos (P = P?=P*) B M, I — eqununa 8 M, Pt =1— P nua
P e MP", M™T — KoHyC TI0JIOKUTEIbHBIX 3j1eMenToB n3 M . Orobpaxenne ¢ : M* — [0, +00]
HasbiBaercs ciaegoM, ecn Y(X +Y) = (X)) +9(Y) n (AX) = Mp(X) s Beex X, Y € MT
u A>0 (mpu stom 0-(+00)=0) u Y(Z*Z) =Y(ZZ*) nna Beex Z € M. Cuen ¢ Ha-
spiBaercd  mounovim, ecau Y(X) >0 g Becex X € MT, X #£0; noaykoneunvim, eciu
V(X)) =sup{v(Y): Y e M"Y < X, Y(Y) < +o0} aust moboro X € M™; nopmarvnvim, ec-
s u3 coorrorenusa X; N X (X;, X € M™) caenyer, uro ¢(X) = sup; ¥(X;) (em. |9, rr. V, §2],
110, ror. 1, §1.15]).

Oueparop B # (He 00s13aTeJIbHO OIPAHUYEHHBI UM TLJIOTHO OIPEJIEJICHHBIN) HA3bIBAETCS
[IpUCOeINHEHHBIM K ajredpe (hon Hefimana M, eciin oH miepecTaHOBOUEH C JIIOOBIM YHUTAPHBIM
oreparopoM u3 kKomMmyTanta M’ anredpsr M. Jlajiee BCioJly T — TOYHBIA HOPMAJIBHBIN TIOJTY-
KOHeUHBI cyien Ha M. 3aMKHYTBII onepatop X , IPUCOeIUHEHHBIH K M 1 UMEONnil BCIOLY
WIOTHYIO B S objacth onpejenenns D(X), HA3bIBAETCA T-U3MEPUMBIM, €CJIM I JIIOOOTO
e > 0 cymecrsyer takoit P € MP' uro P C D(X) u 7(Pt) < £. Muoxkecrso S(M,T)
BCEX T-U3MEPHUMBIX OIIEPATOPOB SBJIAETCA *-aarebpoil OTHOCUTENHLHO IEepeXoa K COIPIKEH-
HOMY OII€paTOpy, YMHOXKEHHIO Ha CKAJIAD W OIepalldii CUJIBHOTO CJIOXKEHHS M yMHOXKCHUSI,
HOJTy9aeMbIX 3aMblKanneM obbraubix oneparwit [11, . IX], [10, ra. 2, §2.3|. s cemeiicTa
L C S(M,7) oboznaunm uyepes LT u L" ero moaoKuTesbHYIO U SPMHUTOBY YACTH COOTBET-
crenno. Yacruunniii nopanok B S(M,7)", nopoxaenustii coberennbiv Komycom S(M, )T,
Oymem obosnadath depes <. Eciun X € S(M,7) u X = U|X| — nonsiproe pasyioxkeHue ore-
paropa X, 0 U € M n |X|=vX*X € SIM,1)".

Yepes u(t; X) obosnaunm DyHKIMIO CHHTYJISPHBIX 3HadeHuii omeparopa X € S(M, 1),
T. €. HEeBO3PACTAIONIYI0 HenpepbiBHyo cipasa dyHkimo (- X) : (0, +00) — [0, 4+00), 3a1an-
HyI0 bopMmyToit

p(t; X) =inf {|XP| : Pe M, 7(PT)<t}, t>0.
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Torma  p(t; X) = p(t; | X]) = pw(t; X*) w pw(t; | XPP) =ptX)P moa Beex X € S(M,71)
n 0<p,t<-+oo. Ilyctb m — osuneitnag wmepa Jlebera nma R. Hekommyrarusnoe
L,-upocrpanctso Jlebera (0 < p < +00), acconumposanuoe ¢ (M, T), MOkKeT OBITH OIpe-
JIEJIEHO KaK

Ly(M,7)={X € SIM,7): pu(;X) € L,(R",m)}

¢ F-nopmoit (nopmoit s 1 <p < +o0) [ X||, = [|u(; X)[,, X € Ly(M, 7). Ilponosnxenue
T JI0 eIMHCTBEHHOTO JimHeiiHoro (yHKIMOHAJa Ha Bce mnpoctpaHcTtBo Li(M,T) obosHaua-
eM Toil ke OykBoit 7. B *-amrebpe S(M,T) BBOIUTCS TOMOJOTHS ¢, CXOAUMOCTH 1O Mepe
([11, v IX, §2|, [10, 1. 2, §2.5]), dyHIAMEHTATIBHYIO CHCTEMY OKDPECTHOCTEH HyJisi KOTOPOit
00pa3yroT MHOXKECTBaA

Uss = {X € SM,7): |XQ| <e, T7(QF) < § nnsa mexkoroporo @ € Mpr}, e>0,0>0.

Muozxkecrso So(M,7) = {X € S(M,7): tli+m u(t; X) =0} sBIsieTcss 3aMKHYTBIM B TO-
—400

nosiornnt ¢, upeanmom B S(M, 7). Ecin 7(I) < 400, 10 So(M,7) = S(M,T) u t, asigercs
MUHUMAJIBHONW METPU3yeMOil TOMOJIOrHell, COrTacOBAaHHON €O CTPYKTYpoil Kosbia B S(M,T)
(em. [12]). MuozxecTso siementapubx oneparopos F(M,7) = {X € M: p(t; X) =0 ana
HexoToporo t > 0} sBaserca nueasom B M.

Ecu M = Z(H°) u 7 = tr — xanonnueckuii ciex, ro S(M,7), So(M,7) u F(M,1)
conajaior ¢ AB(H), ¢ ngeanmom S, KOMIAKTHBIX OIEpaTopoB B S u ¢ uupeanom F ()
KOHEYHOMEDHBIX OIEPATOPOB B # COOTBETCTBeHHO. Tomosiorus t, COBHAJAeT C 3aJaBaeMoil
C*-nopmoii || - || paBHOMepHOIt Tonosorueit Ha M. Vnmeem

p(t; X) = sn(X)Xp-1my(t), >0,
n=1

rie {s,(X)} | — mocies0BaTeIbHOCTD S-4UCE]I KOMIIAKTHOIO oeparopa X ; x4 — HHIHKATOP
muoxxecrsa A C R [7, . II]. Torma upocrpancrso L,(M,7) ecrs umean Hlarrena—don
He#imana G, 0 < p < +o00.

Ecmu M abenesa (r1.e. kommyrarusma), o M~ L=®(Q,X,v) u 7(f) = [, fdv, tme
(Q,X,v) — JoKaam3yemMoe MPOCTPAHCTBO ¢ Mepoii, *-anrebpa S(M,T) coBuajgaer ¢ ajreb-
poii Bcex M3MepUMbIX KOMILIEKCHBIX dyHKImit f #a (2,3, 1), KOTOpble OrpaHUYeHbl BCIOLY,
KpOMe MHOXKecTBa KoHewdHoi Mepbl. OyHkius p(t; f) coBmajaer ¢ HeBo3pacTarolieil mepecra-
HOBKOI pyHKImu |f].

_llyere P,..., P, € MP". Onpegenum  onepatop — GJIOYHOTO — MPOEKTUPOBAHUs
P SM,1) = S(M,7)  dopmynoit: P (X)=>7_, PiXPy, X € S(M,7). Omneparop
A € S(M, T) HasbiBaeTcs T-CyIeCTBEHHO OOPATUMBIM CIIpaBa, ecjm cyiectsyer B € S(M, 7)
TaKoii, aro oneparop I — AB gaBIgeTca T-KOMIAKTHBIM; T-CyIIECTBEHHO OOPATUMBIM CJIEBA, €C-
mm cymecrByer B € S(M, 7) takoit, aro omeparop [ — BA sBisiercst T-KoMIakTHBIM [13; 14].
O6oznaunm vepes F(RT) muoxkecrBo Beex HenpepwiBHbIX Gyukimit f @ [0,400) — R, mia
koropeix f(0) =0.
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2. OcHOBHBIE pPE3YJIbTATHI

Jlemma 1. Ecau f € F(RY), mo dan moboeo onepamopa A € S(M, )T suwnosnsemes
PABEHCMBO:

FPa(A)) =" f(PAPy).

HokazarenbctBo. [llaz 1. Ina dyuxmuii Buga f(A) = X (m € N) paBeHcTBO 04eBU/I-
Ho. s npoussosbaoro A € M™ yreepxKenue ciepyer us TeopeMbl BeliepimTpacca 0 paBHO-
MEPHOI TTOJTMHOMUAJIBLHON aIlllIPOKCUMAITNN HEMTPEPBIBHBIX (DYHKINI Ha OTPE3Ke.

Hlae 2. Ins no6oro oneparopa A € S(M, 7)1 cymecTByeT moc/ae10BaTeIbHOCTD ONEPATO-
poB {A;}5°, C M™, cxongmasicst K A B TOIOJOIUA t, CXOAUMOCTH IO Mepe T MPH i — +00.
Jasee npumensiem pesyiabrar O.E. TuxonoBa o t,-HeIpepbIBHOCTH OIEPATOPHBIX (QYHK-
it [15]. n

Teopema 1. ITyemv A€ SIM, 7)™, n>2 u f € FRT).
(i) Ecau f asasemea onepamopno monomonnot na RY, mo f(Pn(A)) = Po(f(A)).
(il) Eeau [ asasemcsa onepamopho ewnykaot na R, mo f(ﬁn(A)) < ﬁn(f(A))

HokazarenbcrBo. (i). g oneparopro monoronuoit dbyukuuu f € F(RT) cormacho
HepaBeHCTBY XaHcena [16] Bobmosasitorcs coornorennst f(PyAPy) > Pof(A)Py s Bcex
k=1,...,n. 3arem npumensem jemmy 1.

(ii). st omeparopuo Beinykioi ¢yuknuu f € F(RT) no wepasencrsy Xamncena—Ilemep-
cera [17] mmeem f(P,AP;) < Pif(A)P, mpu Bcex k = 1,...,n. [lajee cHOBa HCHOJIBb3yeM
JeMmy 1. [

Jlemma 2. ITyemo f € F(RT). Toeda dasn 6020 onepamopa A € S(M, 1)t u 10606 uso-
mempuu U € M (U*U = I) swnoansemes pasencmeo f(UAU*) = U f(A)U*.

Jloka3zaTeabCcTBO. AHAJOIMYHO JIOKA3ATEIHCTBY JIEMMBI 1. O

Teopema 2. I[Tycmv Py +---+ P, =1, Aec SIM,7)",n>2 u f € FR") - so3pacma-
0WaA HYHKUUA.

(i) Ecau f swnyraa, mo 7(f(Pn(A))) < 7(f(A)).

(ii) Feau f eoenyma, mo 7(f(Pn(A))) > 7(f(A4)).

JokazareabcTBO. YTBep:KJeHUe ciejyeT u3 npejacrapienus (cM. |3, semma 2|)

2n—1
~ 1 .
Po(A) = = > SLAS; (1)
k=1
1 IIpUBEJAEHHOI'O B JIEMME 2 paB€HCTBA. L]

Teopema 3. ITycmv P+ -+ P, =1, A€ S(M,7)* u Po(A) € MP*. Tozda

(i) AP, (A) = Po(A)A4;
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(ii) P.AP, € MP Oas scex k=1,...,n;
(iii) onepamop A mpedcmasum 6 6ude cymmor n npoexmopos uz M.

IokazaresabcTBo. (i). U3 |6, memma 1] ciemyer nepasenctso n 1A < 75n(A). [Tpumensiem
U3BECTHBINA pe3ysbraT, KOTOPBIA yTBEepXKIaeT, 9TO

«ecim 0 < AA < P jyia nekoroporo A > 0 u P — npoektop, To A kommyTupyer ¢ P»
(em. [18, 1. 2, . 2.17]), u moywaem coorHomenue nepectanopoanoctu AP, (A) = P,(A)A.

(ii). Tlockombky P,(A) = P,(A)?, nmeeMm paBeHcTBO
> PAP. =) PAPAP,.
k=1 k=1

YMHOXKada 00e 4acTH 3TOrO PaBEHCTBa CjIeBa U CIpaBa Ha IIPoeKTop Fj, IojydaeMm co-
_ 2 C_ o

oraomenne P;AP; = (PjAP;)? s Becex j = 1,...,n. CrenoBarensHo, Kaxaptii P;AP;

ABJIAETCA NJEMIIOTEHTOM M TEM CAMBIM ITPOEKTOPOM, MOCKOIBKY PjAP; >0, j =1,...,n.

(ii). st KaKo0ro j Opee/nM 9acTHIHYI0 H30METPHIO V; i= \/ZPJ Torna BepHbI ceyTo-
IIIe YTBEPKICHUST:

1) coupszkennblii oneparop V' = Pj\/A TaksKe sBIAETCS YACTHIHOf H30MeTpHeil;
2) omeparop V;V* = VAP;\/A ectr npoextop (em. [19, sanaua 127]);

3) cIpaBeJInBO pa3JIoXKeHne
A= i VAPVA,
j=1
YTO IPEJCTaBIAET orepaTop A Kak cyMMy n IIPOEKTOpPOB u3 aareopbr M. O
Teopema 4. ITyemv A€ S(M, 1), 0 <p < +oc0 un>2. Tozda

(i) ecau A*Po(A) =0, mo Po(A) = 0;

(i) ecau A*P,(A) € So(M,T), mo Pu(A) € So(M, 7):

(ili) ecau A*P,(A) € F(M,T), mo Pu(A) € F(M,7);

(iv) ecau A*P,(A) € M, mo P,(A) € M,;

(v) ecau A*P,(A) € L,(M,7), mo Pp(A) € Lyp(M, 7).

Joxkazarenscrso. (i). Iycts A*P,(A) = Y A'PLAP, = 0. YMHOXKasl BCe YaCTH 9TO-
ro paBeHCTBa CJjeBa Ha HIpoekTop P, monydaem P A*P. AP, = |PkAPk\2 =0 m1a Bcex
k=1,...,n, orkyna P,AP, =0, k=1,...,n. Cregoarensno, P,(A) =0.

(ii). U3 coornomennss PyA*P,(A) = Py A* P AP, = |PyAP|* € So(M, T), onpenenenns uiea-
na So(M, T) u cBoiicTBa dbynkuun cunrysapueix suadennit [20] w(t; | X|?) = p(t; X)? cae-
nyer, uro Py AP, € So(M, 1) minsseex k = 1,...,n. Takum obpazom, P, (A) € So(M,T).
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(iii). Tak kak mMHOXKecTBO F(M,T) 3aMKHYTO OTHOCHUTEIHHO W3BJIEYEHUs] KOPHS M3 CBOMX
HEOTPHIATENIbHBIX 01epaTopoB, u3 P, A* Py AP, € F(M, 1) cnenyer |P APy € F(M,T).
[osromy P, AP, € F(M,7) nnsseex k=1,...,n u P,(A) =5 ,_, PbAP, € F(M, 7).

(iv). Uz PyA*P, APy, € M caenyer |PyAP)? € M. Crenosarenbho,
w(t; | PeAP?) = pu(t; |PeAPL))? = u(t; PAP)? < +o00

g eex ¢ > 0w k= 1,...,n. Takum obpazom, PLAP, € M jya Beex k=1,...,n
u P,(A) e M.

(v). Nmeem N

st Beex k= 1,...,n. [losromy |PAP;| € Lop(M,T) ama Beex k= 1,...,n. Ciaenosa-
renbHo, PyAP, € Loy(M,7) st Beex k= 1,...,n, 1 B CHJLy JUHEAHOCTH [IPOCTPAHCTBA
Ly, (M, ) nomyuaem

ZPkAPk = ) c LQp(M T) ]

Teopema 5. ITyemv A,B € S(M,7) u 0 < p < +oo. Tozda
(i) ecau AP, (B) = Pu(B)A, mo Po(A)Pp(B) = Pu(B)P.(A):

(i) umeem Po(AP,(B)) = Pn(Pn( )B) = P, (A)P.(B). B uacmnocmu, ecau AP, (B) =0
usu Pp(A)B =0, mo Pn(A)P,(B) = 0;

(iii) ecau AP,(B) € So(M,T), mo Pu(A)Pu(B) € So(M, 7);
(iv) ecau AP,(B) € L,(M,T), mo Po(A)P,.(B) € L,(M,T);
(v) ecau AP,(B) € F(M,T), mo Po(A)P.(B) € F(M,T).
HoxkazareabctBo. (i). Umeem
Pu(A)P,(B) = (Z PZ-APZ) (Z PjBPj> =Y PAPP;BP;=> PAPBP.
i=1 j=1 ij=1 i=1

Awnaynornano

Pu(B)Pa(A) =Y  PBRAP,

YMuoxkKast 06e YacT paBeHCTBaA Aﬁn(B ) = ﬁn(B JA ciieBa u cripaBa Ha poekTop P;, mosydaem

PAP,BP, = P,BP,AP;,, i=1,...,n.

CiestoBaTesIbHO, ﬁn(A>Pn(B) = Pu(B)Pn(A).
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(ii). Nmeem

Pa(APu(B)) =Y _ P (A > R»BR») P, =Y PAPBP.
k=1 i=1 k=1
CpaBHuBasg €  PaBEHCTBOM ﬁn(A)ﬁn(B) =>4, PiAP,BP,, 3axiodaeMm, 9TO
P.(AP,(B)) = P,(A)P,(B). Ecom AP,(B) =0, 1o

Ananornano s P (A)B = 0.
(iii)—(v). U3z mynkra (ii) ciaeayoT cCOOTHOIEHUSI

Po(A)Po(B) = Po(AP,(B)) = Z P,AP,BP;, € So(M, 7). O

Caencreue 1. Ilycmv A€ M, B € Ly(M,7) (uau Be M, Ae Li(M,1)). Tozda
(1) umeem T(AP,(B)) = T(Pn(A)B)L N N N
(i) ecau Py +---+ P, =1, mo 71(AP,(B)) = 7(Pn(A)B) = 7(P,(A)P.(B)) .

JokaszarenscrBo. (i). Umeenm 7(AP,(B)) = T(3Ypi APBP,) =Y T(AP.BP;).
Tak kak 7(XY)=7(YX) musg Bcex X e M u Y € Li(M,7) (em. [11, . IX, Teopema 2.13]
u |21, reopema 17]), ro 7(AP.BP;) = 7(P,APyB) u

n

T(AP,(B)) = Y T(PAPB) =T (i PkAPkB> — 7(Pa(A)B).

k=1

(ii). IIycre Py + -+ - + P, = I. Torna u3 upexcrasienns (1) cremyer, aro 7(P, (X)) = 7(X)
st moboro oneparopa X € Ly (M, 7). Tloacrasiss B nocienuee pasenctBo X = P,(A)B,
oIy 9aeM

B cuny 1. (i) reopembr 5 mveen P, (P, (A)B) = P, (A)P,(B). Takum obpason,

T(AP,(B)) = 7(Po(A)B) = 7(Pn(A)Pu(B)). 0

CaencrBue 2. [Tycmv Py +---+ P, =1, A, B € S(M, 1), u npednoaoosrcum, wmo ﬁn(B)
ABAAEMCA NPaBbiM 00pamuvim Oz onepamopa A (coomeememeserno, ﬁn(A) ~ ne6bM 00-
pammovim das onepamopa B). Tozda 75n(B) bydem npasvim 00PAMHBLM OAA ONEPATNOPG 75n(A)
(coomsememeeno, Po(A) — accvim obpammvim das onepamopa Pp(B)).

HokazareabctBo. Eciu AP,(B) =1, to B cuity 1. (ii) Teopembr 5 mmveem

Po(APy(B)) = Pu(A)Pu(B).
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ITockombry Po(I) = I, nomyaaenm ﬁn(fl)Pn(B

= I. Takum obpasom, 75n(B ) — upaBblii o6par-
ubtit st P, (A). Ananorunuano, ecm P,(A)B =1, 1o

CJIeIOBATE/ILHO, 75”(14) ABJIACTCSA JICBLIM OOPATHDLIM JIJId ﬁn(B) O

Caexncrsue 3. I[lyemv Py +---+ P, =1, A, B € S(M, ), u npednoroscum, wmo 75n(B)
ABAAEMCA T -CYWELCMEEHHBIM NPAsbm  0bpammvim Oas onepamopa A  ( coomsememeento,
ﬁn(A) — T -CYWECTNBEHHVM ALBVM 00pammbim das onepamopa B). Tozda ﬁn(B) bydem T -cy-
WECTNEEHHDIM NPAGHIM 0OPAMHBIM ONA ONEPATNOPG 73n(A) ( coomsememeenho, ﬁn(A) — T-cy-
WECNBEHHBIM AEEBLM 00PATHBIM ONAA ONEPAMOPA ﬁn(B))

HokazaresnbcTBo. A. Coywait 7-cymecTsennoro mpasoro obparnoro. Ilo ycmosmo ome-
parop I — AP,(B) € So(M, 7). Ilpumensis 1. (ii) Teopemsl 5, moJrydaeMm

Poll — AP, (B)) = I — Pp(A)Pu(B) € So(M, 7).

CrenosaresibHo, omeparop P, (B) — T-cymiecTBeHHbI npaBbiil obpaTHblii 17151 P, (A), Tak Kax
omepaTop I — P, (A)P,(B) T-KOMIAKTeH.
B. Caygait T-cyIecTBEHHOIO JIEBOTO 0OOpaTHOrO. AHAJOTMIHBIM  00pasoM, ecjn

I —Pu(A)B € Sy(M,7), 10
Poll — Po(A)B) = I — Pp(A)Pu(B) € So(M, 7).
CrenoBatensno, oneparop Pp(A) — T-cymecrsenubiit nesbii oparnsti s P, (B). O

Teopema 6. IIyemv Pi+---+ P, =1, Ac¢ SIM,7)",n>2 u0<p,q<—+oo. Tozda

(i) ecau Po(A) € F(M,7) (coomsememeenno, Ly(M,7); M), mo A€ F(M,7) (coom-
sememeenno, L,(M,T); M);

(i) ecau APL(A) =0, mo A =0;
(iii) ecau AP,(A) € So(M, 1), mo A € Sy(M,7);
(iv) ecau A € Mt u AP,(A) € F(M, 1), mo A€ F(M,T);

(v) ecau A€ L,(M, 7))t u AP, (A) € Ly(M,T), mo A€ Lspg (M,T);

p+q

(vi) ecau A € MT u AP, (A) € L,(M,T), mo A€ Lz,(M,T).
JHoxkasarenscrso. (i). Cienyer ns nepasencrsa A < nP,(A) (eu. [6, memma 2)).

(ii). Nmeem

AP, (A)A =Y APAP,A=0.

k=1
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(iii).

(vi).

. Ucnomssyem 10, uto AP, (A)A € L.(M,7), e

2
Tak kak AP, AP,A >0, o AP,AP,A = ’\/ZPkA‘ =0 gus Becex k=1,...,n. Cueno-
parespno, VAP, A=0 msiBeex k=1,...,n u

A3/2:\/Z-I-A:\/Z-ZPk-A:Z\/ZPkA:O.
k=1 k=1

Honyunmm 0 = pu(t; A3?) = p(t; A2 nna seex t > 0. Buaunr, pu(t; A) =0 mia Beex
t>0n A=0.

Amnamornwno (ii), o ¢ 3amenoit «0» Ha cootHoMIeHnE « € So(M, T)» I € yIETOM PABEHCTBA

0= lim ,u(t;A3/2):tli+m p(t; AP = lim pu(t; A).
—+00

t——+00 t——+o0

. Cuentyer u3 (i) u cBoiicTB cea 7.

1 1
= —+— [22]. U3 coorHOmEHUS
q

e

. Iockombky Lo, (M, T) aBisiercs

2
’\/ZPkA € L,(M,T) crenyer VAP,A € Ly (M, T

JUHEHHBIM IIPOCTPaHCTBOM, UMEEM

Z\/ZPkA:\/ZZPkA:\/Z[A:AS/2GLQT(M,7‘)
k=1 k=1

Orcioga B cmiay oupenenenus upocrpamcrsa  L,(M,7) momyaaem A € Lz (M, T),

~ 3pq
roe 3r = ——.
ptq
YHacrublii ciydaii 1. (v) npu ¢ — 400. O

3akJroyeHue

B sroit paboTe mosyueHbl HOBbIE aJredOpamdecKue U MOpsiJIKOBbIE CBOMCTBa omeparopa P,
B *-asrebpe S(M,T) Becex T-M3MEpUMBIX OIEPATOPOB, IPUCOEMHEHHBIX K TOJYKOHETHON aJi-
rebope ¢on Heitmana M. BodaMoxKHO, 9acTh HAIIUX PE3YJIHLTATOB MEPEHOCUTCA U Ha U3y IeHHDBIE

B [23] anrebpbl U3MEPUMBIX U JIOKAJIBHO U3MEPUMBIX OIEPATOPOB, MIPUCOETMHEHHBIX K IPOU3-
BOJILHBIM aJireopam don Heiimana.
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Yd4eT HECOBEPIIEHCTBA BEPTUKAJbHBIX CKBAaXKWH
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AnHOTa N

PaccMoTpen Bompoc 0 BO3MOXKHOCTH yUeTa HEeCOBEPIICHCTBA BEPTUKAILHBLIX CKBAXKUH 110 CTEIICHU
BCKDBITUS ILUIACTA B JABYMEPHOH HYHCICHHON MOmean (pUIbTPAIMH, OCPEIHEHHOH II0 BBICOTE HEOIHO-
poaHoro KosuiekTopa. s BepnduKaIuoHHOIO MOJCIUPOBAHU Ha IPIMOYIOJILHONR CeTKEe KOHEUHBIX
00beMOB ucHo/b30BaH crenuaausupopannblii maker MATLAB Reservoir Simulation Toolbox ¢ oTkpsI-
TBIM UCXOIHBIM KOIOM. B ocpenHeHHo#l ABYyMEpPHON MOIEIN CKBAXKUHLI MOIEJIUPYIOTCA TOUYCUHLIMU
UCTOYHUKAME C KO3 pumpmenTaMu mpoLyKTUBHOCTH, BBIYUC/ISIEMBIMU U€pPe3 PaINyC CKBAaXKUH. Y 9eT
HECOBEPILEHCTBA CKBAXKUH CBEIEH K OIpeleseHuIo uX 3ddekTuBHoro paamyca. s storo B pabo-
T€ MCIIOJIb30BaHbl U3BECTHLIC aHaJUTUYICCKHE METOJAbLI 1 METO/ JIOKAJbHOI'O YNCJICHHOI'O aIICKeJInHTa
pajinyca CKBasKUHBI B €€ Npu3aboiHOM 30He, KOTOPBI MOXKET OBITh MCHOJb30BAH KAK OTHOCHTEILHO
IIPOCTOI MHCTPYMEHT IIPHU IMOCTPOSHUHU JIBYyMEpPHON Mozesu riacta. Ha ocHoBe cpaBHeHUs JBYMEPHO-
o U TPEXMEPHOI'O YHCJICHHBIX PEHICHMN 3aJa9K B3aMMOJACHCTBHA CKBAXKUH ITOKA3AHO CYIIECTBEHHOE
IIPEBOCXOICTBO METOJIa, JIOKAJLHOIO AllCKeHIMHTa, 10 CPABHEHUIO ¢ AHAJIATHICCKIME MOIC/ISMHU.

KirroueBsbie ciioBa: HedTSAHOM IIACT, THAPOIUHAMUIECKOE MOJIEIIMPOBAHIE, OCPETHEHHE 10 BHICO-
Te IJIACTa, JByMepHas (pUIbTPAIMOHHAST MOJIEIb, HECOBEPIIIEHHBIE CKBAYKUHBI, IPOJIYKTUBHOCTH CKBa-
KUH, 3 HEKTUBHBIN PAJINYC CKBaYKUH, B3ANMOIEHCTBAE CKBAXKWH, JITHUNA TOKA
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ckoro Jsmyiepersa Kazauckoro (ITpusoszkckoro) denepanbioro yausepceurera («ITPMTOPUTET-2030»)
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Accounting for vertical well imperfection
in a two-dimensional reservoir model
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2National Research Centre “Kurchatov Institute”, Moscow, Russia
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Abstract

In this study, a methodology is proposed to account for vertical well imperfection, depending on
the degree of reservoir penetration, in a two-dimensional vertically averaged numerical flow model of a
heterogeneous reservoir. Verification modeling is performed on a rectangular finite-volume grid using
the open-source MATLAB Reservoir Simulation Toolbox (MRST). In the averaged two-dimensional
model, wells are represented as point sources with productivity indices calculated from the wellbore
radius. Accounting for well imperfection is reduced to determining the effective wellbore radius by
established analytical methods and local numerical upscaling of the wellbore radius in the near-
wellbore region, which appears as a relatively simple tool for constructing a two-dimensional reservoir
model. Based on a comparison of the two- and three-dimensional numerical solutions for the problem
of well interference, a significant superiority of local numerical upscaling over analytical models is
demonstrated.

Keywords: oil reservoir, hydrodynamic modeling, vertical averaging, two-dimensional flow model,
imperfect wells, well productivity, effective wellbore radius, well interference, streamlines
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Bseaenune

Hawmtyumum criocoboM mojtesiupoBanus (pUIbTPAIMOHHBIX MPOIECCOB B HE(PTAHBIX TIJIACTAX
C TOYKH 3PEHUs JIOCTOBEPHOCTH PE3Y/IbTaTa U MPO3PATHOCTH (POPMYIUPOBKU BHIUYUCIUTETHHBIX
AJITOPUTMOB SBJIIETCS TpexMepHoe MojeanpoBanue. OJHAKO ero IJIaBHBIM HEJIOCTATKOM IIpU
MOIBITKE YYeCTh BCe 3HAUMMbIe 3(PMEKTHI U OCOOEHHOCTU CUCTEMbI SIBJISIETCS OTPOMHAs BBIYUC-
JINTEJIbHAs CJIOYKHOCTH, KOTOPAasi, KaK IIPABUJIO, IIPUBOJIUT K HEJIOMYCTUMO OOJILIITIM 3aTpaTaM
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MAIUHHOTO BPEMEHN PacUeTa, 0OCOOEHHO B YCJIOBHUAX OOJIBIIONO YUC/Ia MHOIOBAPUAHTHBIX Pac-
qetoB [1-4]. B 910ii cBs3u MHOTHE HCCIe0BaHNST OBLIH TOCBSIIEHBI BOIIPOCAM OCTPOEHUS YIIPO-
IMEHHBIX MOJIesIeil (pUIbTPAIy, TO3BOJISIONIIX TPUHITUIHAIBHO COKPATUTD BBIUNCIUTE/IHHYIO
CJIOZKHOCTH AJI'OPUTMOB PEIeHHUs IMOCTABJIEHHON 3a/la9i ¢ COXpAaHEHUEM ITPUEMJIEMOI TOYHO-
cru. VI3BecTHBI pasjimyuHble yIpolleHHble (KBasu) mojenn [5—14|, oqHoil u3 KOTOPbIX sBJIAeTCs
YCP€/IHEHHAs 10 BBICOTE JBYMEPHAs JiaTepaJbHasd MOJIENb IJIacTa. DTa MOJIE/b, XOTb U SBJIs-
eTcs JIOCTATOYHO MPOCTON M HATJIATHOW, OJIHAKO TpeOyeT OIpeJie/IeHHON MOJIM(DUKAITIN BHIYUC-
JINTEJILHBIX AJITOPUTMOB JIJIsT yaera TpexMepHbIX 3pdekToB. OCHOBHBIMUA TPUIUHAMM, BBI3bI-
BaIONIUMU 3aBUCUMOCTH OT BEPTUKAJIbHON KOOPIMHATHI (DUIBTPAIMOHHBIX TEUYEHHIl B ILIACTE,
SIBJISIIOTCS  HEOHOPOIHOCTD (DUIBTPAIIMOHHO-eMKOCTHBIX CBONCTB KOJIJIEKTOPA U HEIOJIHOE
[I0 BBICOTE BCKPBITHE ILTacTa CKBaxkuHamu. llociiesinee ycioBre MPUHATO HA3BIBATH HECOBEP-
IIEHCTBOM CKBayKWMH IO CTEIEHN BCKPBITHA I1acTa [15,16].

st HEeCOBEPIIEHHBIX CKBAXKWH W3BECTEH PsiJl AHAJUTUIECKUX CIIOCOOOB BBIYHC/ICHUS
T.H. «3(pOEKTUBHOrO pajinycas, T.€. TAaKOr0 PaJINyca, C KOTOPBIM COBEpIIEeHHasd CKBayKUHA
obsaaia ObI TeM Ke KOI(MDMUITMEHTOM IPOYKTHBHOCTH, YTO W paccMarpuBaeMas. [log ko-
3 dunEeHToM MPOyKTUBHOCTA TTOHUMAETCA OTHOIIEHHE JeOUTa CKBAXKUHbBI K IHEPEeaLy J1aB-
JIeHUsI MEeXKJTy ee 3a00eM U HEKOTOPBIM KOHTYPOM IMUTAHUS B ILJIACTE WIN CPETHUM JIaBJICHUEM
B IpUCKBaXKUHHOI obsract. K TakuMm criocobam oTHOCSTCSI, HapuMmep, (hopMy/ibl I mpuHCKOro,
Mackera n Kozenn [17]. VIx npenMyIecTBo COCTOMT B BO3MOYKHOCTH MI'HOBEHHOI'O BBIUHCJICHUS
3 deKTUBHOrO pajimyca CKBayKWH, OJIHAKO BCE OHU SIBJIAIOTCS MPHUOJIMXKEHHBIMU, ITOCKOJIBKY
MOJIy9YeHbl B paMKaX HEKOTOPBIX YIIPOIIAIONINX JIONMYIIEeHUN O CTPOEHUH ILJIacTa M PACIIOJIOZKe-
HUU UHTEPBAJIOB 1epdOopaliy BJI0JIb CTBOJA CKBaXKUHBI. TakKuM 00pa30M, BO3HUKAET BOIIPOC
00 OIleHKe JIOCTOBEPHOCTU U YCJIOBUIl HPUMEHUMOCTHU TEPEUHUC/IEHHBIX YIIPOIIEHHBIX METOJI0B
B YCJIOBUSX, NMPUOJIMKEHHBIX K PeabHBIM IIJIACTOBBIM CHCTEMaM, MPUYEeM UX TOYHOCTH Oy-
JIeT OKUJIAeMO CHUKATHCS TPU HAPYIIEHUU IPEJITOIOKEHNI, 3aJI0yKeHHBIX MPU UX BBIBOJIE.
[TosToMy BO3HUKaET HEOOXOIUMOCTH Pa3pabOTKM HAJEKHOTO YHHBEPCAJIBHOI'O METO/Ia pacdyeTa
9 bEKTUBHOIO pajimyca CKBayKUH, HE TPEOYIONIEro 3HAYUTE/HLHBIX 3aTPAT BBIUYUCIUTE/IHLHBIX
pecypcosB.

B kadectrBe Takoro merojia B HacTOsIEl pabOTe PacCMOTPEH CIIOCOD BBIYUC/ICHUST SKBUBA-
JIEHTHOTO, W 3(PDEKTUBHOIO, PAJINyCca HECOBEPIIEHHON CKBayKMHbBI, OCHOBAHHBIN Ha ITOCTPO-
eHNM YUCJIEHHOTO PeIIeHusI 38141 ITOHMKeHHON pa3MepHOCTH B MaJIoil mpu3aboitHOi obJacTu
CcKBasKUHBI. [loHMXKeHne pasMepHOCTH 33,1891 OCYIIECTB/IAETCs MTEPEX0JIOM K JIBYyMEPHOil rocTa-
HOBKE, CUMMETPUYIHOI OTHOCUTETBHO OCU CKBAYKUHBI, B IIPEJIIIOJIOKEHIN O COXPAHEHUN BBICOTHI
IJIACTA W €ro MPEUMYIIECTBEHHO CJIOUCTON HEOHOPOHOCTUA B MaJjOil OKPECTHOCTU CKBAYKUHBI.
Taxue JromyIieHnsd OKa3bIBAIOTCA BIIOJIHE OOOCHOBAHHBIMHE, ITOCKOJIBKY PajIlyC MOJETUPYEMOii
npu3aboiiHoil 30HBI (~ 10 M) HAMHOTO MeHBIIIe XapaKTEePHOIO JIATEPAJBLHOTO MaciiTaba HeoJl-
nopojuoctu mwiacta (~102...10% m) [18-20].

Permenne ykazanHoii 3aj1a4u mpuodpeTaeT 0CoOYIO IEHHOCTD /I Pean3allii BhICOKOITPOU3-
BOJIUTEILHOM MOJie i puibrpanun B (PUKCUPOBAHHBIX TPYOKaX TOKA, JIJisi KOTOPOil Tpedyercs
HAJICKHBIN PACcUeT MOJIs JIABJICHUS B YCPEIHEHHO 110 BBICOTE MOJIEN TLJIACTA C TTOCIEYIOIIUM
HOCTPOEHUEM JIATEPATTBHOTO MOJIsi CKOPOCTH (DUIIBTPAIMU U CTPYKTYPBI JIMHAN ToKa [21-24].

OreHka JIOCTOBEPHOCTH PACCMATPUBACMBIX METOJIOB BBITIOJIHEHA HA OCHOBE CPDABHEHUS C pe-
3yJIbTATAMH YHCJIECHHOTO MOJICJIMPOBAHUS TPEXMEPHON 3a/1a9u, KOTOPOe FBHO BOCITPOU3BOJIAT
BCe 3HAYNMBbIE (PAaKTOPBI U IIOTOMY YCJIOBHO CUUTACTCH «TOIHBIM». J[JIsT YUCIEHHOTO MOJIE/IUPO-
BaHUs Ha MPAMOYTOJILHOM ceTKe KOHEIHBIX 00bEMOB UCITOJIb30BaH CIIEINAIN3UPOBAHHbIN TTaKeT
¢ OTKpPbITHIM HCxOHBIM KoJioM MATLAB Reservoir Simulation Toolbox (MRST) [25].
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[Ipe/IosKeHHbBIii MeTOJ| JIOKAJBLHOIO YHCJIEHHOIO AallCKeHJIMHIa pajiuyca HEeCOBEPIIeHHOI
CKBAazKMHBI MOKET ObITh MCIOJIb30BAH KAK OTHOCUTEJIHO [IPOCTOH MHCTPYMEHT IIPH [IOCTPOCHUH
JIBYMEPHOI Mogiesin 11acta. V310KeHHbLi aIropuT™ peaan30Bal B BUJIE OTJIEBHOIO PACIETHO-
0 MOJLYJIsl, KOTOPBIl pa3MeIleH B OTKPBITOM JIOCTYIIe JIJIsl UCIOJIb30BAHNUsI Ha TAIle OCPe [HEeHHsI
TPEXMEPHBIX MOJIe/Iell IIacTa CpeicTBAMEI JAHHOIO IIPOrPAMMHOTO [IaKeTa B paMKax 0OIIe10-
cTynHOMH Jiurensun [26].

1. TpexmepHast MoaeJb

MaremaTuueckas MOJE/b CTAIMOHAPHON (DUIBTPAIINKE HECZKUMAEMON YKUJIKOCTH B HECIKH-
MaeMoii IIOPHUCTOii cpejie B IPpeHeOPeKeHNH MACCOBBIMU CUJIAME MOZXKET ObITh OIMCAHA CHCTEMOI
ypaBHenwuii [27]:

divu=0, (z,y,2) €, (1.1)
k
u=—ogradp, o= ;, (1.2)

riae (z,y,z) — 9HIepOBbI KOOPJMHATHI TOYKH; 2z — BepTHKaJbHAs KOODMHATA, HAIIPABICHHASI
BBEPX OT ITIOJIOIIBEI I1acTa; U (U, v,w) — BEKTOP CKOPOCTH (PUIIBTPAINH; P — JIABJICHIE B JKU/I-
koct; k — abCoJroTHAsL IIPOHUIIAEMOCTD IIIACTa; (i — JUMHAMUYECKas BI3KOCTh (IIionia.
Ypasuerns (1.1) u (1.2) 3anucansl B obractu §) HedTAHOrO 1IaCTa, OrPAHUYEHHON CHU3Y
U cBepxy nosepxHoctsMu z = B (z,y) u z =T (z,y), HA3bIBAEMBIMU <IIOJONIBON» U <«KPOB-
Jeif» IIacTa COOTBETCTBEHHO, a COOKY — BEPTUKAJIBHON IMJIMHIPUYECKOI MOBEPXHOCTHIO

[ (z,y) (puc. 1).

Puc. 1. Cxema obacTu pereHnst TpeXMEPHOI 3a/1ati U ee IByMEPHOE OCPEeTHEHIE
Fig. 1. Schematic of the three-dimensional problem domain and its two-dimensional vertically
averaged representation

BHyTpeHHUME TPaHUIAME TLIACTa SIBJISIOTCA TOBEPXHOCTH Y, = Y2 U~ (m=1,..., M)
BEPTHKAJILHBIX CKBAYKUH, MTPOOYPEHHbIX B HeM, e L u v — nepdopuposannbie u HeBCKpHI-
Thle YYaCTKN CKBaKUHBI.

Bepxusas n HUKHsS MOBEPXHOCTU TJIACTa CINTAIOTCS HEITPOHUIIAEMBIMU:

0
(x,y,2) € B,T: u~n5un:—a—p:0, (1.3)
on
rJe N — BeKTOP HOpMAaJIU, BHeIIHel K obgactu ().
30/mpoBatible yu9acTKH CKBazKUHbL Y. Hermponuaembr:
dp
1
T,Y,%2) € . — =0, 1.4
(@.9,2) €M s 5 (1.4)

Uch. Zap. Kazan. Univ. Ser. Fiz.-Mat. Nauki | 2025;167(4):655-674



N.B. Epevmun u jp. | Yder HecoBepIEHCTBA BEPTHKAJIBHBIX CKBAYXKUH . . . 659

a Ha BCKPBITBIX yYacTKax 7. s3ajianbl 3a60iiHOE JaBjieHue Wik HeJIOKAILHOE TPAHUTHOE YCI0BHe
B BHJIe CYMMAapHOIo pacxona (rebura)

(x7y7z)€/yrjn p:pgw (15)
dp
ndy = — —dv = q,,. 1.6
/u ot /Uan Y =q (1.6)
v, v,

Bamernm, aro ¢ yaerom (1.4) uarerparn B (1.6) MO)KeT GBITH B3AT 10 BCEH Yy, .
Ha BeprukasbHOii 60KOBOIT rpanuie [’ 3a1a/iM aBIeHIe WK YCIOBAE HEIIPOHUI[AEMOCTH:

(x,y,2) €l p=pr V 8—n:O. (1.7)

Pemtenne Tpexmepnoit 3amaun (1.1)-(1.7) nHasoBeM «TOYHBIM» H Oy/eM CTPOUTH IHCJIEHHO
B creruayusupoBannoM makere MRST [25], mocko/bKy ee amaguTudecKoe pelleHue B 00IeM
cilydae He CyHIeCTBYeT.

2. JIBymepHasi MO/ieJib, YCPEe/JHEHHAs MO BbICOTE MJacTa

C moMOIIBIO Orepaluy yepeaHeHus napaMerpa () Mo BBICOTe ILIACTa

T'(z,y)
6o =55 [ Qs hey=TEy-Bey. @1
B(z,y)

BBEJIeM CpeJjiHe KOMIIOHeHThI (U, V) (x,y) n w = 0 BeKTOpa CKOPOCTU (DUIBTPAIMN C YIETOM
rpaHndHbIX yeaouil (1.3), a Takxke cpejnee jgajienue p (,y).

O6osnauum 4epes €, mpoekiuio obsactu ) Ha IJIOCKOCTH (x,y). B pamkax mamuoit pa-
60TBI OyJIeM TIOJIAraTh, YTO MOBEPXHOCTH 7Y, CKBAYKUH SIBJIAIOTCS BEPTUKAJIBHBIMU KPYTOBBIMU
IUIMHIPAMI PAJILyca, Ty, . TOI/Ia MPOoeKIN CKBaXKUH OyyT 00pa30BBIBATE B (), BHYyTDEHHHE
KPYTOBBIE BHIPESHI (2,,,. Yepes ) 0603HawMM 06/1aCTD B IJIOCKOCTH (T, Y) , OTPAaHTIEHHYIO JIHITIH
npoekiueil nosepxnoctu I', T.e. {1, = QA\UQ,,.

m

Nnrerpuposamnne ypasuenns (1.1) mo BeicoTe maacta B Toukax (z,y) € (1, naer
r 0 0 0 0 r 0 r ohu  Ohv
u v w u v
gu O O o L fude+ L ode = D LI iy, (hE) = 0. (2.2
/(8x+8y+82)2 8x/u z+ay/vz 8x+3y vy, (h1) (2.2)
B B B

Ob6osnaunm uepe3 hU HempepbIBHOE IPOIOJKEHHE BEKTOP-PYHKIMU h U Ha Bce obJa-
ctu €, . Takas pyHKIMS onpeesiena Ha Beeit obsractu ). [ mpoeKImn CKBaXKUHBI C yI€TOM
CMeHBI HAaITPaBJIEHUs] HOPMAaJIU MMeeM

/divmy (h I_J) dV = / hu,dV = —q,, Vm,
Qm Om

a B obsactax V', me cojepxkaimux obsactu ), CKBayKuH, corjaacuo (2.2)

/ divy, (hT)dV = 0.
|4
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CJIGILOB&TGJH)HO, IIPOJOJIZKEHNE hU JOJIZKHO YAOBJIETBOPATH YPaBHEHUIO

div,, (hU) = F (z,y), (z,y) €Q, (2.3)

¢ mpaBoit gacteio F (z,y), obnagarormeil /st 1106000 m CIeYIONMMI CBORCTBAMMI

1) (z,y) & Qn : F(z,y) =0; 2) /FdV = —Qm, Qm €V. (2.4)

B cuny Hecomzmepumoii MaJIOCTH PajuyCcoOB CKBaXKHH 110 CPABHEHUIO C XapaKTEPHBIMHU PAC-
CTOTHUSAMU MEXK/Iy HUMU MOXKHO HEPEHTH K mpeaeny r, — 0, craruBas obsactu €2, B TOUKH
C KOODJMHATAMUA (T, Ypy) TPOEKIINE OCH CKBazkuH. Torma coiicTBa (2.4) MO3BOJIAT BBIPA3HUTD
dbyukuuio F (x,y) depes nenbra-pyukinun Jupaka 6, a uroroBoe Boipazkenue (2.3) ¢ yuerom
AJIATUBHOCTH BTOPOTO CBOicTBa (2.4) /11 HECKONBKUX obsacreii (), mepenuiercs B BUJE

div,, (hU) = — qu5 (x =)0 (Y — ym), (x,y) € Q. (2.5)

Taxkum 06pa3oM, BepTHKAIbHbIE CKBAKUHBI 3AMEHEHBI TOUCIHBIMI HCTOTHUKAMUA (G, < 0)
WIH CTOKaMu (¢, > 0) 3aJaHHON HWHTEHCUBHOCTH ¢y, .

[To anasoruu co crpykTypoii 3akona lapcu (1.2) npumem npubinKeHHbIE BBIPAYKEHUST CPe/I-
HUX KOMIIOHEHT CKOPOCTH (BUILTPAINH Yepe3 KOMIIOHEHTHI I'DA/INEHTa CPETHETO JTaBJIEHUs

T _
hI_J:(hU,hV):—/0(%,a—y>dzz—h6(%,g—z>, )
B

Oupeiesienne yCpeaHeHHol abCOMOTHON IPOHUIIAEMOCTH B ODIIEM CIydae ABJISIeTCS Pelle-
HEEM CIeUaJbHbIX 3aja4 arnckeiimara [28,29|. Onako, mpejmno/arast BEpTUKATIbHYIO HEOIHO-
POIHOCTD ILIacTa Haubosiee 3HAYMMOI, B paMKaxX JaHHOIO UCCJIEI0BAHUS /I IPOCTOTHI Oy1eM
UCIIOJIB30BATh BbIpakenue 3(MMEKTUBHON MPOHUIAEMOCTH CJIOUCTO-HEOHOPOJHOIO IIjIacTa,
KOTOpOe COBIaJaeT ¢ 3ammckio k (%), onpemensemoit cormacto (2.1).

['pammnele ycrosus (1.7) Ha rpamume I' mepeiiyT B ycioBus Ha ee npoekmun L'y, :

(xvy)erxy: p=pr V %:O- (2.7)

Bamaay (2.5)-(2.7) pemum B obmactu (). B ciyuae 3a1aHHbIX 1e6MTOB CKBaXKUH HpaBas
JacTh ypaBHeHus (2.5) onpenensiercs u3 yeaosuii (1.6). Ecm ke 3a7anbr 3a00iHBIE TaBICHAS
yesoBusimu (1.5), To mpu 3anmcu npaBoit dactu (2.5) IpUMeHNM BbIpazKeHUsl J1eOUTOB CKBAKIH
Kak (QYHKIMI HCKOMOIO JIaBJIeHUs], 3aaHHbIX BEJINYUH 3a00HHOIO0 JIaBIEHUs], TPOHUIIAEMOCTH
j1acTa, pajuyca CKBayKUuH T, U IapamMerpoB rnepdopar @, :

G = G ("> Om> P, D, k) - (2.8)

Basava HacToseil paboThI COCTOUT B PEIICHUN ypaBHeHus (2.5) NMEHHO ¢ 33 JaHHBIM J1aB-
JIeHHeM Ha CKBazkKWHax. ZBHblii Bu dyHKmn (2.8) B 06IieM ciiydae He MOYKET ObITh MOJTYIeH
U Ha [MPAKTHKE 338/[a€TCs MPUOJIMKEHHO B 3aBUCHMOCTH OT BBIOOPA CXEMbl YNCJICHHOTO PEICHMs
ypasuenus (2.5). B wacrnoctu, npu koneunooobemuoit (KO) cxeme periienusi, Korjia HCKOMBIMI

Uch. Zap. Kazan. Univ. Ser. Fiz.-Mat. Nauki | 2025;167(4):655-674



N.B. Epevmun u jp. | Yder HecoBepIEHCTBA BEPTHKAJIBHBIX CKBAYXKUH . . . 661

SIBJISIIOTCSI BEJTMYUHBI CPEJIHErO JIABJIEHHs] B KOHEYHBIX 00beMax, 3aBUCKMOCTD (2.8) BbIparkaeT
JIMHEHYIO CBA3b J1e0UTa C PA3HOCTHIO MCKOMOI'O CPETHETO JABJIEHUS B COJEPKAIIEM CKBAXKUHY
KO u 3aboitnoro masiiennst Ha ckBakuHe. OOBITHO 3Ty 3aBUCHUMOCTH BBIBOJIST U3 YIIPOIEHHBIX
perenwuii, HarpumMep, dopmymasl lomon 1j1d pajnaabHOTO IPUTOKA B OJHOPOTHOM KPYTOBOM
IJ1acTe K COBEPIIEHHOI CKBayKUHE PAJINyca Ty, . Toria y4eT BceBO3MOKHBIX BIJIOB HECOBEPITIEH-
CTBa CKBAYKUH CBEJICTCA K BBIYUCICHUIO T. H. 3¢ DeKTUBHOrO pajinyca CKBasKUHbI 7/ I KoTopsIit
obecriequBaeT TOT Ke PacxXo/l U 3aJaHHOM 3a00HOM JIaB/IEHUHU, BHIMUCIEHHBIN 110 BBEJIEHHOM
YIPOIIECHHON 3aBUCUMOCTH.

3. Bpruucaenune 3¢p@dpekKTUBHOrO pajimyca HeCOBEPHIEHHO CKBa>KWHBI

PaccmoTpuM crocob Burauciienus s¢bdekTusHoro pamyca el nia ckpaskunb pajmyca ry, ,
HECOBEPIIEHHO TI0 CTeleHn BCKPBITUS 11acta. C 9Toil 1e/Tbio pACCMOTPUM ITUJIUHIPUIECKY IO
obsactb @ BeicoTbI H 1 Takoro pajimyca R BOKDPYTI HECOBEPIIEHHON BEPTHKAJIbHOW CKBaXKU-
HBI, Ha KOTOPOM JIaBJIEHIEe MOYKHO CUYUTATh MMOCTOSHHBIM 110 BepTukasn (puc. 2). Paccrosnue R
OIIpeJIesIsieT BO3MOXKHYIO ODJIACTh PACHPOCTPAHEHUs BEPTUKAIBLHOTO BO3MYIIEHUS JTaBJIEHUS,
BBI3BAHHOI'O HEIOJTHBIM BCKPBITHEM ILTacTa cKBayKMHOU. [losioykuB Besmmauny R MeHbIneil xa-
paKTepHOro MacHITaba JaTepaabHOIl HEOTHOPOIHOCTH IIJIacTa, OCHOBaHUS IMUIHHIApa ® Oymem
CYNTATh TOPU3OHTAJBLHBIMU, a pacupejeeHne MPOHUIIAEMOCTH B HEM M IPUTOKA K KOHTYPY
ckBaKuHbI [30| — 3aBUCSIIM JIMITH OT BEPTHKAJIbHOI KoopanHatThl z. [locseanee MOXKHO mpu-
OJIM3UTH MOJIETBIO CJIOUCTO-HEOHOPOJIHOTO ITacTa, 3M@PEeKTUBHAT TPOHUIIAEMOCTH KOTOPOTO,
KaK ObLIO YKa3aHO BBIIIE, COBIAJIAET CO CPEJIHEil 10 BBICOTE BEJIMIHHON k.

®usbrpanus B obsactu @ onuceiBaercst ypasaenusivu (1.1), (1.2).

v

Puc. 2. Pacuernas ob1acTh 3aga4n 0 1e0UTe HECOBEPIIEHHON CKBaXKUHBI
Fig. 2. Computational domain for the imperfect well production rate

Ha ocHoBanmsax nuiwHpa ¥ Ha HelepOPUPOBAHHON MOBEPXHOCTH CKBAXKUHBI TTOCTABUM
ycsioBust Henponunaemoctu anajgorudno (1.3) u (1.4), na nepdoprupoBaHHON TOBEPXHOCTH CKBa~
JKUHBI U Ha, GOKOBOIT MOBEPXHOCTH IMJINHAPA 3a0aUM BEJIUYUHbI JABICHNAS TPAHUIHBIMU YCJIO0-
Busmu (1.5) u

r=R: p=pg (3.1)

Pemenue 3amaun (1.1)—(1.5), (3.1) B obnact ¢ naer pacupejiesieHue JaBieHus B Heil, 110 KO-
Topomy ¢ nomotpio (1.6) BerumMC/IsieTcs J1e6UT HECOBEPIeHHOM CKBAaXKUHbL ¢ .
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B cuty nepeunciieHHBIX JIONYINEHUN JlaHHAs 3a/iad9a MOXKET OBbITh CBeJeHa K JIBYMEpPHOit
OCECUMMETPHUIHON MOCTAHOBKE B IIUJIMHIPUIECKUX KOOpAUHATaX (T, 2). DTO MPUBOJIUT K MOHU-
KCHUIO PA3MEPHOCTH 3aJ1a9W U TEM CaMBbIM PacCIIApAeT BO3MOXKHOCTHU MCIIOJIb30BAHUS PacydeT-
HBIX CETOK IOBBINIEHHON IeTaIbHOCTH C JIOKAJTbHBIM H3MeJIbIeHneM BOIN3H 1epdoprupOBaHHBIX
MHTEPBAJIOB CTBOJIA CKBaXKWHBLI. B 00meM ciydae s peleHus 3a/Jadil MOYKeT ObITh COXpa-
HEeHa TpeXMepHasi MOCTAHOBKA B KOOpJAMHATAX (T,Y,Z) C SBHBIM y9eTOM I0JIsI TPOHUIIAEMOCTI
IJ1aCTA.

3.1. OmueHka JOIIyCTUMOI'O pa3Mepa pacueTHOi obyactu. /lonycTuMbrii MUHIMATb-
Hblil paguyc R numagpa ® 6bu1 onpejiesied U3 perenus BeroMoraresbaoi 3amaan (1.1)—(1.5)
u (3.1) B obstactu 60sibiioro paguyca 100 H | Ha KOTOPOM BEPTUKAJIBHBIE BO3MYIIEHUS JIABJICHIsT
npeneObpezKuMo MaJibl. M3 moyvennoro pemenust ObLIO HaffICHO TaKOe MUHUMAJIbHOE PACCTO-
sdHUe OT CKBAaXXUHBI 7, Ha KOTOPOM CPEJIHEKBAIPATUYIHOE OTKJIOHEHUE JIABJIEHUA OT CpeaHeit
[0 BEPTUKAJIM BEJUYUHBI ¢ yaeToM (2.1) y2Ke He MPeBOCXO/IIIIO 3a[aHHOIO 3HAUEHUS €

R: e<}§> <e E(r)=E(r), E(r,z) = w
p(r)

Ha puc. 3 NpeicTABICHBI BADHAHTBI 3aBHCHMOCTH R OT 10J0KeHust 11epchopalin i cre-
nenn BekpbITuA Iwtacta npu € = 0.01. IIpm nocrpoennn rpaduka OBIIH PACCMOTPEHBI JBa
BapUaHTa PACIOJIOKeHUs Iepdoparui: 1) CKBa)KMHA BCKPBIBAET IUIACT OT KPOBJIM HA Be-
mrauny | € [0.02 H,0.98 H]; 2) ckBaKnHa BCKpbIBaeT ItacT Ha Beawuanny [ = H/15 ¢ or-
MeTKH z = bH . 3ajaun pemaJiuch B OJHOPOJHOM U CJIOUCTO-HEOJHOPOJHOM IIJIACTaX, KOIJIa
k =k (z) 3amaBanach KyCOYHO-ITOCTOSTHHON (DYHKIIMEN Ha TpeX paBHBIX MHTEPBAJIAX CO 3HAUE-

muamu k; = 100k, = 10k5.

2.5 7

Puc. 3. Basucumocrs semaunnl R or crenenu sekporus | upn b= 0 (1, 3) 1 or momoxKenus mep-
dboparuu b (2) upu [ = H/15 B croucrom (2, 3) u ogropoauom (1) mracrax

Fig. 3. Dependence of the R value on the penetration degree [ at b =0 (1, 3) and on the perforation
position b (2) at [ = H/15 in the layered (2, 3) and homogeneous (1) reservoirs

I/I3 puc. 3 BUIHO, 9TO E 3aMETHO He IIPpeBOCXOIUT ABYX BBICOT IlJIaCTa, 9YTO B PEaJIbHOCTU
skBuBajieHTHO 10 <+ 100 M, 4TO, KaK IPaBUJIO, KPATHO MEHbIIE XapaKTepHOro maciiraba Jia-
TepaJIbHOW HEOIHOPOJIHOCTH U IMOATBEPXKIACT MPUHATYIO THIIOTE3Y O CJIaboit rOPU30HTAILHO
M3MEHYUBOCTH ITapaMeTpPOB IIacTa B IIPU3aboitHON 30He P CKBaKUHBI.
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eff
3.2. Aaroputm BbrumciaeHus 3(p@PeKTUBHOro pagnyca CKBa>KUHbI. JHAUYEHUE T,
SKBUBAJIEHTHON COBEPIIIEHHON CKBayKUHBI OTBHICKUBAJIOCH U3 YCIOBUS PABEHCTBA ee JIe0nTa, BbI-
qucsieMoro 1o dopmysie Hrormon 11 paanaabHOTO MPUTOKA K CKBAayKWHE B TOMOT€HU3UPOBAH-
HOM KDPYTOBOM TLjIacTe, 1e6UTy HecOBePHIeHHON CKBaXKMHBI ¢ :

2rkH — Ap o
4 In R/rﬁ,{f fm-

Vcnonp30BaB aHAJIOIMYHOE BhIpazKeHUE J1eOUTa COBEPIIEHHON CKBAaXKUHBL ¢P, MCXOIHOIO Pajiu-
yca 7, , UCKOMBII 3 (MEKTUBHBIN pajInyc MOXKHO BBIPA3UTH YePE3 HUX, UCKJIIOYUB BEJTMIHHBI
Pa3HOCTH JaBJEHUI U I'MJIPOIPOBOIHOCTHU ILJIaCTa!

3

.

rél e\
R ( R)

Berancsuresnsueiit agropur™ pemtenns 3agadn (1.1)-(1.5), (3.1) B aBymMepHOit ocecuMmer-
PUYHO# ToCTaHOBKe U onpesesenns re// 6bi1 peammsoBan B BHje OTIEMBHON PacIeTHON MPO-
rpammbl Ha a3bike C+-+ [26] ¢ ucnosbzoBaHreM OpTOrOHAJIBHOM CETKH KOHEYHBIX OOBEMOB U
JIBYXTOUYEYHON AIIPOKCUMAIINK TIOTOKA Ha Ipansx [25,31].

4. Amnpobaius METOAUKU U Pe3yJIbTaThI

4.1. CJioucro-HeogHOPOAHBII TIacT. Bepudukarus anropurma Beraucsaenus 3pdex-
THUBHOT'O PaJINyca CKBAXKIHbBI ObLTa BBIIIOJTHEHA HA OCHOBE PEIEHUS CEPUU CTAITMOHAPHBIX 3314

onuodasuoit dunsrparmu (1.1)-(1.5), (1.7) B obmactu 2 = [0, L,] x [0, L,] x [0, L,]| (puc. 4):
L,=3L, L.=01L, L,=100.

[LnacT cocTonT M3 Tpex MapaIeIbHBIX CJIOEB TOMMMHBI h = L,/3 ¢ BeJMIMHAME TPOHMU-
naemoctu k/kog =1, 0.1, 0.5. Och BepTHKaJbHOII HATHETATEJBHOI CKBAXKUHBI Y7 UMEET KOOD-
guuarsl (L, /2, L,/2). CuMMeTpudHO OT Hee PACIOJIOZKEHBI J[Be BePTUKAIbHbIE JOOLIBAIOIINE
CKBaxKUHBL 7Ypy, Yp2 C Koopaunaramu oceit (L,/27F L,, L,/2) coorsercrBenno. Pannyc Bcex
TpeX CKBaXKUH OJMHAKOB U paBeH 1, = 0.1 M. Ha ckBazkunax ¢ nomorpio ycsoswuii (1.5) 3ama-
HBI O/INHAKOBBIE BEJIMIMHBI 3a00IHOTO JaB/IeHUs J1jis JOOBIBAIOIINX CKBAXKUH Ppi = Ppa = Pp
1 BeJIMYMHA 3a00IHOTO IaBJIeHUA Py > Pp sl HATHETATEJIbHON CKBa KWHBI.

CkBazKnHa 7yp; BCKPBIBAET ILIACT 110 Beeil BeicoTe. CKBayKMHA Ypo BCKPBIBAET ILIACT TOJIHKO
Ha uHTepBase z = [L, —d — [, L, — d.

X} L,
’YPI_ YI _ YPJ
d
| 4 k.
E E X
L2-L, 2 L/2+L, -
> :

Puc. 4. Cxema pacderHoii objacTu
Fig. 4. Schematic of the computational domain
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[Tpu zammcu yeiaosus (1.7) rpanuiia pacdeTHoi 00JIACTH TI0JIaraIach HEMPOHUIIAEMOil, ITO
BMeCTe C 'PAHUIHBIME ycaoBusiMH (1.3) Ha KPOBJIE U TIOJIOIIBE AT eJNHOe TPAHITHOE YCJIOBUE
M30JIAIIUN HA BCEeil BHENTHEH TpaHuIie pacueTHON 00JIacTu:

o) : 9 =0. (4.1)
on

Pacuerbl nposejsierbl i (DUKCUPOBAHHOIO 3HAYEHWs JIJIMHBI WHTepBaJja Iepdopaluu
| = L./15 u pazjmunbIx 3HadeHuii ero sarayosernst 0 < d < L, — (.

Yucsrennoe perenne tpexmepnoit 3amadn (1.1), (1.2), (1.4), (1.5), (4.1) 6buI0 HOCTPOEHO
B makere MRST. [TosrydenHbii pe3yibraT IPUHUMAJICS 3a STAJOHHBIN TPU CPABHEHNH C PEIIeHH-
eM JByMepHoii 3aaun (2.5)—(2.8) B ycpenenHoii 1o Buicore miacta obiaactu 0 = [0, L,]x [0, L,]
¢ Henponunaemoli rpanuteit I'y, 1 co cpejneii nponunaemMoctsio k coracto (2.1). st neco-
BEPIIEHHOM J100bIBAIONIEli CKBayKUHBI B JBYMEPHOI IIOCTAHOBKE OLLIM MCIOIL30BAHbI 3HAYE-
aust 1S/ paccumramnble Kax 10 amamuTEIeckuMm dopmynam ['mpunckoro, Mackera n Kosze-
HE [17], Tak u 10 IpeJIOKEHHOMY AJITOPUTMY.

Ob6nactp () MoOCTpOEHUsT YUCJIEHHOTO PEeIIeHUs TPEeXMepPHOH 3a/adu ObljIa MOKPBhITA pPaB-
HOMEPHO# KOHEYHO-00beMHOM ceTKoii. JlomycruMble 3HaYeHUs mara CeTKU 110 KOOPIMHATHBIM
0CsAM OBLIN OIIPEJIe/IEHBl U3 aHAIM3a CETOYHON CXOIUMOCTY PEIIeHHUs:

hx,yyz - Lx7y’z/Ng;7y7z7 NI - 201, Ny — 101, NZ — 45

Heuernble snauenusi N, N, 33JaBajiCchb [l PACIOJIOKEHUA CKBasKUH B IEHTpPax OJIOKOB.
Jlts IByMepHOit 061acTh ) MCIOIB30BAIOCh aHAJOIIYHOE pasperntenue N, Ny.

Jlns oreickanus r¢// 10 m3m05KeHHOMY aJITOpUTMY GbLIa MCHOIb30BaHa KOHETHO-00heMHasT
pacuernag cetka pasmepuoctu N, = 500 u N, = 1035 6JI0KOB ¢ paBHOMEPHBIM PA30UEHUEM 10
ocu z U JorapudMUIECKUM CIYIIEHUEM 0 OCU 7 BOJIM3U CKBaYKUHBI.

TounocTs asiropuTMa BbraucieHus 3p@HEeKTUBHOIO paJinyca Oblila OlleHeHa 110 BeJINIHHE OT-
HOCHUTEJILbHOTO OTKJIOHeHUs F pacupejiesienns 3aKaqnBaeMoOil B IIACT KUJIKOCTH I10 J00BIBAIO-
MMM CKBasKMHAM, BBIYUCJIEHHOTO TI0 JIBYMEPHON U TPEXMEPHON MOJIEISIM:

E= (042D - agD)/Oéwa o = qpa/qp1.

31ech (-)3D — 9TaJIOHHOE 3Ha4Y€HHUe, BBIUNCIEHHOE 110 TPEXMEPHOU MOJIEIH; (-)2D — 3HaYeHue,
HOJIy YeHHOE U3 JIByMepPHO MOJIe/IH ¢ UCHO/Ib30BaHneM 3(h(EKTUBHOTO Pajinyca CKBaXKUHBL Teff .

PesynbraTer Bepudukanun npuseieHbl Ha puc. 5. OTHOCHTEIbHAS OIMMOKA BBIYUCICHUS PaC-
npeJie/IeHns 3aKaInBaeMOll B TJIACT YKUJIKOCTU MEXKTY JTOOBIBAIOIIMMY CKBayKUHAME B MOJIEJIN,
YCPE/IHEHHO 110 BBICOTE ILIACTA, C UCIOIHL30BAHUEM U3JI02KEHHOT'O MeTo/ia pacdera 3hdeKkTuB-
Horo pajumyca He npesbimaer 30 %. Ilpu 3ToM MakcuMaIbHOE OTKJIOHEHHE HADJIONACTCS JIJIsT
[IOJIOYKEeHNsl WHTepBaJsia Hepdopalui, TPUMBIKAIONIEr0 K IpaHUIEe pasjesa CI0eB Pa3IuIHOMN
nporuaeMocT. llo-BuamMoMy, 9TO CBA3aHO € 3aJI0yKEHHBIMU B BBIYUCIUTETbHBIA AJITOPUTM
nakera MRST nonpasounbiMu Kosbdurmenramu B BbIpazxkeHusX (2.8), BbIPAKAIONMMHA TIPO-
JIYKTUBHOCTH yYaCTKa CTBOJIA CKBAXKUHDI, MOJIYIEHHBIMU U3 YIPOIIEHHBIX (DOPMYJI B CiIydae
JIBYMEpPHOTO TeueHust, anasoruano dpopmysie [nemana [32]. Pacder ke acddekruBHOrO pasmyca
BBITIOJTHSJICS HA CETKE BBICOKOTO Pa3peNIeHns ¢ OAPOOHON JeTaIn3aImeil Mo CKOPOCTH (DUITb-
Tpaluu, Kak B 00/1aCTH PaJIMaIbHOTO, TaK U c(HEPUIECKOro MPUTOKA K yJIacTKaM MepdOopalyn
ckBaKWHBL. [losTOMY HMCIOTBb30BaHNE BBLIYUCIEHHOTO PEIIOKEHHBIM CIIOCOOOM 3D PEKTHBHO-
ro paJinyca MOYKET NMPUBECTH JlayKe K IOBBIIMIEHUI0 TOYHOCTH JIBYMEPHON YMCJIEHHON MOJEIN
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110 CPaBHEHHIO C TPEXMEPHOM, ¢ YeM CBs3aHbl (DUKTUBHBIE BCILIECKU OTKJIoHeHus F . U3 puc. 6
BHJTHO, YTO ITPU OCTAJILHBIX BApPUAHTAX PAaCIOJIOKEHUsI MHTepPBaJIa repdopalui OTKJIoHeHne F
He nipeBocxoauT 1% mpu ToM, 9TO caMa BeJmdmMHA (v (pacupejiesieHre HarHeTaHusl [0 JOObIBa-
OIMM CKBaXKUHAM) U3MeHsieTcsi puMepHo natukparHo ot 0.1 10 0.5.

B To ke Bpems ananutudeckue (popMysibl pacuera 3hMEKTUBHOTO PAJIIYCa IIPUBOIAT K 3HA-
YATE/IbHOMY YBEJIUYEHUIO OTHOCUTEIbHOM morpermuoct £ or 1 10 2 NOpSIKOB BEJTUYIUHBI.
B ciyuae pacriosioxkenus mepdopaliii B BLICOKOITPOHUIIAEMOM CJI0e OTKJIOHeHUe [ i aHa -
Tudeckux popmyst coctaBuiio mopgiaka 0.5 Bmecto 0.002 s m3102KE€HHOTO ajroputMa. Korja
repdopalins pacioyioKeHa B HU3KOITPOHUIIAEMOM CJIO€, COOTBETCTBYIOIINE BEJTMIHHBI ITPUHUMA-
10T 3Havenns nopsaka 2.5+ 3.5 Bmecro 0.01 (puc. 5). D10, 0UEBUIHO, CBI3aHO C OTCYTCTBAEM
ydeTa MepevIrCcIeHHBIMA aHAJTUTUIECKIMU BhIPAXKEHUSIMU, BO-TIEPBBIX, CJIOUCTON HEOITHOPOIHO-
CTH TIJIACTa U, BO-BTOPBIX, KOHKPETHOI'O MOJIOYKEHUs mepdopaluu KpoMe CTENEHU BCKPBITHA
BBICOTHI ILJTaCTA.

Puc. 5. OrHocurenbHas OmmOKa PACIIPE/ICJICHUs] 3aKaInBaeMOil B IJIACT XKUJIKOCTH MEXKJLy J100bIBa-
IOIMMU CKBasKMHAMMU: 110 TIpejjiozkeHHoMy Metoiny (1) u no dopmysnam I'mpunckoro (2), Mackera (3)
u Kozenn (4)

Fig. 5. Relative error in the distribution of injected fluid among production wells: using the proposed
method (1) and according to the Girinsky (2), Muskat (3), and Kozeny (4) formulas

Puc. 6. Pacupenenenne 3akaunBaeMoOi B TIJIACT YKUJKOCTH MEXKIY JTOOBIBAIOIIMME CKBAXKUHAMU
U3 TPeXMepHOro (Mapkepbl) M JBYMepHOro (ILyHKTHD) DEIeHUuii [0 NPeJJIOKEHHOMY METO/ILy U OT-
HOCHUTEJIbHAs ONMMOKa (CIIJIONTHAS JINHIS )

Fig. 6. Distribution of injected fluid among the production wells from the three-dimensional (markers)
and two-dimensional (dashed line) solutions, obtained using the proposed method, and the relative error
(solid line)
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BaxKHO OTMETHTB, UTO yKa3aHHbIEe PA3JINIUs B PACIETaX MIPUBOJIAT K CYIIECTBEHHON HOTPeIIl-
HOCTH IIPH BBIYNCICHUN PACIIPEJIEJICHNST IOTOKOB MEXKJ1y CKBaXkKIHHAMU, CTPYKTYPe I0JIs CKOPO-
cru pUIBTPAIY, a BMeCTe C HUM H B CTPYKType JinHuil Toka (puc. 7). Ilocieanee, B yactHoCTH,
MOZKET [PUBOJUTE K 3HAYNTEIBHOI OIPEIIHOCTH [IPH IIOCTPOCHUN TPYOOK TOKa U BBIMHCICHIN
JoJieii 06IIero pacxojia MeK/y HUME, KOTODBIC, KaK ObLIO YKA3aHO BBIIIE, HEOOXOANUMBI JIist
peasim3anuy pacueTHON cxeMbl OpicTposeiicTByomeil Mojean buibTpanu B (bUKCHPOBAHHBIX
TpybKax Toxa [33,34].

a) 50

0 50 100 150 200 250 300 0 50 100 150 200 250 300
Puc. 7. Crpykrypa JiuHUl TOKa: MapKepbl — TPEXMEpPHOe peIleHne; JJUHUU — JIByMEPHOE peIleHune:
¢ npumenenneM hopmMyJIbl ['upruHCKOro (IyHKTHD) U IPe/I0zKeHHOro ajropuTMa (cmomHast); a) d = 0;
b) d =0.4Lz; () — crapToBble TOUYKHU MOCTPOEHHUsI JINHUN TOKA
Fig. 7. Streamline structure: markers — three-dimensional solution; lines — two-dimensional solution:
using the Girinsky formula (dashed) and the proposed algorithm (solid); a) d =0; b) d = 0.4Lz;
(O indicates the streamline starting points

4.2. Ciry4ailHO-HEOTHOPO/IHbI mJacT. B oriuvne or paccMOTPEHHOrO BBINIE UJ€a-
JIM3UPOBAHHOIO CJIydas PeabHOE T'eOJIOTHYCCKOE CTPOEHUE KOJIEKTOPOB 00J1a/1aeT HEKOTOPOit
JaTepabHON M3MEHUYUBOCTBIO TI0JIs [TPOHUIIAEMOCTH BJI0JIb TporuiacTkos [18,19]. TIpu sTom
CpeJIHAS BeJIMINHA ITPOHUTIAEMOCTH B IIpejieiax KaxKJI0To MTPOILIaCTKa MOXKET IPUHUMATD CYIIIe-
CTBEHHO DA3JIMYHbIE 3HAUEHMsI, OTpazKasl [IPEUMYIIECTBEHHO BEPTUKAJIBHYIO (CJIOUCTYIO) HEOJI-
HOPOJIHOCTD ILJIACTA, ITPUOOPETEHHYIO B COOTBETCTBYIOIIUE T'€OJIOITIECKUE TTEPUOILI (pOpMUpO-
BaHUs 3aJIEKH.

Jna BepuduKaluu M3J/I02KEHHOTO AJTOPUTMA B YCJIOBUAX, NMPHUOJIMAKEHHBIX K pPeasbHBIM,
ObLTa BBITIOJTHEHA UMUTAIIAA HEOJHOPOJIHON CTPYKTYPBI TOJIS TMPOHUIAEMOCTH Kk ¢ coxpame-
HHUEM TeX »Ke HamboJjiee BEPOATHBIX BEJIUYUH B TPEX BEPTHKAJIbHBIX UHTEPBajgaxX I BBICOTHI
wracta k/kg = 1, 0.1, 0.5 u ¢ BapuaIryeii OTHOCUTETIHHON BEJMYNHBI KOPPEJSAIMOHHOTO IIara,
p=r*"=0.1,0.25, 0.5, 1. Koppe/anuoHHbIil Mar mojs MPOHUIIAEMOCTH OIPEJeseT CPeIHUI
JIMHEHHBI MaciTab JrarepaibHOil HeOTHOPOAHOCTH JaHHOoro moJst [35]. B mpemesrax Kazoro
uHTepBasa h (HUKCHPOBAHHOI CpeJHEll IPOHUIIAEMOCTH («IIavKe» ) TEHEPHPOBATIOCH OT OJIHOTO
JI0 TpeX TPOILTACTKOB, JJIs KaXKJIOr0 W3 KOTOPBIX CTPOUJIOCH HEOJHOPOTHOE JIBYMEPHOE TOJIe
nponunaemoct (puc. 8). Jljisi KaxKJ0ro 3HAYEHUs p PEHEPUPOBAJIOCH 10 JIECSTh Pean3a-
Ui 711 BBIOJTHEHUS YCPEJTHEHHON OIEHKM JIOCTUTaeMOM TOYHOCTH pelleHus. Bbraucienue
3 dekTUBHOrO pajinyca Mo U3JI0KEHHOMY aJTOPUTMY OCYIIECTBIIAIOCH B TIPEJIITOJIOKEHUN O JIO-
KaJbHOM CJIONCTO-HEOJTHOPOJIHON CTPYKTYpe ILIacTa COTJIACHO TOC/IeT0BATETHHOCTU BEJIMINH
IIPOHUIIAEMOCTH B I€PECEYEHHBIX CKBasKMHOW OJIOKaX pacdeTHOi cetku. s ucrnosb3zoBanus
AHAJINTHYECKAX MOJETeH MO TeM JKe 3HAUCHHSM BBIUHC/SATACh CPEIHSs MPOHMUIAEMOCTb K
o dopmyite (2.1).
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Puc. 9 nokazeiBaet, 4T0 IpU TPUMEHEHUH TTPEIOKEHHOTO CII0co0a Bhraucienus 3PpheKTuB-
HOT'O PJINyCa C yBEJIMYEHUEM ITapaMeTpa p YMEHBIIAETCS MOTPEITHOCTD BBIYUC/IEHUA PACXOI0B
ckBazkuH. Tak, ¢ yBesmdernueM p ot 0.1 g0 1 morpemnocts F B cpejiHEM CHUXKAETCA OT JIBYX
(puc. 9, a) jgo matu (puc. 9, b) pa3 B 3aBUCHMOCTH OT YHCJIa MPOIJIACTKOB. DTO MOKHO 00b-
SICHUTH T€M, UTO 3aJIO2KEHHbIE B aJITOPUTM THIIOTE3BI O CJa00I JIaTepaJbHON M3MEHYUBOCTH
[IPOHUIIAEMOCTH BOJIM3M CKBAYKUHBI CTAHOBATCH 0Oo0Jjiee JIOCTOBEPHBIMHU C YBEJIUYEHUEM Mac-
mrabda HeOTHOPOIHOCTHU T0JIst mpoHunaemoctu. Cama omudKa MO-IPEXKHEMY JICXKUT B HHTEP-
Basie 1-5 %. Ilpu sTom anamuruyueckue hopMyJsIbl IPUBOJIAT IPUMEPHO K TEM Ke HEIPUEMJIEMO
BBICOKMM YPOBHSIM TOT'PENTHOCTH, UTO U B CIydae CJOUCTO-HEOTHOPOTHOIO IIJIACTA.

8 0 50 100 150 200 250 300

0 50 100 150 200 250 300 N5

10
0 50 100 150 200 250 300
Puc. 8. IIpumep 110151 IPOHUIIAEMOCTH B IIPEJIEJIaX OJHOIO MPOILIACTKA (&) ¥ B BEPTUKAJIBHOM CEYeHUN
wiacra (6) npn KoppessuoHHoM mare p = 0.2
Fig. 8. Example of the permeability field within a single layer (a) and in a vertical cross-section of
the reservoir (b) with correlation length p = 0.2

0.1)
0.1)

E/E(p
E/E(p

Puc. 9. Biusuue mara JsiarepajbHOI HEOJHOPOJHOCTH ILIACTA HA CPEJHION, MUHUMAJIBHYIO U MaK-
CUMAJIBHYIO 110 ITapaMeTpy d OTHOCHTEJIBHYIO HOIDEIIHOCTH 1P ofHOM (a) u Tpex (6) mporuiacTkax
B KaKIOH IMavKe IJIacTa

Fig. 9. Effect of lateral heterogeneity spacing on the mean, minimum, and maximum relative error
with respect to parameter d for one (a) and three (b) permeable layers per reservoir zone
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3akJroueHue

Uccnenoan criocod Bbraucsenus 3DEMEKTUBHOTO pajyca CKBAXKUHBI, HECOBEPIIEHHO
110 CTEIeHN BCKPBITUS IJIaCTa, OCHOBAHHBIN HA MOCTPOEHUHN YHUCJIEHHOTO PENIeHus 3a/a4u I10-
HU2KEHHON pa3MEpPHOCTU B MaJjioil mpu3adoitHoil obsiacTu cKBaxKUHbI. [loHmkenne pa3zmepHO-
CTH 33JIa9M OCYIIECTBJIEHO TIEPEXOJIOM K JIByMEPHON IMOCTAHOBKE, CHMMETPUYHON OTHOCUTE -
HO OCH CKBa)KWHBI, B IIPEJIITOJIOKEHUN O COXPAHEHNUN BBICOTHI IIJIACTa M €ro MPENMYIIeCTBEH-
HO CJIONCTOI HEOJHOPOIHOCTU BOJIN3U CKBaKUHBI. /laHa mOCTaAHOBKA COOTBETCTBYIOIIEH 3a/1a1n
dubTpanu 1 peagn3oBaH aJITOPUTM ee IUCJeHHOro pererus. [lokazano, 9To JTaHHbIH TOIXO0/T
CHUZKAET IOIPENTHOCTD B ONPEJICJIEHNN PACXOJI0B M B3aUMOJIEHCTBUS CKBAXKUH 110 CPABHEHUIO
¢ IpUMEHEHNEM U3BECTHBIX (POPMYJT pacueTa 3pOEKTUBHOIO PAJINYCa, He YIUTHIBAIONINX HEO/I-
HOPOJHOCTH TIJIacTa, Ha OJMH-IBa MOPSKa B CIydae CJIOUCTO-HEOIHOPOJHOrO IiacTa. B pe-
3epByapax € T'eOJIOTMYeCKN XapaKTePHON CTPYKTYPOHl HEOJHOPOHOCTH IMOTPENTHOCTH TaKiKe
cocraByser 1-5 % u cHUKaeTcst ¢ pOCTOM KOPPEJISIIIMOHHOIO IHara IMoJisd HeOHOPOJIHOCTH TIPO-
nuraeMocTu. JlocTuraeMblit BBICOKMIT YPOBEHb TOYHOCTHU TIO3BOJIAET JOCTOBEPHO BOCIIPOU3BO-
JIUTH CTPYKTYPY JIMHUI 1 TPYOOK TOKa MEKJy CKBasKMHAMM B YCPEJIHEHHOM 110 BHICOTE MOJIEN
IJIaCTa, COOTBETCTBYIONIEN YCPEeTHEHUIO TpexXMepHOil Mojienu. /laHHas XapaKTepucThKa aJjro-
puUTMa dABJIgeTCd HeOOXOIMMON MpU pacdeTe MapaMeTPOB B3aUMOJIENCTBUS CKBAaXKWUH, a TaKyKe
[IPU OCHAIIEHUU BBICOKOIIPOM3BOIUTE/ILHON MO/ (DUIBTPAIUU B TPYOKAX TOKA PACXOIHBIMU
XapaKTePUCTUKAMU.
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Abstract

This article focuses on the implementation of a lightweight model of a friction pendulum bearing in
the finite-element model of a base-isolated structure. The proposed approach appears as an alternative
to a high-fidelity finite-element model. The model considers the slider moving on the sliding surface
as a material point with three degrees of freedom. The equations of motion for the slider are derived
by leveraging the Lagrangian formalism. The three-degrees-of-freedom model is compared with other
available analytical approaches that can be employed to define the response of friction pendulum
bearings, mainly unidirectional formulations. From the numerical experiments, the dynamic response
of a structure with and without base isolation is obtained using a finite-element analysis. Acceleration
time series, recorded during an earthquake, are employed as an input. The numerical results, in terms
of displacement and acceleration evolutions, demonstrate the positive effect of seismic isolation on
mitigating the risk of failure in the structure.

Keywords: base-isolated structure, friction pendulum bearing, analytical model, finite-element
modeling, transient analysis
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AnHOoTa s

Pazpaborana ymportennast Mosies b GPUKITHOHHO-MASITHUKOBOM OIIOPHI, IPUMEHSIEMON ITPYU KOHETHO-
3JIEMEHTHOM pacveTe KOHCTPYKIUU C CeHCMOM30JMPOBAHHBIM (DYHIAMEHTOM. YIIPOIIEHHAS MOJEb
BBICTYTIAET B KAYECTBE AJILTEPHATHUBBI JIETAJTU3NPOBAHHON KOHETHO-3/IEMEHTHOU MOJIEJIN OIIOPBI U OIIU-
CbIBaeT JIBUKEHUE, COBEpIIaeMoe II0JI3YHOM, IPEJICTaBJICHHBIM B BHJIe MaTepHaJbHON TOYKU C Tpe-
Ms CTEIeHSIMU CBOOOIBI, 110 MMOBEPXHOCTU CKOJIbYKEHUS. Y PABHEHUS JBUXKEHUs IMOJI3YHA IOJIYIEHBI
¢ ucnoJsib3oBanueM dopmanuzma Jlarpamxka. IIpoBeneno cpaBHeHue JaHHOW MOJIEIN C U3BECTHBIMU
AHAJIMTUYIECKUMU MOJEISIMU, TPOTHO3UPYIONIUMU IOBE/IeHNe (DPUKITMOHHO-MASITHUKOBBIX OIOP, IIpe-
UMYIIECTBEHHO ONHOHAIIPABJIEHHBIX. JIMHaAMUYeCKOoe TOBeJleHNe CeCMON30IMPOBAHHON KOHCTPYKITIN
U e€ BapuUaHTa IPU OTCYTCTBUU CEHCMOM3OIANNN MU3YyUYE€HO IMOCPEJICTBOM UYHMCJIEHHBIX IKCIEPUMEHTOB
C TIOMOINLIO METOJ[a KOHEYHBIX 3IJIEMEHTOB. B KadecTBE BXOJHBIX JIAHHBIX HCIOJIH30BAJIUCH aKCese-
pOrpaMMBbl, 3allUCAHHBIE BO BPEMsl 3eMJIETPsICeHMs. AHAIN3 UUCJEHHBIX JAHHBIX, XapaKTePU3YOIIIX
aMILIUTY/ly IIepeMeIeHUd U YCKOPEHUsI CefiCMOU30JIMPOBAaHHON KOHCTPYKIUY, [I0Ka3aJj, YTO IIpUMEHe-
HHUE CefICMOU30JIAINN 3HAYNTEIbHO CHUXKAET PUCK ITOBPEXKJICHUS KOHCTPYKIIHIA.

KuaroueBsbie cioBa: crpouTesibHast KOHCTPYKIHS ¢ ceficMon3osidiueil, (hpuKImOHHO-MAITHUKOBAS
OIIOpa, aHAJIUTUYIECCKas MOJE/b, KOHCYHO-3JIEMEHTHOE MOJICJIMPOBAHNE, aHAJINS IIEPEXOAHBIX IIPOIECCOB

Hns murupoBanusi: Zhelyazov T. Numerical analysis of the dynamic response of a structure equipped
with friction pendulum bearings // Yuen. 3an. Kazan. yu-ra. Cep. @us.-marem. mayku. 2025. T. 167,
kH. 4. C. 675-688. https://doi.org/10.26907/2541-7746.2025.4.675-688.

Introduction

Seismic isolation decouples the structure from the ground by providing lateral
flexibility, while ensuring sufficient rigidity to withstand vertical loads transmitted from
the superstructure [1,2]. Base isolation serves as an efficient method to reduce displacements
in the superstructure during a strong ground motion by dissipating the energy from seismic
waves. This goal is achieved by adding friction or flexibility. The most common examples of
dissipative devices are friction pendulum systems [3], high damping rubber bearings, and lead
core rubber bearings (LRB) [4].
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Typically, a friction pendulum isolator consists of top and bottom steel plates and a steel
slider. The bottom steel plate is machined to form a concave sliding surface on which the slider
moves. The surfaces of the slider, which are in contact with other elements of the bearing, may
be covered with a composite material liner to obtain some desired characteristics of the sliding
behavior (Fig. 1).

A 4

_Top steel plate

-: _Housing forth]

R _Composite material liner

slider

Sliding/’ surface R

" Bottom steel plate

Fig. 1. Friction pendulum isolator

The sliding surface is characterized by little resistance to lateral movement due to the low
coefficient of friction. Therefore, the device has a large capacity for movement, which is limited
only by its geometric dimensions in the plane.

Friction isolators have garnered substantial research interest [5-8]. The period of oscillation
of a structure equipped with friction pendulums depends mainly on the radius of curvature of
the concave sliding surface rather than on the supported mass [7]. Friction isolators are generally
compact, making them an attractive option for retrofitting existing buildings [8]. They have
proven effective for seismic isolation of certain types of structures [9,10] and bridges [11] as well.

Some technological demands, such as the need to limit displacement of the sliding isolator
during a strong ground motion, have led to the development of triple [12,13| and quintuple [14]
friction isolators that accommodate more sliding surfaces and provide multiple regimes of
response during a seismic excitation. Furthermore, friction pendulum bearings with variable
curvature were proposed and studied [15-19|. The variable curvature of the sliding surface
theoretically enables an adaptive frequency conversion, thus minimizing the likelihood of
undesired effects associated with resonance. In contrast, classical friction pendulum bearings
provide a constant isolation frequency, which is associated with a higher risk for resonance
occurrence. Apart from being an option for base isolation, friction pendulum bearings emerge
as a solution for inter-story seismic isolation. High-rise buildings equipped with inter-story
isolation reportedly demonstrate a better response compared to those with base isolation [20].

Dynamic structural behavior analysis has always been a challenge, given that no
straightforward recipe exists. Finite-element analysis of a base-isolated structure can provide
some insight into the response during an earthquake without restriction regarding possible
irregular geometry. In terms of seismic isolation modeling, several approaches are possible.
One solution is to develop a high-fidelity finite-element model of the bearing, which will
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add a considerable number of degrees of freedom to the finite-element model of the base-
isolated structure that might be comparable to the degrees of freedom of the structure. This
approach will clearly result in an increased overhead in terms of computational resources and
time for analysis. The question arises of how to implement less demanding models to reduce
the computational load in the transient finite-element analysis of the entire structure.

Existing analytical models have evolved from single-degree-of-freedom (SDOF)
approximations, capable of capturing the response of friction seismic isolators with acceptable
accuracy, to a vector superposition of two, inherently SDOF responses, along two orthogonal
directions assumed independent of each other [21,22].

The need to go beyond SDOF approaches and take into account the multiaxial response of
friction pendulum bearings was suggested by indicating that the bearing response depends on
the supported vertical load [23,24]. In more recent studies [25], it was argued that models rooted
in SDOF approximations neglect some phenomenological aspects of the friction pendulum
response, which might be important in the case of near-fault ground motions characterized
by a better pronounced vertical component. In one of the proposed models, the motion of the
slider on the spherical concave surface is considered as the motion of a particle with three
degrees of freedom.

Machine learning algorithms also find application in analyzing the dynamic response of
structures, as well as in reproducing the behavior of seismic isolation. The relative displacement
of stories was investigated in [26]. A hybrid analysis comprising modeling of the superstructure
using linear frame models and ANN implementation for the force-displacement relationship
of the seismic isolators was presented in [27] and validated in [28] via a comparison with
conventional time history analysis and test data. It should be noted that this analysis was
conducted for another type of isolator, not for friction pendulum bearings.

The scope of the contribution is confined to the application of approaches rooted in analytical
mechanics combined with time-history analysis using finite-element models for structures with
base isolation in classical friction-pendulum bearings (Fig. 1).

The article is organized as follows. The SDOF model application is illustrated through
the numerical simulation of a friction pendulum bearing characterization test. The force-
displacement relationships in two orthogonal directions are numerically obtained. The analytical
approach in which the motion of the slider is considered a motion of a material point with three
degrees of freedom is then introduced. Finally, the behavior of a base-isolated structure, in
which the three-degrees-of-freedom model of the device is implemented, during an earthquake
is analyzed using a transient finite-element analysis. The response of the structure is obtained
in terms of displacements and accelerations. To underscore the effect of the seismic isolation,
the responses of two identical structures with and without base isolation are compared.

1. Combination of One-Dimensional Models in Two Orthogonal Directions

In this section, an approach assuming a combination of two SDOF models in two orthogonal
directions is considered. The analytical model is implemented to numerically evaluate the
behavior of a friction pendulum bearing subjected to in-plane excitation and a vertical load.
In the sequel, the numerically obtained relationships are referred to as U-F relationships.

(7)) =7 () = ey (i) 0
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where N is the vertical load transferred from the superstructure, r is the effective radius of the
1 T NS
sliding surface u = (ug,u,)" , 0 = (U, u,) , and T denotes a transpose.
The model defined by equation (1) can be implemented in the characterization test shown in
Fig. 2. The bottom plate of the isolator is kept fixed, whereas prescribed in-plane displacements
are applied to the top surface according to the planned testing protocol.

-

U

—_—

| i

Fig. 2. Scheme of the characterization test

The numerical results describing the interface response in terms of the force-displacement
relationships (or U-F relationships) obtained using the testing protocol depicted in Fig. 3, for
two orthogonal directions, denoted as X- and Y-, are shown in Fig. 4 and Fig. 5, respectively.
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Fig. 3. Testing protocol for displacements

2. Seismic Isolator Considered as a Mechanical System with Three Degrees
of Freedom

The slider, taken as a material point, has three degrees of freedom (r,6, ). The equations
of motion are derived by using the Lagrangian formalism as follows:

d (0L oL
%(3(]}) —aqi_Qi, L=FE,—-FE,. (2)

In equation (2), ¢; denote the generalized velocities, ¢; correspond to the generalized
coordinates, and (); represent the generalized forces (i = 1,...,3), while Ej and E, stand
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for the kinetic and potential energy, respectively. In the expanded form, a system of three
equations is obtained:
—mr(0? + ¢*sin®(A)) — N cos(6) = Q.
mr26 — mr2¢? sin() cos(0) + Nrsin() = Qy, (3)
mr? (@ sin?(0) + 2p0sin(6) cos(0)) = Q..

1500

1000 A

500 1

Force (kN)
o

=500 1

-1000 A

-1500 T T T T T
=200 -100 0 100 200
X- Dispalcement (mm)

Fig. 4. Force-displacement relationship in the X-direction: U, — Fy
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Fig. 5. Force-displacement relationship in the Y-direction: U, — F,

The generalized forces on the right-hand sides of the equations in the system of equations (3)
are obtained by summing the inertia force components with the normal reaction R, (for the first
equation) and the friction forces Ry and R, (for the second and third equations, respectively),
as shown in Fig.6:

—mr(0? + @*sin®(A)) — N cos(0) = —ma, — Ry,
mr2f — mr?p? sin() cos(0) + Nrsin(6) = r(—mag + Ry), (4)
mr? (@ sin?(0) + 2¢0sin(6) cos(0)) = rsin(h)(—ma, + R,).
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1 A 1 1-1

slider

spherical/ sliding

surface N\
! R spherical sliding

surface

Fig. 6. Generalized coordinates, normal reaction, and friction forces acting on the slider

In equation (4), the acceleration vector is defined in polar coordinates (a,, ag, a,), but the
recorded acceleration contains the Cartesian components of the acceleration vector (ay, a,, a,).
The equation below describes the relationship between the acceleration vector components
expressed in polar and Cartesian coordinate systems:

a, cos(p)sin(0) sin(p)sin(f) — cos(d) ay
ag | = |cos(p)cos(f) sin(p)cos(f) sin(f) | - |as | - (5)
ay —sin(yp) cos(p) 0 a,

Given that the slider is forced to move along the sliding surface, an expression for the normal
reaction can be obtained from the first equation in the system of equations (4):

R, = —mr(6* + $?sin®(#)) — mg cos(#) + m(cos(p) sin(A)a, + sin(y) sin(f)a, — cos(h)a.). (6)

Leveraging the expression for the normal reaction, the friction force components are
expressed as:

Ry = —uR,sgn(0),

» (7)
R, = —pR,sgn(fsin(h)).

Thus, the system of equations (4) reduces to the following two equations:

6 — u6%sgn(6) + [g/r — $* cos(9) + a./r — pp*(sin(B)sgn(6) + (u/r)(cos(p)as+

+ sin(cp)ay)sgn(é)] sin(f) + (1/r)(cos(¢) cos(8)a, + sin(yp) cos(f)a,)— (8)

— (u/r)(g cos(8) + cos(f)a,)sgn(d) = 0,

@ — p*pusin(0)sgn(sin(0)) + 246 tan(8) + (1/rsin())(usin(f)a,sgn(sin(8)@)—
— a,) sin(p) + (1/rsin(0))(cos(p)a, — pu(rf* + gcos(h) — cos(y) sin(6)a,+ (9)
+ cos(f)a, )sgn(sin(f)p) = 0,

which are solved numerically.
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3. Dynamic Response Analysis of a Structure with Seismic Isolation

The general-purpose finite-element code ANSYS Mechanical APDL is employed to build the
finite-element model of a reinforced concrete structure (with elasticity modulus £ = 30 GPa,
Poisson’s ratio v =0.2, and density p = 2500 kg/mg) shown in Fig. 7. Point masses
(m = 2000 kg) are defined at each level, at points E, F, G, H, I, J, K, L, M, N, O, and P.
Two versions of the model are developed: one equipped with base isolation and another
without seismic isolation, for reference. For the reference model (without seismic isolation), the
seismic input is applied to all nodes located at z = 0, whereas, for the model of the seismically
isolated structure, seismic accelerations act at locations where the friction pendulum bearings
are installed (i.e., points A, B, C, and D at z =0, see Fig. 7, b).

1<p 1
M=N P=0 R M=N P=0
"o ° Ll ° °
point » N o ™
mass I= 1=K I= L=K
e o ‘o °
™ ™
E=F o .HEG N~ E=F o .HEG
seismic
«© p z ~ isolators |_ ™
A=B=0 D=C A=B=0_[ # t jDEC
! Tm } L 7 J, 7m J’
a) b)

Fig. 7. Reference structure without seismic isolation (a), structure with base isolation (b)

The generated finite-element mesh (Fig. 7, a) contains 4044 finite elements SHELL181 and
12 finite elements MASS21. SHELL181 is a four-node element with six degrees of freedom per
node (translations in the X-, Y-, and Z-directions and rotations about the X-, Y-, and Z-axes).
MASS21 is a point element with six degrees of freedom (translations in the nodal X-, Y-, and
Z- directions and rotations about the nodal X-, Y-, and Z-axes).

A transient analysis is then carried out using the recorded acceleration time series
(the X-component of the input is displayed in Fig. 8). It should be noted that the employed
input is an excitation with the X-, Y-, and Z- components.

The response of the structure is obtained in terms of displacement evolution (Fig. 9) and
acceleration evolution (Fig. 10) monitored at point P, as shown in Fig. 7.

It is apparent that the implementation of friction pendulum seismic isolators leads to
a significant decrease in the monitored displacement. The decrease in acceleration is not so
well pronounced. In this context, seismic isolation can positively modify the fragility curves
(or surfaces) typically employed in quantitative risk assessment.

A comparison of the dynamic response of the base-isolated structure for various
characteristics of the friction pendulum bearing R and p is given in Fig. 11. An increase
in the equivalent radius of curvature (from 3 m to 4 m) leads to a decrease in the maximum
value of the monitored displacement up to 33 %. On the other hand, an (almost) double increase
in the friction coefficient increases the maximum absolute value of the monitored displacement
by 49 %. It should be noted that choosing the equivalent radius of curvature is much easier to
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control, given that the friction coefficient is strongly material specific. However, an in-depth
understanding of the interface behavior (i.e., the precise assessment of the friction coefficient
degradation) is crucial for accurately predicting the response of the isolator and the base-isolated
structure.

0.20

0.10 H

g
=3
=3

a(m/s?)
S
S

-0.20

-0.30

040 .
Time (s)

Fig. 8. X-component of the input acceleration time series

= Nonisolated

= [solated

0 10 20 30 40 50 60 70
Time (s)

Fig. 9. Comparison of the X-component of the displacement at point P for the nonisolated and isolated
structures

It should be mentioned that the numerical results are obtained by assuming a constant
value for the friction coefficient. As an illustration of a variable friction coefficient, its evolution
(and, more precisely, its decrease in the X-direction), predicted in the context of the
characterization test (Fig. 2), is shown in Fig. 12.

These results are consistent with the data provided in [29], on a decrease in the friction
coefficient from 0.07 to 0.04.

In a comprehensive research with an experimental basis, reported in [6], it was deduced
that the friction coefficient depends on the sliding velocity and the normal pressure
acting on the sliding surface. The behavior illustrated in Fig. 12 has been obtained [30]
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using phenomenological models that postulate a dependence of the friction coefficient on
the sliding velocity, normal pressure, and the rise in temperature during sliding [31, 32].
The temperature rise can be experimentally detected using either thermocouples [33, 34]
or thin-film thermocouples [35]. The accurate assessment of available models reveals
discrepancies between theoretical predictions and experimental data, which can reach up
to 40-50 % for sliding paths longer than 10 m. The above implies that simulation of the
characterization test may and should be included in the design of bearings for a better model
constant identification prior to the time history analysis of the base-isolated structure.

0.3

0.1

-0,4

== Nonisolated

Isolated

Time (s)

Fig. 10. Comparison of the X-component of the acceleration at point P for the nonisolated and isolated

structures
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Fig. 11. Comparison of the X-component of the displacement at point P for various characteristics of
the friction pendulum bearing
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Conclusions

Some theoretical models of friction pendulum seismic isolators, their applications
in the mathematical modeling of experimental characterization of bearings (such as
the U-F relationships), and their implementation in the analysis of the dynamic response
of a structure equipped with friction pendulum isolators were considered. Although SDOF
models possess some drawbacks in predicting the friction pendulum bearing within base-
isolated structures, they should be employed in the model constant identification phase. Models
that consider all degrees of freedom for the isolator provide a more accurate assessment of its
multiaxial response and are better suited for the analysis of the dynamic behavior of the overall
structure. Additionally, lightweight analytical models are clearly more efficient in a transient
finite-element analysis compared to detailed high-fidelity finite-element models of the bearings.

0.10

0.08 1

0.06 1

0.04 1

X- Friction coefficient

0.02 1

0.00 T T T T T

Time (s)

Fig. 12. Change in the friction coefficient, in the X-direction, obtained in a simulation of a friction
pendulum bearing characterization test

The obtained numerical results showcase the favorable effect of seismic isolation on the
dynamic response of a structure during earthquakes. The proposed algorithm can be applied
for the design of seismic isolators, for their placement within the structure, as well as for
optimizing the response of the structure considering a specific seismic hazard. In some cases,
base isolation positively modifies the fragility curves/surfaces of the structure, providing a less
conservative risk assessment for structures in seismic regions.
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P PEeKTUBHLII MeTO aHAJN3a THOKUX MMOPUCTHIX
G YHKIMOHAJIBHO-TPAANEHTHBIX HAHOKOHITYIECKINX
CEeKTOPHBIX MaHeJieii ¢ y9eToM TeMIlepaTypPHbIX
U 3JIEKTPUYECKUX IT0JIEN

JI.LA. Kanynkwmii

Hremumym 2udpodunamury um. M.A. Jlaspenmuvesa Cubupcrozo omdesenus Poccutickoti akademuu HaYK,
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AnaHoTanus

Ha ocnose MomudunmpoBanHoii MOMEHTHON TeOpHH yHPYTOCTH pa3padoTaHa HOBasi MaTeMaTH-
YecKasi MOJIEJIb COCTOSIHUST MOPUCTHIX (hyHKIMOHATBHO-IpajneHTHBIX ([IPT") KoHnUIecKuX CeKTOPHBIX
MUKPO-/ HAHOIJIACTUH CO CBOWCTBAMH, 3aBUCSIIIMHI OT TeMIepaTypbl. MeTo ] BApHAIIMOHHBIX HTEPAITHil
[IPUMEHEH [IJIsi PEIIeHns] HeJIMHEHHBIX MU depeHITnAIbHBIX YPABHEHUN, ONUCHIBAIONINX U3rUO MUOKUX
KOHMYECKUX (KOJIBIIEBBIX ) CEKTOPHBIX IJIACTHH I10J1 JeficTBHEM TepMOMeXaHnuecKoil Harpy3ku. OH 1103-
BOJIMJI IIOJIyYUTh NMPAKTUYECKH TOYHOE PeIleHue IPU CYHIeCTBEHHO MEHBIINX 3aTpaTaxX MAalllnHHOI'O
BPEMEHU 110 CPABHEHUIO C METO/IaMU KOHEYHBIX PAa3HOCTEeN U KOHEYHBIX 3JIEMEHTOB.

KiroueBbie ciioBa: konudeckue CEKTOPHbBIE IMOPUCTLIE IIJIACTHUHDI, MO,ZLI/I(i)I/IHI/IpOBaHHaH MOMEHT-
Hagd Teopud yIUpPpYTroCcTH, IIOPUCTbIE Cl)YHKU,I/IOHaJIbHO—I‘pa,ZLI/IeHTHI)Ie MaTepuaJibl, METO/ BapHUallMOHHbIX

urepanui
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Abstract

A new mathematical model of porous functionally graded (PFG) conical sector micro/nanoplates
with temperature-dependent properties was developed based on the modified couple stress theory.
The variational iteration method was employed to solve the nonlinear differential equations describing
the bending of flexible conical (annular) sector plates under thermomechanical loading. The proposed
method yielded an almost exact solution while requiring much less computational time compared to
the finite difference and finite element methods.
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Bsenenune

Konuveckue (KOJIbIEBbIE) CEKTOPHbBIE [IACTUHBL U3 (DYHKIIMOHAIBLHO-TPAIMEHTHBIX MATEePU-
aJIOB HaXO/IAT IPUMEHEHHe B Pa3JINIHbIX MHXKEHEPHBIX KOHCTPYKIHUSAX. CeKTOpPHbIE ILIaCTUHBI
IIPUMEHSIIOTCS B aBUAIlNM, KOCMOHABTHKE, CTPOUTEJILCTBE, IPHUOOPOCTPOCHUN, SJIEKTPO- ¥ MAIITHU-
HOCTPOEHUN B Kad9eCcTBe KPEIeyKHBIX 3JEMEHTOB JIJIsl JIOIIATOK U POTOPOB TYPOWH, ONTUIECKIX
9JIEMEHTOB, a TaKKe JIJI COeIMHeHUs TPYOOIIPOBOJIOB U KPeIlieHUsT OOIMUBKHU JIETATEIbHBIX all-
naparos. [Ipumenenue yHKIMOHATLHO-TpaeHTHBIX MaTepuanoB (PI'M) obecrieunBaer pe-
IIeHNe CJI0YKHBIX MHKEHEPHBIX 3aJIa4 3a CUeT IIJIABHOI'O U3MEHEHUsI CBOMCTB MaTepuaJia.
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Meroy Bapuaronnbix urepanuii (MBU) ucrnosib3oBan B JIMHEHHON TOCTAHOBKE B UCCJIEI0-
BaHusX |[1-5| s aHaM3a COCTOSHIS KOHNYIECKUX CEKTOPHBIX IIACTHH. B pesynbrare mpume-
nenna MBI ynpasigdioniee ypaBHeHue mpeodpasyercs B JIBa OTICTIbHBIX OOBIKHOBEHHBIX JTH(]D-
dbepenrmanbabix ypasaenusi (O/1Y) orHocuTesbHO TOJMAPHBIX KoopauHaT r u 6. Perenus,
nosrygeraabie MBI, xoporrio coryiacyiorcss ¢ pe3ysibTaTaMy, HOJTYIeHHBIMUA METOIOM KOHETHBIX
9s1eMeHTOB ¢ nomotnbio ANSYS, kak st byHKImuu nporu6os, Tak u jijig Hanpsikenuii [1]. Yera-
HOBJIEHO, YITO TIPEJIJIOKEHHBIN METOJT IPUMEHUM J1JTs1 TIOJIY I€HUS TPAKTUIECKU TOUHBIX PEITeHMI
JIUIsT IPYTUX THIIOB KOHCTPYKIU{A, TAKIX KaK KPYTOBbIe TUIHHIPHL [4].

UccrenoBanne KOHUYECKNX (KOJIBIEBBIX) IJIACTUH C HCIOJIH30BAHHEM METOJa KOHEYHBIX
9JIEMEHTOB U ero MouduKaImii MpoBeeHo B paborax [6-11]. B Hux BBINOIHEH aHATH3 reo-
METPUYIECKUX TTapaMeTPOB, KOJUIECTBA 9JIEMEHTOB U THIIOB PACIpEIe/IeHNs CeTKA KOHMIECKIX
CEeKTOPHBIX ITacTUH. MeTo/ KOHEUHBIX 9JIEMEHTOB IIPUMEHSI/ICS B PaMKax aHa/In3a KOHUIECKIX
(KOJIBIIEBBIX) IJIACTHH C MEPUOMIECKIMU PAJINATHHBIME CKBO3HBIMU TPEIMHAME, [apaJLieib-
HBIMU PaJIMaIbHOMY HalpasjeHuto. J[is 9Toit e ObLT pacCMOTPEH n30IapaMeTpUIecKuii vJie-
MEHT CEKTOPHOI'O THIIA, UMEIOIHil deTbipe yaia [6]. B pabore [7| Takxke nuccieqoBaHo BausHUe
TepMomexanndeckoit Harpy3ku Ha H/IC ceKTopHbBIX 1acTui. YC/JI0BUS MEXaHTIEeCKOH HATDY3KN
BKJIIOYAIOT PABHOMEPHOE 0CeBOE, OKPYKHOE U JIBYXOCHOE JIaBJIEHIE, a TEIJIOBas Harpy3Ka 3aJia-
Ha KaK paBHOMEpPHOE IOBBIIIEHIE TeMIIePaTyPhl 10 BCEMY CEKTOPY. BbLIO TakKe MCCIIe0BaHO
BJIMSTHIE PAa3/IUIHBIX [TapaMeTPOB, TAKUX KaK pa3MepPhbl CEKTOPA, HAIPABICHUS MEXaHUIECKO
HAIPY3KH, YIJIBI BOJIOKOH KayKJOTO CJIOA ILJIACTUHBI, HA TEPMOMEXaHUIECKNT n3rud CeKTOPHOMN
wracTuHbl. [Ipu sToM B paborax [1-11| He paccMOTpeHbl pasMepHbIe MUKPO- U HAHOI(DQEKTHL.

C ucnosb3oBaHeM aHAJIUTHIECKOTO METO/[a, OCHOBAHHOTO Ha TEXHUKE BO3MYIIEHUS U PAIaxX
Qypbe, OBLIN TPUMEHEHBI CEKTOPHBIE (DYHKIIMOHAIBHO-TPAINEHTHBIE METO/IbI aHAIN3a TTOBeIe-
HUS IUIACTUH B JimHEliHO# moctanoBke [12-15]. Ha ocnose psima @ypwe B [12| uccaenoBanb
cKaTre KOJIbIEBOI KPYTrOoBOMl CEKTOPHOI IJIACTUHBI, pa3MepPbl OTBEPCTUs, HAIIPABJIEHUS MeXa-
HIYECKON HArPY3KM U YIJIBI BOJIOKOH KaxKJIOI'O CJIOSl Ha TEPMOMEXaHUYECKYIO IIOTEPIO YCTOM-
quBocTr. B paborax [14, 15| usydensl MexaHudeckne cBoiicTBa (byHKIMOHATIHHO-TDAINEHTHBIX
ITOPHUCTBIX CTPYKTYP.

B wacrosmieit pabore BlepBble TIOCTPOEHA HOBas MaTeMaTHYecKas MOJIeJIb M IIPOBEJICHO
HCCJIeJIOBaHNE HAIPSAZKEHHO-/1e(DOPMUPOBAHHOTO COCTOSAHUS KOHUYECKUX CEKTOPHBIX ILIACTHH,
YYIUTHIBAIOIEe COBMECTHOE BJIMSHIE MTOPUCTOCTH, (DYHKIIMOHAJIHHONW I'PaINEHTHOCTH, TeMIIepa-
TYPHOTO IOJig U padMepHbIX dpderToB. /g anannza npeioKeHHoil Mogesn pa3padoTaH Bbl-
COKOTOYHBIN BBIYUCIUTE/IBHO 3(DMEKTUBHBI MeTO Bapuaronubix ureparmit [16-19|. TIpose-
JIHHBIII C €ro MOMOIIBI0O KOMILIEKC BBIUYUC/IUTEILHBIX SKCIEPUMEHTOB ITO3BOJIMI YCTAHOBUTH
CTEeIeHb U XapaKTep BIUHUs KaXKJI0ro n3 HazBaHHBIX (axkTopoB Ha HJIC mractun.

1. ITocranoBka 3aa9Y1M 1 MaTeMaTnm4deCKad MOoJeJIb

HUccnemyem nanpsizkento-jedopmuposantoe cocrosiue (HJIC) konnmaeckoit cekTopHOi mia-
CTUHBI TIOCTOSIHHON TOJIIMHBI A € YIJIOM CEKTOpa « W pPaJuycoM Bbipe3a R upu jeficrBun
norepevHoit Harpy3ku ¢(r,6) ¢ ucrnosb30BaHmeM TOJSIPHOI cucTeMbl KoopauHaT (puc. 1).

Yupaidioniue ypaBHEHUs BBIBEJIEM C YUIETOM CJIEIYIONINX TUIIOTEeS:
1) runoreza Kupxroda;

2) pasmepubie 3(bHEKTHI yuTeHbI B paMKax MOMu(UIMPOBAHHO MOMEHTHON TEOpUH yIIpy-
roctu [20];
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3) cBoiicTBa MarTepuasa 3aBUCAT OT Temieparypbl T U U3MeHATCs 1o Tojmnmbe. [Ipu-
HATHI TPU THIIA PACIpPeIeeHIsT HOPUCTHIX (dyHKIMOHaIbHO-rpaneHTHbIX ([IDI') marepuasos
(IOT-U, MOIr-X, IIPI-0). Moxyns HOura E, koaddunuent Ilyaccona v u koaddumnnent

TEMIIEPATYPHOI'O PACIIUPEHUS (v ABJIAIOTCA (PYHKIUAMEA 2 .

1) II®I'-U — nopsl pacrpeiesieHbl paBHOMEPHO O BCEil [TaCTHHE:
r
P(z) =P,V + PV, — §(Pm + P,). (1)

2) [IOT-X — makcuMaIbHOE pacipejiesieHne mop BOJIN3U cepeInHbl TOBEPXHOCTU CEKTOPHOI
[LJIACTUHBI: ]
2|z
3) II®I-O — ymeHbIneHne KOHIEHTPAIIMK [OP OT CPEJIMHHOI MOBEPXHOCTH K BepXHeil u
HUKHEA I'paHAM CEKTOPHON NJIaCTUHBI:
22|
P(z) =P,V + P.V.—T'(P, + P,) - )
rie p — OYHKIIMOHAJILHO-IPA/IMEHTHBIN WHJIEKC, OTBEYAIONINI 38 COOTHOIIEHNS OOBEMHBIX J10-
jeit marepuasa; [ — mokasaresp nopucroctu marepuana; F,, u E. — momysm HOura; v, u
v, — Koapdunumentol [lyaccona; oy, m o, — KO3(pDUIUEHTH TEMIIEPATYPHOTIO PACITAPEHUA
MeTaJLINIeCKOi 1 KepaMUIecKoil ha3 MarepuaJia cOOTBETCTBEHHO.

haOr

Puc. 1. Pacuernas cxema KOHHYIECKOW CEKTOPHON IJIACTUHBI
Fig. 1. Schematic representation of a conical sector plate

Ha ocnose npunnuna ['amMuibroHa

[2)
5/ (U—-K—-W)dt=0, (2)
t1
rie U — sueprus yupyroii jedopMarimi KOHIIECKOH CeKTOPHON miacTuibl, K — KHHeTU4YecKast
sHeprusg u W — pabora BHENIHUX CUJI, OJyYeHa CUCTeMa HeJMHEHHbIX jnddepeHInabHbIX
ypaBHeHui

82
Ly(w, F) = V*F + %L(w, w) = 0, (4)
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e w — dyuknusg uporuba; F — dyukuua yewnii; M, Ny, Pr — TemueparypHble MOMEHTDL;
Mp — cymma sjleKTpudecKux cui Ha eauuuiyy miomamu [21]; V4 — oneparop Jlamnaca;
l1 u ly — pasmepHo-3aBHCHMbIe TTapaMeTpsl ([ = 0 17151 Kiiaccuaeckoii Teopun ). Beienennast cu-
crema ypasaennit onucekiBaer HJIC rubkux kKonnvaeckux cektopubix [IPI" mractuH, rpannaabe
¥ HAYAJIbHbIE YCJIOBUS C yUETOM IIPOU3BOJILHO TeMieparypuoro nojie T'(r, 0, z). Ypasuenus (3)
LIPUBEJEHBI B 6e3pa3sMepHOM BUJIE /IS CTATUICCKUX 3a1a4.

FpaHI/I“IHbIe ycJj10Bu#A KOHUYEeCKOI CeKTOpHOﬁ IJIaCTHUHBI OIIMIIEM CJICAYIOIIMMU BbIpazKe-
HUAMUA:

— [IApHUPHOE ONMpaHKe Ha TMOKKMe HepaCTszKUMbIe pedpa 110 KOHTYPY ILJIACTHHbI

w=0, M,=0, N,=0, Ny=0; (5)

— 3allleMJIeHHe Ha rubxkume HepacCTAKNMbIE 110 KOHTYPY IIJIaCTUHBI

ow
or

Ypasuenus (3) n (4) ¢ rpanmausivMu yeaosusMu  (5) u (6) npuBeneHbl K 6e3pasMepHOMY
BUJLy COTJIACHO COOTHOIICHUSIM

w =0,

0, N,=0, Ny=0. (6)

w F qa*

— /r‘ — F —_
T YT YT ER 1T By

qepTO‘IKH HaJ 663pa3MeprIMH IIapaMeTpaMn IJId HpOCTOTbI OHyIlLeHI)I. BbIBe,H‘eHHI)Ie ypaB—
HEHNA IIO3BOJIAIOT HpOBO,ILI/ITb aHaJIu3 HaHpH}KeHHO-ﬂe(bOpMI/IpOBaHHOFO COCTOAHUSA FI/I6KI/IX
pa3MepPHO-3aBUCUMBIX KOHUYeCKUX ceKTOpHbIX [IDPI' mracTtun, cBoiicTBa KOTOPBIX 3aBUCAT
OT TeMIIepaTypPHhI.

'HJIH nccJjeJo0BaHmd I/I3Fl/I6a KOHNYECKUX CeKTOprIX IIJIaCTUH I/ICHOHbSyeM BBICOKOTOYHBII
METOJI, BAPUAIIMOHHBIX UTepalinii, 00/1a1ai0mnii BLICOKIM ObICTPOAEHCTBIEM.

2. Meroap! pernienus

B ocnose meroja Bapuanmonnbix ureparwii (MBU) sexxur unest meroga Bybrosa —asep-
kuna (MBI'). B ormane or MBI, ypaBHenusi cBoJiaTCs He K CHCTEMe alredpanvecKux ypaBHe-
nuii, a K cucreme OJ1Y. Pemenne cucreMbl ypaBHEHWU B YaCTHBIX IPOU3BOIHBIX B OIIEPATOPHOM
Buje L;(w, F) = 0 umem B Buje cyMMbl npoussetenuil dyukuuit w(r, ) = Y R;(r)0;(0),
F(r,0) = >" | R,/(r)©,(0). Ilpumenenue npouenypsl Bybrnosa—amepkuna 1o koopaunare ¢
[TO3BOJISIET TOIYyIuTh cucteMy OJIY

||| (S rmeno) S meiie) | a0 | )| ar =0, =1,

KOTOPYIO PENTNM MeTOJ0M KOHEYHBIX PA3HOCTE ¢ JUCKpeTu3aleil KOOpJAMHATHL ' Ha N OTPe3-
KoB. 1 umceHHoro perenus HeJIMHEHHON CHUCTEMBI aJredpanvdecKnX ypaBHEHUI TPUMEHUM
metos, Heiorona — Padcona. Ilocseytoriee ucronb3oBanue mporeypbl ['asepkuna 1mo Koopiu-
HaTe 7 MPUBOJUT K UTepannonnomy ajaroputMmy B pamrax MBU. ITogpobnoe onucanue jrannoit
IpPOIIe/ly Bl TIPUBEJIEHO B paborax [17,18].

Y100BI rapaHTUPOBATh HAJEXKHOCTH M TOYHOCTH IOJYyYaeMbBIX DPENIeHUid, OMMCHIBAIONINX
HJIC konmvecknx CEKTOPHBIX IJIACTHH, HEOOXOJIUMO PEIIUTL PACCMATPUBAEMYIO 3aJady pas3-
JIMYHBIMU MeTojaMu. Hamu mpoBesieH CpaBHUTEJIBHBIN aHaU3 PEIIeHuil CUCTeM YypaBHEHUi

Yuen. zan. Kasan. yn-ra. Cep. @usz.-mar. Hayku | 2025;167(4):689-704



694 L.A. Kalutsky

An effective method for analyzing . ..

B YACTHBIX MPOM3BOJHBIX, IOJYIEHHBIX MeTojaMn BapuanunoHubx nreparmit (MBU), koned-
ubix pasHocreii (MKP) u koneunbix snementoB (MKD) mas muneiinoro cayuas (F = 0) s
IPAHUYHBIX YCIOBHA (2).

Pemenne MKD 6buto mosydeno ¢ momomnipio mporpamvuoro obecredernss ANSYS [1].
B Tabn. 1 npuBejienbl cpaBHeHusi 6€3pa3MepHOro Mporubda B MEHTPE IJIACTUHBI, TOJIYIeHHbIE
BBIINEONINCAHHBIMI MeToaMu. Pertennss ObLIN MOTyYeHbl I KOHMYECKNX CEKTOPHBIX ILIa-
CTUH IIPU JefCTBUN PABHOMEDPHO PaCIIPeIeJIeHHOIl TOIePevTHOil HArPY3KH ¢y C PAJILyCOM BbIpe3a
R=02 uyriom a =7/2.

Tabu. 1. Cpasuenne pemenuit MBU, MKP u MK
Table 1. Comparison of the solutions obtained by the variational iteration method, the finite difference
method, and the finite element method

Metoxn Wmax llorpemsoctsb orHocuTeabHo MBIM2  Bpewms pemennsa
MKP, n =25 0.2823 0.46 % 15.6 c
MK?D (ANSYS) [1] 0.2840 0.14% -
MBU, n = 25 0.2834 0.07% 0.04 c
MBU2, n = 25 0.2836 0.00 % 0.12 c

Pe3yﬂbTaTbI, IIOJIy9eHHbI€ METOJaMN KOHEYHbIX 3JIEMEHTOB, KOHEIHBIX pa3HOCTeﬁ n Bapu-
AIMOHHBLIX MTEpaIyii, JeMOHCTPUPYIOT XOPOIIee COTJIACOBAHME: Pa3IHide B Pe3y/IbTaTax Co-
craBiasier Menee 1% (cm. Tabs. 1). Ilpu srom Bpemsi perennst s MKP npessimaer Bpems
pacuera BMIU 6osiee gem B cTo pas. Pacdersl mpoBOAMINCH Ha IIPOIECCOPE C TAKTOBON YacTO-
roit 3 I'Tn. DTo mokaseiBaer 3pHEKTUBHOCTL METOIA BAPUAIMOHHBIX UTEPALNil KAK C TOYKH
3pEeHUst TOYHOCTHU, TAK U OBICTPOJIEHCTBUS.

3. MHccaenoBanue nmopucTbix PyHKIMOHAIBHO-IPAANCHTHBIX KOHUYECKUX
CEeKTOPHBIX IJIACTUH IIPU PEIIeHU! HEeJINHEWHbIX ypaBHEHU C y4eTOM
TeMIIepaTypHOro II0Jisl, Korja cBoiicrBa marepuasioB P(7T) 3aBucsar
OT TeMIIepaTypbl

Pemmum 3a1a1y o narpyxkenun [[OI' koHm4yecKnx ceKTOPHBIX ILIACTHH, HAXOIAIIMXCA B T€M-
[IepaATyPHOM II0JIe, CBOHCTBA KOTOPBIX 3aBUCAT OT TEMIEPATYPHl U U3MEHAIOTCH IO TOJ-
muse P (7). AHanusy moiBeprayThl CEKTOPHBIE IIJIACTUHBI C TPEMsI TUIIAME PACIIPE/IEJIeHUs TIOP
(ITOI-U, TIOI-X, [IPI-0), dyHKINnOHAIBHO-TPAINEHTHBI MaTEePUAJI IJIACTUH COCTOUT U3 Ke-
PaMUKM W MeTaJljia MpPU JIEUCTBUM PABHOMEPHO pacCIpeIeIEHHOIO TeMiepaTypHoro moid Tg.
[TapameTpnl MaTepuaja B 3aBUCUMOCTH OT TEMIEPATYPbl CEKTOPHON ILJIACTUHBI OIPE]IC/ICHbI
MHOTOYJIEHOM

P(T) = Py(PT™' + 1+ P,T + RT? + PT?).

[Tapamerpnl MaTepuaioB ceKTOpHBIX 1iacTun Py, Py, Py, P», Py npuBesiens! B Tad1. 2.
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Tab. 2. IlapameTpbl KOMIIO3UTA JJIsT KEPAMUKH U METAJIIA
Table 2. Composite parameters for ceramic and metal

[Tapamerp Marepuan B Py )= I
E (ITa) AlyO3 349.55¢9 0  -3.853e-4 4.027e-7
SUS304  201.04e9 0  3.079e-4 -6.534e-7
SUS304 0.3262 0 -2.002e-4 3.797e-7

a (1/K) AlyO3 6.8269e-6 0 1.838e-4 0

SUS304  12.330e-6 0  8.086e-4 0

Harmpsikenno-nedpopmupoBantoe coctosinne ceKTopHbIX [[PI' miacTun cyiecTBeHHO 3aBU-
CUT OT MOPHUCTOCTH MaTepuasia n Temieparypsbl. [lostomy npu anamsze H/IC kormdeckmx cek-
TOPHBIX IJIACTHH HEOOXOJMMO yUIUTHIBATH OObeM U XapaKTep paclpejeseHns mop. Takyke Kpu-
THUYECKU BaXKHO YUIUTHIBATH BJIUSHIE TEMIIEPATYPHOIO TOJIsl, KOTOPOE CYIIEeCTBEHHO CKa3bIBa-
eTcsl Ha CBOMCTBAX MAaTEePHUAJsIOB IJIACTUHBI, TAKMX Kak Moaysb FOura, kosdpduruent Ilyaccona
1 KO3 PUITUEHT TEeMIIEPATYPHOTO PACIITUPEHUS.

3.1. AHaJyiu3 BJAUSHUS MMOKa3aTeJiss MOPUCTOCTU HA M3rM0 KOHUYECKUX CEKTOP-
HBIX MJacTuH. Ha cekTopHbIe JIACTHHBI IeiiCTBYeT TepMOMeXaHnvIecKas HArpy3Ka; go — PaB-
HOMEepHasl roriepednasi Harpy3ska. Ha puc. 2 npejicraBieHa 3aBUCUMOCTD Wiayx(qo) VIS CEKTOD-
Hoil mwiactunel Jyist Tuna mop [IPT-U (1) mpu p =1 ¢ paguycom Bbipesa R = 0.2 u yriom
cekTopa « = 7/2. J/laHO comocTaBieHre KPUBBIX JJisi KOHUIECKHX CEKTOPHBIX IJIACTUH IIPH
JIECTBUY TIOCTOSHHOTO TEMIIEpPATYPHOro 1moJjist uarencusnoctu 1Ty = 300 K .

VBemdenne IMokazarejisd IMOPUCTOCTU MPUBOIUT K CYIIECTBEHHOMY CHUXKEHUIO HeCyIeit
CIIOCOOHOCTH KOHUYECKHUX ILIACTUH. Y BeJIMYEeHNe TeMIepaTypbl KOHUYEeCKUX IJIACTUH ITPUBO-
JINT K 3HAYUTEIHbHOMY YBEJIMIEHUIO MPOruO0B HE3ABUCUMO OT ITOKa3aTe sl MIOPUCTOCTH IJIACTHH
U MHTEHCUBHOCTH HAIPY3KH (o (puc. 2).

250
q ./
’ ’
’
T=20°C| [r=700"C oSS
200 ’ '
—1=0 ||==r=0 ‘ /
’ ’
’ 7
—T=04 | |- =r=04 K o
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’ td 1
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Puc. 2. BaBucuMoctb wpax(qo) cekropuoii mwiactuabl [IOT-U s T' = 0.1 upu geiicrBun Temiepa-
Typst Ty = 300 K
Fig. 2. Dependency wpax(qo) of the PFG-U sector plate for I' = 0.1 at a temperature Ty = 300 K

Yuen. zan. Kasan. yn-ra. Cep. @usz.-mar. Hayku | 2025;167(4):689-704



696 L.A. Kalutsky | An effective method for analyzing ...

3.2. WccaenoBanme TUIIOB pacnpe/ieJIeHUsI MOPUCTOCTU MaTepHaJia U BJIUSTHUE
napamMerpa p Ha H/IC konndyeckux ceKTopHbIxX I[IPT muractuH. OyHKITMOHATEHO-IDAJIN-
eHTHBINl WHJIEKC OIIPEJIe/IsieT COOTHOINEHHe MATEPHUAJOB B KOHUYIECKOH CEKTOPHOW IIACTUHE.
UccnenoBanbl maacTusbl i Tpex Tunos pactpeenenus mop ([IOT-U, TIOT-X, TIOT-0O). [To-
CTPOEHBI 3aBUCUMOCTH Wiax (o) ist ceKTOpHOI tactuabl npu I = 0.2. TlpejcraBieno cpas-
Henune rpadukos st p = 0.5 (crtorneie jinann), p = 2 (IyHKTUPHBIE JuHuK). [[BeT KpuBbIX
3aJIaH B COOTBETCTBUU C TUIIOM paciipe/ieienus mop (puc. 3).

200 q / s
/ r s

/i L p=5
4 s | ==Nor-u
150 /] T = = N®dr-xX
A ‘s = =Nor-o

/ Iy p=0.2
100 b\ Il ’l,l —[or-u
r 4 Y —N&r-xX
/ s s —Ner-o

50 ’,/’,,” R =0.25
A r=120°
z w(0.5,0.5)

0.0 1.0 2.0 3.0 4.0 5.0

Puc. 3. 3aBucuMocTb Wiax(qo) cekroproii IIOT mnacrunst s rpex tunos nop (U, X, O) nupu I' = 0.2
Fig. 3. Dependency wpax(qo) of the PFG sector plate for three types of pores (U, X, O) at I' = 0.2

PezysibraTnl, nipejicraBjieHHbIE HA PHUC. 3, MOKA3BIBAIOT, YTO KOHUYECKHUE CEKTOPHBIE IIIa-
crunbl ¢ pacupejgesnerneM nop [IOT-X (MakcuMaabHBIM 06bEMOM HOP, CKOHIIEHTPHPOBAHHBIM
B IIEHTPe IJIACTUHBI) 00J1aat0T HAanbOIbIIell HecyIeil ClioCOOHOCTHIO U3 TPEX PACCMOTPEHHBIX
THUIIOB. YBean4deHne (QpyHKIMOHATLHO-TPAMEHTHOrO WHIEKCA MPUBOJUT K YBETUUIEHUIO JOJIH
crasin SUS304 B Mmarepuasie CEKTOPHON IJIACTUHBI U CHUYKAET HECYIILYIO CIIOCOOHOCTD JIJIsT BCEX
SHAYCHUN II0IEPEYHON HATI'PY3KU.

CpoiicTBa MHUKPO-/HaAHOMACIITAOHBIX OOBEKTOB CYIIECTBEHHO OTIMYAIOTCSI OT MaKpPO-
ckormmaeckux. CoracHo MoOAuMUIUPOBAHHON MOMEHTHOW TEOPUH YIPYTOCTH JJId  ydeTa
MUKPO-/HaHO9(D(MEKTOB BBEJIEM PAa3MEPHO-3aBUCUMBII mapamerp [; JJId KJIACCUIECKOH TeOpUH
yupyroctu [ = 0.

Uccnenyem H/C konmaeckux cexktopubix miactud [IOI-X B 3aBucuMocTn oT 3HAYMEHUS
pasMepHO-3aBuCHMOro mapamerpa [. Ha puc. 4 npuBesieHbl 3aBUCUMOCTH Wyax(qo) TIPU JIeii-
crBUM paBHOMepHOro Temueparypuoro nosst Ty = 300 K (nyukrupubie jmaun), Tp = 600 K
(crutorablie yimaun) i napamerpoB I = 0.2, p = 1. IlBer KpuBbIX, N3006pa’KEHHBIX HA I'Da-
duKe, COOTBETCTBYET 3HAYEHUAM Pa3MEPHO-3aBUCUMOIO MapameTrpa [ .

VYBesnueHne pasMepPHO-3aBHCUMOIO IIapaMeTpa IPUBOJIUT K 3HAYUTEJBLHOMY CHUZKEHHIO
HecyIeit crrocobrHocTn Konndecknx ceKTopHbIX [P mractum. [Ipu sTom yBemuenue reMiepa-
TYPBI IPUBOJUT K yBEIUIEHUIO IIPOrHOOB HE TOJIBLKO JJIS MAKPOIUIACTUH, HO U JJIs CEKTOPHBIX
MUKDO-/HanoitacTui (puc. 4).

C mesbio aHAIN3a BIIMSHES T€OMETPUIECKUX [TapaMeTpoB (pajmyca BbIpe3a R 1 yria cek-

TOpa Oé) Ha U3rnd KOHMYECKUX CEeKTOPHDLIX ITJIACTHUH OBLIN IpoBeACHBI BHIMUC/IUTE/IbHBIC 9KCIIe-
PUMEHTBHI.
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Fig. 4. Dependency wmax(qo) of the PFG-X sector plate for [ = 0,1,2 at a temperature Ty = 300 K,

600 K
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Puc. 5. BaBucuMoctb wax(qo) cexropuoii miactunbl [IOT-U st pasiuanbix R npu JeiicrBun Tem-
nepatypsl 1p = 300 K, 600 K

Fig. 5. Dependency wmax(qo) of the PFG-U sector plate for various R at a temperature Ty = 300 K,
600 K

3.3. MHccaenmoBaHme pajamyca BbIpe3a mJjacTUHbI. Ha puc. 5 mpejcraBiieHa 3aBUCH-
MOCTh Wpax(qo) isi KoHUYecKoii cexropuoit miacruabl U-PFGM (I' = 0.2) npu pasinu-
HBIX 3HadYeHusx pajumyca Bbipesa R =0, 0.2, 0.5, 0.75. Kpusble g TeMmepaTypHOTO TOJIA
Ty = 300 K m3obpaxkens! myHkTupom, g 1o = 600 K — crutonubiMu JIMTHUSAMU.

Anamms rpaduka Ha puc. 5 MOKazas, U9TO YBeJIUUYEHHE PaJIyca BbIpe3a KOHUIECKON CEeK-
TopHOIt tacTuHbl 0T R = 0 1o R = 0.75 NpuBOIUT K 3HAYUTETILHOMY YBEJIUIECHUIO KECTKOCTH

[IOT" mractun. [lobimenune Temnepatypsl ot Ty = 300 K 1o Ty = 600 K puBOIUT K YBEJIH-
yenuto nporu6os Ha 3-5 %.
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UccnenoBanue yria cCeKTOPHOI IIJIACTUHBI U PA3MEPHO-3aBUCUMOIrO Mapa-

3.4.
merpa [. Ha puc. 6 nokasaHna 3aBUCUMOCTb Wiax(Go) IS KOHUYECKOH CEKTOPHOM IIJIACTHHBIL
[IOI-U (I" = 0.2) npn paznu4Hbx 3Hadenusx yriaa o = /6, /4, 7/3, /2. Kpusbie s ciy-
YaeB OTCYTCTBUs ydeTa pasdmepHoii 3asucumoctn (I = 0) n s nanomwtactu ([ = 2) u30bpa-

2KEeHbI CIIJIOIIHBbIMU JIMHUAMH.
CTHUHDBI OKa3bIBaCT CYIIECTBCHHOC BJIMAHNE Ha H,Z[‘C KaK MaKpPO-, TaK 1 HAHOIIJIACTHUH U ITPUBOIUT

AHamu3 JaHHBIX, PUBEIEHHBIX HA PHC. 6, MOKA3aJI, YTO yBeJIUIEHNE YIJIa CEKTOPHOI Iia-
K CHIDKEHIIO UX HeCyIell ClIOCOOHOCTH. Y BeJIMYeHrne Pa3MepHO-3aBUCIMOr0 mapamMerpa | mpu-

BOJIUT K YMEHBIIIEHUIO TIPOTrubda JijIsd BCEX pacCMaTPUBAEMbIX 3HAYEHUN yriia .
[Ipoananmm3upyem BIUsHUE pajinyca BbIpe3a R W yrja ceKTopa IUIaCTUHBI @ Ha M3ruda-

nue mwiactud. Ha puc. 7 npejicrasiensl rpaukn 3aBUCHMOCTU 3HAYEHUS Wppayx B 3@BUCHMOCTH
OT paJinyca BbIpe3a IIACTUHBL R i 3HadeHnit yriaa o = w/6, 7/4, w/3, 7/2. Ha puc. 8 noka-
3aHbl I'PAMUKN 3aBUCUMOCTHU Wyyay OT YTUIA CEKTOpaA (v JiId pajuyca Bbipe3a R = 0.2. Pemenus
[IOJTy9€Hbl METO/IOM BapUAIMOHHBIX UTepaIyil 7t n = 35 TP IeliCTBUN PAaBHOMEPHO PacIpe-

JEeJICHHOI [OIIePeYHON HAIr'PY3KHU.
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Puc. 6. 3aBucuMocTb Wiax(qo) cexropuoit miactunbl [IOI-U st pasimuasbix « upu [ = 0,2
Fig. 6. Dependency wpax(qo) of the PFG-U sector plate for various « at { = 0,2

25 o Woee

Puc. 7. 3aBucumMocTh MAKCHMAJIBHOTO MPOrUOA Wpax (R) 71 MApHUPHO omlepToil miacTuHbl (5) s

Pa3IMYHBIX
Fig. 7. Dependency of the maximum deflection wpyax(R) for the pivotally supported plate (5) at

various «
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Puc. 8. BaBucnMocTh MAKCHMAJIBHOTO MPOTHOA Wax () MAPHUPHO OMEPTOi maacTus (5)
Fig. 8. Dependency of the maximum deflection wpax(cr) for the pivotally supported plate (5)
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Puc. 9. Dmopsr: (a) w(r,6p), (b) w(re,d) mapuupuo oneproii cekTopHOil tactuabl (5) st pajnyca
oipesa R =0, 0.2, 0.5, 0.75

Fig. 9. Epures: (a) w(r,6p), (b) w(rg, ) of the pivotally supported sector plate (5) for the cutout
radius R =0, 0.2, 0.5, 0.75

[Tocrpoensr smopsl GyHKIH npornba ceKTOpHOI miacTudbl w(r, ) s CeKTOPHON Tuia-
cTUHBI ¢ rpaHnaHbIME yesaoBusiMu (5) . Ha miacruny neiictByer nonepednas Harpyska go = 100
JUTsl PA3JIMIHbIX 3HaYeHnii pajuyca Boipesa R =0, 0.2, 0.5, 0.75. Dmiopsr w(r, 0y), w(re, d) mo-
CTPOEHBI Jijist yriia cektopa « = 7/2. lBer KpuBbix Ha puc. 9 3aj1aH B COOTBETCTBUU ¢ BEIOOPOM
3HaveHus pajmyca K.

Anau3 pe3yabTaToB, MpeICTaBICHHBIX Ha pUC. 59, TToKa3aJ/1, 9TO yBeJIMIeHne yIjia o 1 pa-
JInyca BbIPe3a IJIACTUHBI R NPUBOIUT K yMEHBINEHUIO Hecytel criocobroctu. [Ipu srom Bins-
HIe W3MEHEeHUs TapaMeTpa (v CHUYKAETCsI C YBeJIUdIeHneM mnapaMerpa I?.

[MocTpoensr mosepxuocTn u3ruda w(r, ) i CeKTOPHOI MaKpOpa3MepHOil IJIACTUHBI JIJIs
PA3JIMYHBIX 3HAYEHUN YIVIOB CEKTOPA IJIACTUHBI (v U PaJInyca BbIpe3a R mpu JIelicTBUU PaBHO-
MEPHO pacrpejieleHHoil Harpy3ku (tabi. 3).

PesynbraTel, npusenennbie Ha puc. 7-9 m B Tabi. 3, MOKA3BIBAIOT, 9TO XapaKTep U3ruda-
HUsI CEKTOPHBIX IIacTUH w(r, ) CyIIeCTBEHHO H3MEHSIETCs C yBETMIeHHEM IapaMeTpa (.
OrmernM, 9TO BIMsHHE mapamerpa R TakKe yMeHbIaercst ¢ pocroM « (puc. 7-9). Takum
00pa3oM, BapbUPOBAaHME I'€OMETPUYECKUX apaMeTPOB IJIACTUHBI — paJilyca Bbipe3a U yIja
CEKTOpa — MO3BOJISET MPOEKTUPOBATH KOHCTPYKITUU C YJIyUIIEHHBIMA TPOYHOCTHBIMU XapaKTe-
PUCTHKAMU.
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Taba. 3. IlosepxHocTn mpornba KOHNIECKOW CEKTOPHOMN ILIACTUHBI
Table 3. Deflection surfaces of the conical sector plate

a=m/6, R=0.2 a=7/4, R=0.5 a=7/2, R=0.75

0.20
z 015

0.10

0.05

7 0.00

3akJiroueHue

1) Ilocrpoena maremarmueckas mojesib rubkux 1PN KOHMYECKUX CEKTOPHBIX IJIACTUH,
CBOICTBA MaTepuaJjia KOTOPBIX 3aBUCIT OT TeMIlepaTypbl. MeTo 1 BapHallMOHHBIX UTEePAINil 103~
BOJIMJI HAWTHU PEIIeHUs TOJIYIeHHBIX HEeJIMHEHHBIX TuddepeHnnaabHbIX YPaBHEHUI B YaCTHBIX
IIPOU3BO/HBIX C BBICOKOW TOYHOCTHIO U MUHUMAJILHBIME 3aTpaTaMi MAITHHHOTO BPEMEHH.

2) Pacmpesienienne u BesmanHa o0beMa IOP CYIIECTBEHHO BjuseT Ha u3rubd rudkux [1OT
KOHHYIECKUX CeKTOpHBIX miacTuH. [Lnactunbr [IOI-X obmamaior Hambosbieil Hecymiei CIo-
COOHOCTBIO M3 PacCMATPUBAEMBIX. YBeJMYeHue napaMerpa [ TPUBOJUT K CYIIECTBEHHOMY
yBenmueHnto npornda ruOkux cekTopHbiX [IDI mmactur. Coorrorernne marepuasios B [1OT
CEKTOPHBIX IIJIACTUH OKa3bIBACT 3HAYUTEILHOE BJIMSIHUE HA HECYIIYIO CIIOCOOHOCTD, a yBeInde-
Hue PYHKIIMOHAIBHO-TI'PAIUEHTHOIO NHJIEKCa ITPUBOIUT K YBEJIMIEHUIO JIOJU CTAJN B KOMIIO3UTE
U YMEHBIIICHUIO HECYIIel CIIOCOOHOCTH.

3) VBesmmuenue remiepaTypbl KOHHIeCKUX cekropax miactut ot Ty = 300 K jo Ty = 600 K
HIPUBOAUT K YBEJUICHUIO MAKCUMAJIHLHOIO 3HAYCHUS IIPOTUOA Wiyayx Ha 3-5 % Kak s HAHO-,
TaK U JIjI MAKpPOPa3MEPHBIX CEKTOPHBIX ILIACTHH.

4) FeomeTputieckue mapaMeTpbl CEKTOPHBIX ILJIACTUH OKA3BIBAIOT CYIECTBEHHOE BJIMSTHUAE HA
HJIC xonmueckux cekropubix [P miactun. ¥VBeaudeHue yria IPUBOIAUT K POCTY IIPOrudOB,
[IpUYEeM 3Ta 3aBUCUMOCTH CYIIECTBEHHO U3MEHsETCd C M3MEHEeHneM pajuyca Beipe3a K. B cBoro
odepeib, yBeandenue pajmyca Bbipesa oT R =0 g0 R = 0.75 npuBOJUT K 3HAYUTETLHOMY
MTOBBINIEHUIO HECYIIEN CIIOCOOHOCTH KOHUYECKUX CEKTOPHBIX ILITACTHH.

KoudutukT naTEpecoB. ABTOp 3asBJsieT 00 OTCYTCTBUE KOHMDJINKTA HHTEPECOB.
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Abstract

A comprehensive study, combining density functional theory (DFT) calculations and experimental
investigations, of the quasi-one-dimensional antiferromagnet RbFeSes is carried out. The non-spin-
polarized ab initio calculations show that its metallic conductivity is above the Néel temperature
Tyn = 248 K, with no gap in the electron density of states at the Fermi energy. The experimental
four-probe conductivity measurements yet reveal an insulating behavior throughout the temperature
range of 4-300 K. Following these measurements, an X-ray diffraction analysis is conducted.
Its results demonstrate a severe degradation of the sample after air exposure (7-9 min), with the
reduction in selenium occupancy by more than 20 % below stoichiometric values and the formation
of elemental selenium phase (P3321 space group). The discrepancy between theoretical predictions
and the obtained experimental results is attributed to the rapid air-induced oxidation leading to
structural defects and electron localization. The results obtained highlight the critical importance
of rigorous atmospheric control when studying iron chalcogenides, provide quantitative insights into
the degradation mechanisms affecting electronic properties, and indicate that standard DFT approaches
may overestimate metallicity in quasi-one-dimensional systems, particularly when structural defects are
present.

Keywords: ab initio calculations, quasi-one-dimensional compound, air-induced degradation,
electron localization, iron chalcogenide stability
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AnsHoTanust

B pabore mpescTraBiieHBl Pe3yabTAThl KOMILIEKCHOTO W3yYEHUsI KBA3UOIHOMEPHOIO aHTU(EPPO-
marmernka RbFeSeg ma ocnoBe mpenckasanmii B pamkax teopun dynknuonasna mroraoctu (DFT)
U SKCIIEPUMEHTAJIbHBIX JAaHHBIX. [IpOBe/IeHHbIE HE CIUH-TIOJISIPU30BaHHbBIE ab inili0 pacdeThbl IPeICKa-
3BIBAIOT HAJWYME MEeTAJIINIeCcKOil mpoBoguMocTu Bbiite Temieparypbl Hems Ty = 248 K wu mpoa-
Jia B 9JIEKTPOHHON IJIOTHOCTH COCTOsiHU Ha ypoBHe Pepmu. B mpoTHBONOIOKHOCTD 9TOMY, METOIOM
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YEeTBIPEXKOHTAKTHOI'O U3MEPEHUS JIEKTPOITPOBOIHOCTH YCTAHOBJIEHO U30JUPYIOIIee TOBeIeHne 00pas-
Ia B mcciempyeMoM Temieparypaom uHTepBaje or 4 no 300 K. AHaju3 peHTTeHOBCKOU Iudpakiinu
[ocJjie M3MEPEHMI BBISIBUJI CYIIIECTBEHHYIO IEIrPaJialliio CBOMCTB 0Opaslia I0CJIe BO3IEHCTBHUSA BO3IY-
xa (7-9 mMuH): j0J1s1 cesteHa CHU3MIACH GoJiee e Ha 20 % OTHOCUTENHHO CTEXUOMETPUH ¢ 06pa30BaHIEM
9JIEMEHTApPHOrO cesieHa (TpocTpaHcTBeHHas rpymna P3921). ObHapyKeHHOe HECOOTBETCTBUE MEKILY
Teopueil U IKCIEPUMEHTOM O0bICHIETCS OBICTPOI OKUCJIUTEILHON Jerpagalueil Ha BO3Iyxe, IPUBO/Is-
et K CTPYKTYPHBIM JlebeKTaM U JIOKAJTU3AIIH JIeKTPOHOB. 1oy deHHble pe3yIbTaThl TOTIEPKUBAIOT
0CO0YI0 BazKHOCTH CTPOIOTO KOHTPOJISI TA30BOM CPEJIbI IPU U3YUCHUNU 2KEJIe30COIEPKAIINX XAJIbKOI€HU-
noB. JlaHbI KOTMYeCTBEHHBIE OIEHKN MEXaHU3MOB JIETPAJAIUN, BJIUSIONINX Ha UX JIEKTPOHHBIE CBOii-
crBa. Ilokazano, uTo mcnosb3oBaHue cTaHAapTHHIX DFT-1moaxomoB MoXKeT HTPUBECTH K IIePeoIeHKe
MEeTAJJIMIECKUX CBOMCTB KBA3MOIHOMEPHDBIX CHCTEM, OCOOEHHO ITPU HAJUIHHU CTPYKTYPHBIX /1e(DEKTOB.

Kuarouessbie cioBa: ab initio pacueTsl, KBA3NOTHOMEPHOE COeINHEHNE, JerPaIAINs IO JIeHCTBIEM
BO3/IyXa, JIOKAJIU3AINs JIeKTPOHOB, CTAOMILHOCTD KEIe30COIEPKAINX XA bKONE€HNI0B

Buaarogaproctu. Pabora BeiosineHa 3a cuer rpanTta Akajemun HaykK Pecnybsiuku Tarapcras,
PEIOCTABJIEHHOIO MOJIOJIBIM KaHuaTaM HayK ([OCTIOKTOPAHTaM) C TE/IbIO 3aIlUThl JOKTOPCKOM JIuc-
CepTaIny, BBIIIOJTHEHNS] HAYIHO-UCCIEI0BATE/IHLCKIX PAbOT, a TAK2Ke BBIIOJTHEHUS TPYIOBBIX (DyHKITHIIT
B HAyYHBIX U 0Opa3oBaTENbHBIX opranHm3anusax Pecrybnukum Tarapcran B pamkax [ocymapcTBeHHOI
nporpammbl Pecriybiukn Tarapcran «Hay4ano-texrosorndeckoe paszsutue Peciybsmku Tarapcrams.

Hnsa  murupoBanusi: Kiiamov A.G., Kuznetsov M.D., Tagirov L.R., Hemmida M.,
Krug von Nidda H.-A., Croitori D., Seidov Z.Yu., Tsurkan V., Tayurskii D.A. DFT prediction
of metallic conductivity and experimental investigation of air-induced degradation effects
in quasi-one-dimensional antiferromagnet RbFeSes // Vuen. zan. Kasan. yn-ta. Cep. ®@us.-marem.
naykn. 2025. T. 167, ku. 4. C. 705-718. https://doi.org/10.26907/2541-7746.2025.4.705-718.

Introduction

Since the discovery of superconductivity in iron-based compounds [1], iron chalcogenides
with low-dimensional structures have attracted considerable interest due to their unique
electrical and magnetic properties (see numerous reviews [2-10, 14| and references therein).
The reduction in dimensionality introduces novel phenomena that do not normally occur
in bulk counterparts, such as enhanced quantum fluctuations, geometric frustration, and
spin—charge separation [3,10-14|. These phenomena are associated with the development of
exotic magnetic states, unconventional phase transitions, and emergent behavior, offering new
avenues for scientific exploration and potential technological applications in quantum computing
and spintronics [15,16].

Iron chalcogenides represent a particularly fascinating subclass within the broader family of
iron-based superconductors, distinguished by remarkable structural diversity and electronic
properties |2, 17|. Unlike iron pnictides, they exhibit a rich phase diagram encompassing
superconducting, magnetic, and insulating phases, often in close proximity to each other [18,19].
The electronic structure of these materials is characterized by strong electron correlations and
orbital-dependent interactions, leading to orbital ordering, nematic phases, and unconventional
superconducting gap structures [20,21].
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Within iron chalcogenides, there is a subgroup of quasi-one-dimensional compounds with
chains of edge-sharing [FeX,| tetrahedra (X =S, Se, Te), which can be considered as
an extreme case of dimensional reduction that amplifies quantum many-body effects [22].
In such systems, the mutual impact of magnetic interactions, structural distortions, and
electronic correlations on one another becomes especially pronounced, often yielding complex
phase diagrams with multiple competing ground states. The reduced dimensionality can result
in spin-Peierls transitions, charge density waves, and metal-insulator transitions driven by
magnetic ordering [23,24].

However, one of the critical challenges in studying iron chalcogenides is their inherent
instability in ambient atmospheric conditions. The sensitivity to oxidation can dramatically
alter their intrinsic electronic and magnetic properties, leading to discrepancies between
theoretical predictions and experimental observations [25,26]. The most highly air-sensitive
compounds are selenides having relatively weak Se-Fe bonds that make them susceptible to
oxygen substitution and selenium volatilization. Understanding the above mechanisms is crucial
for both fundamental research and potential applications of these materials.

The oxidation processes in iron chalcogenides involve complex chemical reactions that can
proceed through multiple pathways, ranging from direct oxygen substitution to formation of
oxide phases and elemental chalcogen segregation [27]. They tend to happen very quickly, within
minutes of air exposure, and significantly alter the material’s electronic structure and transport
properties. The defects from oxidation can act as scattering centers, promoting electron
localization and suppressing metallic conductivity, even in materials that are theoretically
predicted to be metallic.

In the present study, we focus on RbFeSe,, which crystallizes in a monoclinic structure
with the C2/c¢ space group [28]. The crystal structure consists of chains of [FeSe,]
tetrahedra sharing common edges and aligned along the crystallographic c-axis. These chains
are cross-linked by Rb atoms to form a three-dimensional structure [28]. The quasi-one-
dimensional nature of the electronic structure, with preferential electron hopping along the
iron chains, makes this compound an ideal candidate for investigating the interplay among
dimensionality, magnetic ordering, and electronic transport properties. The magnetic behavior
of RbFeSe, is determined by antiferromagnetic interactions within and between the iron chains.
Below the N’eel temperature Ty = 248, the antiferromagnetic interactions induce long-range
antiferromagnetic ordering [29]. The magnetic structure consists of ferromagnetic chains coupled
antiferromagnetically, which together organize into a complex three-dimensional magnetic
configuration. This magnetic ordering is expected to have profound effects on the electronic
structure, potentially driving a metal-insulator transition as predicted by theoretical models
for quasi-one-dimensional magnetic systems.

Previous studies on RbFeSe, single crystals have utilized measurements of X-ray diffraction,
magnetic susceptibility, magnetization, specific heat, as well as Mossbauer spectroscopy [29].
They have conclusively established the basic structural and magnetic properties but so far have
failed to address the question of electronic transport and its relationship to the theoretical
electronic structure. The absence of systematic conductivity measurements is a critical gap in
our understanding of this material, primarily due to the strong predictions for metallic behavior
based on available electronic structure calculations.

The theoretical prediction of metallic conductivity in RbFeSey above Ty is based on the
quasi-one-dimensional electronic structure and the relatively short Fe-Fe distances within the
chains. However, the realization of such metallic behavior in practice depends on the structural
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integrity of the material and the absence of defects that could lead to electron localization.
The Anderson localization mechanism, which is relevant in low-dimensional systems, predicts
that even small concentrations of disorder can completely suppress metallic conductivity.

The primary objectives of this work are: (i) to examine the electronic band structure of
RbFeSes using density functional theory calculations, providing theoretical predictions for the
temperature-dependent electronic properties; (ii) to investigate electrical conductivity through
direct experimental measurements using four-probe techniques in order to test these theoretical
predictions; (iii) to quantitatively analyze the air-induced degradation effects through detailed
structural characterization; and (iv) to establish the influence of structural degradation on
the observed discrepancies between theoretical predictions and experimental observations.
Our approach combines state-of-the-art ab initio calculations with careful experimental
characterization, including post-measurement structural analysis to assess sample integrity.
This comprehensive methodology is helpful in disentangling intrinsic electronic properties
from extrinsic effects related to environmental degradation. Our findings reveal the critical
importance of atmospheric control in chalcogenide research and provide methodological insights
for future investigations of similar environmentally sensitive materials. The broader implications
of this work extend beyond the specific compound studied, addressing fundamental questions
about the stability and characterization of air-sensitive quantum materials. The quantitative
analysis of degradation kinetics and mechanisms provides valuable insights for the design of
protective strategies and measurement protocols for similar materials. Furthermore, our results
highlight important limitations of existing theoretical approaches when applied to real materials
with structural imperfections, contributing to the ongoing dialogue about the predictive power
of computational materials science.

1. Theoretical Approach and Experimental Methods

1.1. Ab wnitio calculations. The ab initio calculations were based on density functional
theory (DFT) [30]. Exchange and correlation effects were treated using the generalized gradient
approximation (GGA) as parameterized by the Perdew, Burke, and Ernzerhof (PBE-sol)
functional [31]. The Kohn—Sham equations were solved using projector-augmented wave (PAW)
potentials [32| as implemented in the Vienna Ab-Initio Simulation Package (VASP) [33], which
is part of the MedeA software suite [34].

Computational parameters were set as follows: plane-wave cutoff of 500 eV, energy tolerance
for self-consistency of 107¢ €V, and Brillouin zone sampling on Monkhorst—Pack grids of 6x6x7
k-points. Full structure optimization was performed, involving atomic positions, cell dimensions,
and shape.

Two magnetic configurations were considered: (i) non-spin-polarized calculations to model
the paramagnetic state above the Néel temperature Ty =248 K and (ii) spin-polarized
calculations incorporating the antiferromagnetic ground state below T . The antiferromagnetic
spin configuration was constructed according to neutron diffraction data [28]. This approach
enables correct description of temperature-dependent magnetic states during electronic property
calculations [35].

It should be noted that standard DFT calculations may have limitations when applied to
quasi-one-dimensional systems, particularly regarding the accurate description of correlation
effects and potential overestimation of metallic character. These limitations are important to
consider when comparing theoretical predictions with experimental results.
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1.2. Experimental methods. Single-crystal RbFeSe, samples were prepared for
subsequent electrical conductivity measurements using the four-probe method in a Physical
Property Measurement System PPMS-9 (Quantum Design, USA). All measurements were
conducted both parallel and perpendicular to the iron chains over the temperature
range of 4-300 K.

Sample preparation was performed in a glove box under argon atmosphere to minimize
oxidation. However, due to experimental constraints, the samples were exposed to ambient
atmosphere for approximately 7-9 min during the transfer from the sealed ampule to the
measurement setup. Conductivity measurements were carried out in helium atmosphere.

To investigate potential sample degradation, powder X-ray diffraction studies were
performed both on fresh samples and after conductivity measurements. During X-ray diffraction
measurements, the samples were coated with an oil-based cryoprotectant (Paratone) to prevent
further deterioration.

2. Results and Discussion

2.1. Electronic structure calculations. Fig. 1 shows the calculated electronic band
structure and density of states for RbFeSe, in the paramagnetic regime (temperatures
above Ty = 248 K). The electron density of states at the Fermi level is significantly non-zero,
suggesting that the material exhibits metallic conductivity. The substantial contribution to the
density of states around the Fermi level originates from electronic states localized on Fe atoms.
Given that the Fe-Fe distance of 2.850(1) A is only approximately 14 % longer than in metallic
iron (2.48 A) [29], metallic conductivity along the quasi-one-dimensional iron chains would be
expected, indicating anisotropic conducting behavior.

The electronic band structure and density of states in the antiferromagnetic regime
(below Ty =248 K) are displayed in Fig. 2. A significant band gap separates the valence
and conduction bands, pointing to insulating behavior. A comparison between the high- and
low-temperature regimes revealed a metal-insulator transition accompanying the magnetic
phase transition.

This transition can be understood within the framework of the Hubbard model [36],
which predicts that the metal-insulator transition in quasi-one-dimensional systems can be
a first-order transition from an antiferromagnetic insulator to a paramagnetic metal.
Such transitions have been theoretically established for linear chain lattices, particularly
relevant to the [FeSey| chain structure in RbFeSes.

2.2. Experimental conductivity measurements. Contrary to theoretical predictions,
the experimental four-probe conductivity measurements revealed no metallic behavior in
RbFeSe, throughout the entire temperature range of 4-300 K, regardless of measurement
geometry (parallel or perpendicular to the iron chains). The sample exhibited insulating
behavior at all temperatures investigated.

While the insulating behavior below Ty is consistent with the antiferromagnetic DFT
calculations, the absence of metallic conductivity above Ty represents a significant discrepancy
with theoretical predictions. This discrepancy suggests that factors not accounted for in the
idealized DF'T calculations may be controlling the experimental transport properties.
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2.3. Sample degradation analysis. To understand the origin of the theory—experiment
discrepancy, we conducted a detailed structural analysis of the samples after air exposure and
measured their conductivity. The powder X-ray diffraction pattern of RbFeSe, after 7-9 min
of air exposure is given in Fig. 3.
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Fig. 2. Calculated band structure and density of states of RbFeSes in the antiferromagnetic state.
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The obtained diffraction pattern reveals a two-phase system: (i) the original RbFeSes
structure with significantly altered stoichiometry, and (ii) a selenium phase with the P3,21
space group symmetry. Critically, the Rietveld refinement demonstrates that the selenium
occupancy in the RbFeSe, phase is reduced by more than 20% compared to the ideal
stoichiometric composition.
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Fig. 3. Powder X-ray diffraction pattern of RbFeSes after exposure to ambient atmosphere. The black
circles show the measured intensities, and the red solid line corresponds to the refined pattern

This dramatic selenium deficiency can be associated with the following two mechanisms:
(i) the formation of selenium vacancies, and (ii) the replacement of selenium with oxygen
atoms during air oxidation. The absence of detectable iron oxide phases in the diffraction pattern
supports the selenium-to-oxygen substitution mechanism. Such oxidation fundamentally alters
the crystal field environment of iron atoms and disrupts the electronic structure of the
conducting chains.

2.4. Implications for electronic transport. The observed structural air-induced
degradation provides a compelling explanation for the discrepancy between theoretical
predictions and experimental observations. In quasi-one-dimensional systems, even relatively
small concentrations of defects can lead to electron localization through the Anderson
localization mechanisms. The reduction of selenium occupancy factor by more than 20%
represents a substantial defect concentration that would be expected to completely suppress
metallic conductivity.

The rapid degradation kinetics (with significant structural changes observed within 7-9 min
of air exposure) highlight the extreme sensitivity of RbFeSes to oxidative environments. This
finding has important implications for both fundamental research and potential applications of
iron chalcogenides.

A similar behavior has been reported for the related compound KFeS, [37,38] when different
sample treatment procedures resulted in dramatically different transport properties, ranging
from insulating behavior to features of metal-insulator transitions near the Néel temperature.
This further supports our conclusion that environmental factors critically influence the observed
electronic properties.
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2.5. Limitations of DFT approach. Our results also highlight important limitations
of standard DFT calculations when applied to quasi-one-dimensional systems. While DFT
correctly predicts the electronic structure of ideal, defect-free RbFeSes, it fails to account
for the effects of structural defects that dominate real experimental samples. Additionally,
correlation effects, which may be particularly important in quasi-one-dimensional systems, are
not fully captured by standard GGA functionals.

Future theoretical investigations should consider: (i) explicit modeling of defect structures
and their effects on electronic properties, (ii) including correlation effects through DFT+U or
hybrid functional approaches, and (iii) incorporating electron—phonon coupling effects that may
influence transport properties.

3. Conclusions

A comprehensive investigation of the electronic properties of quasi-one-dimensional
antiferromagnet RbFeSe, was carried out using a combination of theoretical and experimental
approaches. Key findings include:

e Theoretical predictions: DFT calculations predict a first-order metal-insulator
transition at the Néel temperature (Ty = 248 K), with metallic conductivity expected
above T and insulating behavior below it.

e Experimental observations: Four-probe conductivity measurements reveal insulating
behavior across the entire temperature range (4-300 K), contradicting theoretical
predictions for the paramagnetic regime.

e Degradation mechanism: Post-measurement structural analysis indicates that even
brief air exposure (7-9 min) induces significant sample degradation, with selenium
occupancy reduced by >20% and elemental selenium phase formation.

e Methodological insights: The rapid degradation kinetics demonstrate the critical
importance of rigorous atmospheric control when studying iron chalcogenides. Standard
sample handling procedures may be insufficient to preserve intrinsic electronic properties.

e Theoretical limitations: The limitations of standard DFT approaches for quasi-one-
dimensional systems, particularly the need to consider correlation effects and defect-
induced localization, are shown.

Our work establishes a foundation for understanding degradation mechanisms in quasi-
one-dimensional iron chalcogenides and provides methodological guidelines for reliable
characterization of these environmentally sensitive materials.
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AnaHoTanusa

Jlaner 060cHOBAHNE MATEMATHIECKH KOPPEKTHOM IMOCTAHOBKN KOHTAKTHBIX 33189 TEOPHUH ILJIACTUH
u 000J109€eK U 0030p PEITeHHBIX 38, IMOCJIEeIHNIE TO/Ibl CTATHIECKUX U JUHAMUIECKIX KOHTAKTHBIX 32144,
X aHAJIUTUIECKUX W UNCIEHHBIX PEIIEeHUi, a TaKyKe aHaJM3 IOJIYIeHHBIX Pe3yabTaToB. B ToMm unciie
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pacnpeeseHnsd KOHTAKTHBIX HAIPAKCHUI.

KiroueBble cjoBa: KOHTaKTHAS 3alada, TeOpusd IMJIaCTUH U O6OHOq€K, MaTeEMAaTUIECKHN KOPPEKT-
Hagl IIOCTaHOBKa

Hnsa nmrupoBauusi: Kysneyos C.A. Maremarndeckn KOPpeKTHAsI MOCTAHOBKA KOHTAKTHBIX 37149
JJIgd TOHKOCTEHHDBIX 9JIEMEHTOB KOHCprKI_[I/II'./’I7 YUCJICHHO-aHAJIUTUIECKNE METO/Ibl U PE3YJIbTaThbl pellle-
Hus 3amaa // Yuaen. 3am. Kaszan. yu-ta. Cep. @us.-marem. nayku. 2025. T. 167, ku. 4. C. 719-743.
https://doi.org/10.26907 /2541-7746.2025.4.719-743.

Yuen. zan. Kasan. yn-ra. Cep. @usz.-mar. Hayku | 2025;167(4):719-743



720 S.A. Kuznetsov | Mathematically rigorous formulation of contact ...

REVIEW ARTICLE
https://doi.org/10.26907 /2541-7746.2025.4.719-743

Mathematically rigorous formulation of contact problems
for thin-walled structural elements, numerical
and analytical methods, and solution results

S.A. Kuznetsov

Kazan Federal University, Kazan, Russia

skuznets@kpfu.ru

Abstract

A mathematically rigorous formulation of contact problems in the theory of plates and shells
is justified. An overview of the recently solved static and dynamic problems, their analytical and
numerical solutions, is carried out, and the results of the obtained solutions are analyzed. Additionally,
examples are provided of such problems where the correct determination of contact stress distribution
is fundamentally important.

Keywords: contact problem, theory of plates and shells, mathematically rigorous formulation

For citation: Kuznetsov S.A. Mathematically rigorous formulation of contact problems for thin-
walled structural elements, numerical and analytical methods, and solution results. Uchenye Zapiski
Kazanskogo Universiteta. Seriya Fiziko-Matematicheskie Nauki, 2025, vol. 167, no. 4, pp. 719-743.
https: //doi.org/10.26907/2541-7746.2025.4.719-743. (In Russian)

1. O maremMaTrunyeckKu KOppeKTHOﬁ IIOCTaHOBKeE

OpauMm 13 HamboJIee CJIOXKHBIX pa3eoB TEOPHH 000JI0YEK, NMEIOIUM IITHPOKYI0 00JI1acTh
IIPaKTUICCKHUX HpI/I,HO}KeHI/IIL/'I7 ABJIAIOTCA 3a/Ja9M aHaJn3a IIPOYHOCTH TOHKOCTCHHBIX 3JIEMCH-
TOB KOHCTPYKIMI NPW WX B3aUMOJEHCTBUH C JPYTUMU YUPYTUMHU WU YKECTKUME TEJIAMA.
[Ipr 3TOM KOHTAKTHBIE 3aJa9M TEOPHH ODOJIOYEK HMEIOT CBOIO CHEIUMUKY, OTINIAIONLYIO
UX OT KOHTaKTHBIX 3aJlad Teopun yrupyroctu. [Ipu paccMoTpeHnn mocieHnX TPYTHOCTH BO3-
HUKAIOT, KaK ITPABUJIO, HA dTalle BLIBOJA W PEIIeHUs yPaBHEHUN, a ¢ BRIOOPOM CaMoil TEOpHH,
UCIIOJIb3yeMOil 1pu (hOpMYIUPOBKE 3aJladu, Bce ObIBAET FCHO. B KOHTAKTHBIX 3ajadax Teo-
pun 060/109€K BBIOOD TOW WJIM WHON TEOPUHU CYINECTBEHHO BJIMSET HAa KOHEUHBIH pPe3yJIbTar.
PacemorpuM, Hanpumep, Xopoino usBecTHoe [1| pemienue 3aja4u 0 NUJIMHIPHYECKOM HU3THOe
napaboIMIecKuM MITAMIIOM ILJIACTUHBI, MIAPHUPHO OHepToil o Kpasim x = £l (puc. 1).
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P

X

LW

Puc. 1. KonrakTHasi 3a7ia1a 1pu MUIXHIPAIECKOM U3THOE
Fig. 1. Contact problem in cylindrical bending

[Ipu perrennu 3a/1a41 Ha OCHOBE KJtaccumieckoit Teopun Kupxroda —JIssa ycmoBue KonTakTa
3alMCHIBAETCS B BUJIE PABEHCTBA IIEPEMEIIEHUN MITaMIIa IePEMEITEHNSIM CPeTMHHON TTOBEPXHO-
CTHU TJIACTUHBI U MPUBOJUT K YPABHEHUIO

[ 600t =a - f). Jol <a )

e G (m, 13 ) — dyukius ['puna, geisdonmasics peleHneM KpaeBoil 3a/1adn
1 1
GV(x,€) = 50z =¢), G, =0, G (£, =0,

Eh?
D=0
12(1 - 12)
a u f(xr) — xecTroe cmerenne u dhopMa MOJOIIBBL MITaMia, o(r) — HEM3BECTHOE KOHTAKT-
HOe JaBJICHHC.

— u3rubHas KeCTKOCTh IiacTuhbl, 0(x — &) — menbra-yukius lupaka,

Herpyano nosyunts dynkiuio ['puna B Buje

G(z,§) o — &P + 2€(a® + &2 + 21%) — 31% (2% + &%) + 2] .

= Tom1 |

Ypasuenue (1) aBiserca unrerpaibbiM ypasaenueM Ppearonsma 1-ro poma. Ussecrro,
qro pemtenne ypasuenuit @pexarospma 1-ro poga ¢ rragkum sapom (a y xac dyuxus G(z,§)
IajiKast) BJISETC 3ajadeil, MaTeMaTHIeCKd HEKOPPEKTHO. DTO 3HAYUT, 9TO OECKOHEYHO
MaJIOMy H3MEHEHHIO IIpaBoii dacTu OyJeT COOTBETCTBOBATH KOHECUHOE M3MEHEHHC DEIICHHUS.
Du3nvecKkn ke HEKOPPEKTHOCTH ITOCTAHOBKI MOYKET HPOSBIIATLCSH HMO-DA3HOMY, B 3aBHCHMO-
CTH OT pellaeMoil 3a/1a9i I OT TOro OObEKTa HJIH IIPOIECCa, KOTOPLIH MBI MOJIEUPYEM TaKHM
HHTErPaJIbHLIM ypasHeHueM. Haio 6bITh TOTOBBIM B TAKOM CJIydae KO BCAKUM HEOZKHJAHHOCTSIM.
B narmem cirytuae HEKOPPEKTHOCTD IIPOSIBJISIETCS B TOM, ITO ISl IITAMIIA HapaboInIecKoii ¢hop-
Mbl f(x) = cx? pelenne KOHTAKTHOMN 3aJ1a9 UMeET BHJ

o(z) = —g[é(x —a) +8(z + ).
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HpI/I 9TOM CMeEIIEHUE ITaMIla &, pasMeEpP 06/1acTH KOHTaKTa @ U IpruzKHMalollasad CruJia P cBga-
3aHbl COOTHOIICHUAMMI

_ 4ceD P 9 3
P_l—a’ a——lzD(a — 3la* + 21°).

YTO MBI BUJIIM B 9TOM DEIICHHUN !

Bo-1niepBbIx, HAIPSZKEHNS O] MITAMIOM OTCYTCTBYIOT, a Ha IDAHUIAX OHH HACTOJIBLKO Be-
JIMKH, 9TO COCPEIOTOYEHbI B TouKaxX « = ta. Ho mpm rimazkoit dbopme mramma Kak pas
Ha TPAHHIE HANPSKEHUH OBITh He JOJIKHO, W U3 IPOCTHIX (DU3NIECKUX COOOpasKeHuit sICHO,
aro o(+a) =0.

Bo-Bropsix, 3aBucumocts P(a) (puc. 2) umeer ase ocobble Toukn: ¢ = 0 u a = [. B mysesoit
TOYKE MBI IMeeM KOHETHOe 3HadYeHHe CHIBL P, T. e. GECKOHETHO MAIOMYy IIPUPAIICHHIO JIIHHbL
00JIaCTH KOHTAKTa ¢ COOTBETCTBYET KOHEWHOE MPUPAIIEHHE CUIbI P, IPHKIMAIOIIEH [IITaMII.
A st Toro 4rTobnl 06/1aCTh KOHTAKTa PACIPOCTPAHI/IACH Ha BCIO JUIMHY [, Tpebyercs: Gecko-
HEeYHO OO0JIbIIoe 3HaYeHne cuibl P .

L J

Puc. 2. Basucumocrs P(a)
Fig. 2. Dependence P(a)

Konrakrayio 3aj1a1y Teopun 060JI09€K MOYXKHO CJlejIaTh MaTeMaTHIeCKH KOPPEKTHOM, MC-
ITOJIb30BaB METO/Ibl PETYJIAPU3aIlun I 1epexojia K ypaBHenuio OpearoibMa BTOPOTo pojia

Koo () + / G, )o(€) dE = a — f(z), |2] <a. 2)

Baxkueifimum 1pu 9TOM  ABJISIETCsT BBIOOD 3HAYEHHUs] IapaMeTpa peryaspusamnuu kg .
OTO 3HAUYEHUE JOJIZKHO Je/IaTh pPeIlleHne YCTONYIUBBIM U BMECTE C TeM HE3HAYUTETbHO WC-
KayKaTh MePBOHAYANbHOE MHTErPAJbHOE ypaBHEHHE IEepBOro pojga. B Meroje peryispusanin
A H. Tuxonosa [2| ucronb3yercs anpuophasi nHMOPMAIHsT O PEIIeHNH sl Cy’KeHHsI 00J1acTH
[IOMCKa U OKOHYATEILHOTO BBIOOPA IapaMeTpa.

Jpyroit mojxom K mpobseMe peryiaspusaliii ypaBHEHU pacCMaTpPUBAEMbIX KOHTAKTHBIX
38129 OCHOBAH Ha yTOYHeHWH (hu3mueckoii nocraHoBku 3ajaun. B Bapuante [.4. Tlomosa [3]
CperHHAasT MOBEPXHOCTH TOHKOCTEHHOI'O 9JIEMEHTa IMOKPBIBAETCS CJI0OEM YIIPYIoro BUHKJIEPOBA
OCHOBaHUs ¢ KO DUIIMEHTOM TOJATINBOCTH kg, 3HAUEHNE KOTOPOr0 HEOOXOIUMO OIIPEIE/IAThH
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9KCIIepUMeHTaIbHO. BoJtee jlornvanoit mpeacraBiisieTcss HHTEepIpeTalus napaMeTpa peryiapusa-
1 Kak Ko duimenTa 006zKaTuss 000J0YKHU 110 TOJIIIIHE, XapaKTEePU3YIOIIEro CMelleHne KOH-
TaKTUPYIOMIEH MOBEPXHOCTU OTHOCUTEBLHO cpeinHHOM. Takasd mocTaHoBKa ObLIa IPEJ/IOXKeHa,
HE3aBUCHMO JIPYT OT JIpyra W mpakTudecku ojgHoppemerHo .M. I'purosokom n B.M. Toska-
aesbiM 4], M.B. Bioxom u C.4. Iykposbiv [5], FO.II. Aprioxunsin 1 C.H. Kapacesbim [6].
Boipaxkenus jjig kodddurimenta o0xKaTus IMOJYYeHbl UMU IIyTeM HUHTErPUPOBAHUS COOTHO-
mennii 3aKkona ['yka g ronepednoit jgedopMaruu npu HOPMaJbHOM HAIpsyKEHUU, Hail1eH-
HOM 13 ypasHenuil papaosecus. [Toznuee FO.I1. Aprroxun [7] momyuamnn kosdbdurment obkarust
U3 PeIieHus 3a/Ia9i O CKATUU TOHKOTO CJIOS, JIeXKAIIEero Ha HesiepOpMUPYEMOM OCHOBAHUMU.

Koaddunuent obxarus Mozker ObITH pejicTaBied B ob1ieM ciydae B Buie kg = F(v)h/E,
rie F(v) — mekoropas dyukims kodddunuenra [Tyaccona v mwim KoHCTaHTa, KOTOpPasi IMPEJi-
craBjiena B TaOJI. 1.

Tabs. 1. Bun u snavenus dyuxipm F(v)
Table 1. Type and values of the function F'(v)

Wcrounuk 4] 5] 6] [7]
Buy dyukmun | 13/32 | 3/8 | 13(1—v%)/32 | (1+v)(0,5—v)/(1 —v)
F(0,3) 0,406 | 0,375 0,370 0,371

Huanazon m3menenns F(v) ykiaabBaercs B £5%. B To e BpeMms s1po MHTErpajbHOTO
ypaBHeHusl (2) MOXKHO IIEperucaTh B BUJIE

6w = (-1 (1) Gutoe)

rae
Go(2,8) = |z, — &P + 2.6 (el + & +2) =32 + ) +2, zo=z/l, &=¢/L

Torna ouesuano, uro G(z,&) umeer nopsyok (1 — v?)(h/E)(I/h)*, u cnaraemoe koo (z)
Ha HECKOJIbKO IIOPpAJKOB MEHBIIIEe HpOI‘I/I6a CpeILI/IHHOfI IIOBEPXHOCTU HE TOJIBKO JJId TOHKHUX,
HO ¥ JIJIs TJIACTUH M 060JI0UEK CpejiHeil TOJIIIUHDL.

Pertenue ypasnenus (2) uMeer BU

o(x) = )\?P (sinh[A(a + z)] sin[A(a — )] 4 sinh[A(a — x)] sin[A\(a + z)])

e A = 1/v/4koD, s =sinhp —sinp, ¢ = 2Xa. Cmemenune mraMna «, pasMep 06JacTH KOH-
TakTa @ U MPUYKUMAIOIIas cuia P CBI3aHBI IIPU 9TOM COOTHOIIECHUSIMU

4cDAs coshy + cos ¢ sinhy + sin ¢
P = ) o= —1a + as - la 9
laAs + coshp + cos 2D As 2)\2s
a® — 3la* + 203 a(2l — a)
lo=10—a, a = 5 , aQZT.

I'nmaBHBIM KpurepueM AJOCTOBEPHOCTHU pEIICHUA CJIY2KUT CpaBHEHHE C pelieHueM, II0JIYIeHHbIM
110 TOYHBIM YPaBHEHHAM TEOPHUHN YIIPYI'OCTU, €CJIM OHO, KOHEYIHO, CYIIECTBYET.
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Puc. 3. CpaBHeHrEe KOHTAKTHBIX HAIIPSIYKEHUIA, TIOJIYI€HHBIX 110 TEOPUH YIIPYTOCTH M TEOPUH ILJIACTUH
C y9IeToM ODXKaTHs

Fig. 3. Comparison of contact stresses obtained from the theory of elasticity and the theory of plates
with regard for compression

Kak BujiHo u3 puc. 3, yuer o0xKaTus MO3BOJIAET MOy INTh KOHTAKTHBIE HAIIPSAZKEHU, OJIM3-
KH€e K Te€M, 4TO JIaeT PacydeT 10 TEOPUU yIPyTrOCTH.

[IpuBeieHHBIE peIIeHUs TTO3BOJIAIOT CJIEIaTh BBIBOJ, UTO J/Is KOHTAKTHBIX 3a/a4 0e3 yJdera
KacaTe/JIbHOT'O B3aUMOIEHCTBUS MeK/Iy TOHKOCTEHHBIMU OObEKTaMHU YCJIOBHE KOHTAKTA MOYKHO
dopmympoBaTh B BHJIE PABEHCTBA IE€pPEMEINeHU, COCTOAIIMX U3 HIPOTUOOB CPEeJIMHHBIX
IIOBEPXHOCTEN 1 MECTHOT'O IIOIEePEedIHOro o0KaTwsi B 30HE KOHTakTa. I[Ipm aToM coxpaHSIOTCA
BCE MIPEUMYINECTBA TEOPUU TOHKUX 000JIOUEK 110 CPABHEHUIO C Teopueil ynpyroctu. BozaMoKHO
Tak:Ke onpeensaTh GpyHknuio ['puHa A1 miacTuH 1 000JI0UeK CpeaHeill TOMIIHBI Ha OCHOBE
Teopuii Tuna THUMOIIEHKO, YINTBIBAIOMNX AedhOopMallin IOIePeIHOrO CIBUTA.

2. MeTO,D; CcBeJeHnd MHTerpaJIibHbIX ypaBHeHI/Iﬁ KOHTAKTHBIX 3aJa4Y K KpaeBOﬁ

3aga4e

Meroy1, cBejleHrsl MHTErPAJIbHBIX yPaBHEHUH KOHTAKTHBIX 3a/a4 K KPaeBoil 3ajade, pa3pa-
6orannblii B Kazanckom yrusepcurere FO.IT. ApTioXuHbBIM JiJIst OJIHOMEPHBIX 3aJ1a9 U PACIIPO-
CTPaHEHHBIH BIOCJIEJICTBAN aBTOPOM Ha JIByMEpHbIE M JMHAMHUYECKUE 3aJa9M, WU3JIOKHUM JIJIs
IIPOCTOTHI HA MpUMepe ypaBHeHwus (2).

Cyrb Merona 3akmodaerca B caenytormem [8]. Ilycrs dyHKImMs BAusHUS yIOBIETBOPSIET
HEKOTOPOMY YDPaBHEHHIO

LG(z,§) = Lio(z — &), (3)

BUJL oreparopoB (B obmem ciaydae judbepeHInaIbHbIX) ONpeIessiercs Teopuei 060JI09eK,
HCITOJIb3YEMOIl B KazK/IOM KOHKPETHOM CJIydJae.

Uch. Zap. Kazan. Univ. Ser. Fiz.-Mat. Nauki | 2025;167(4):719-743



C.A. Kysnenos | Maremarnuecku KOppeKTHasI IOCTAHOBKA KOHTAKTHBIX . . . 725

[MogeiicrByem omeparopom L Ha ypasHeHue (2)

a

koLo(x) + / LG(z,€)0(€)ds = Lo — f(x)). (4)

Ucnonb3oBas dbubrpyomue cBoiicrBa d-byHKnum, npuseaem (4) K By
koLo(z) + Lio(z) = L(a — f(x)). (5)
Beesiem HOBYIO Hen3BecTHYIO (byHKIIHIO
LiU(z) = a— f(x) — koo (z). (6)
Torma Lio(z) = LL,U(z). Orciona noryanm
o(xr) = LU (x). (7)
ITogcraBuM mosrydeHHoe COOTHOIICHNE B ypaBHenue (5):
koLLU (z) + L LU (z) = L(a — f(x))
U OKOHYATeJbHO Tosryanm juddepentmanbaoe ypasHenne s U(x) :
(koL + L))U(z) = a — f(x). (8)

Ioacrasus (6) u (7) B (2), naiigem

a

/G(x,g)LU(g)dg = LU(x).

—a

31ech omepatop L Gepercs 1o nepemenHoit maTerpupoBanus . [Ipumenns 0600IenHOe nHTE-
IPUPOBAHUE TI0 YACTSIM, TOJIYIUM

a

/ LG(x, U(E)de + (G, D), = LU (),

—a

rie V(G, U) — muddepennuaiboe BbipazKkenne, KOHKPETHBII BUJI KOTOPOTO OIPEIEIAETCS Olle-
paropom L.

B koHTakTHBIX 3a/1a9aX (PYHKIMS BJIUTHUS CUMMETPpUYHA 110 iepeMeHubiM © u & . [Toaromy
UHTErpaj B JIeBOH dacTu ToxkecTBeHHO paBeH L U(x), W y Hac ocraercst KpaeBoe yCJIOBUE
s U(z):

f=a _
(G, U)|=Z, = 0. (9)

Taxkum o6pazom, pobeMa pereHrsi HHTErPATbHOIO ypaBHEHUs (2) CBejleHa K DPEIICHUIO

kpaepoit zajiaun (8), (9). Eciu oneparop L = d*/dx* wm L = d*/dz* + 4\, 1o

V(G U) = Gz, U™ (E) = Gelz, HU"(E) + Gee(w, U () — Gege(w, HU(S).

Yuen. zan. Kasan. yn-ra. Cep. @usz.-mar. Hayku | 2025;167(4):719-743



726 S.A. Kuznetsov | Mathematically rigorous formulation of contact ...

B aByMepHBIX KOHTAKTHBIX 33/1a4aX CBeJIeHNe MHTerPAJIbHOIO YpaBHEHUS K KPaeBOil 3aja-
9e TP COXPAHEHUH OOINEro IoJXo/1a MMeeT HeKoTopble ocobenHoctn [9]. MaTerpasnbhoe ypas-
HeHue, SBJISIONIeeCs YCJIOBUEM KOHTAKTa TOHKOW O0OJIOYKH, B3aUMOJIEHCTBYIONIEH C YKECTKUM
TEJIOM — IITaMIIOM, UMeeT BUJL

Foo (2, ) + / / G,y € m)o(E,mdedy = flary), (2.y) € Q. (10)
Q

Brech () — 0bsacTh KOHTaKTa, orpanndentas KoutypoM I (puc. 4); f(z,y) — dyukiws dbopMb
U JKECTKOrO CMelneHus mramna u obonoukn; G(z,y,£,n) — OYHKIUS BJIUSHUS, YIOBIETBODSI-
I011as Y PABHEHUIO

LG({L‘, yvgv 77) = L15(I‘ - gay - 77)

(L, Ly — muddepeniuaibHbie OepaTopbl) U COOTBETCTBYIONIM KPAEBbIM YCIOBHSIM.

Puc. 4. /IBymepnasi 06/1acTb KOHTAKTA
Fig. 4. Two-dimensional contact area

Ecimun dopma mramna riajgkasg u obJIacTh KOHTAKTa 3apaHee HEU3BECTHA, TO K ypaBHE-
Huio (10) Heo6XoAuMO J1I06aBUTH €CTECTBEHHOE YCJIOBUE HEIPEPHIBHOCTH KOHTAKTHOTO JIABJICHUS
Ha rpanune Kourakra 1': o(x,y) =0, (z,y) € T.

[TocTosinHbIE KECTKOIO CMEIICHUs OIPEIEISIIOTCS U3 YCJAOBUIl CTATUYECKOI'O PABHOBECHUS

IITaMIIa.
Hnga psjga  Teopwit TOHKHX O0OJIOYEK, WCIHOJIb3YEeMbIX B HACTOLAINEe BpeMs, OIle-
patrop L mpencrasuMm B Buge L =V*+ o VZ+ay, tone V2 — omeparop Jlamnaca,

aq, ap — nocrostanbie. Toraa Kpaesas 3aj1ada, COOTBETCTBYOMmAast ypapuenuto (10), orHocuTe b
HO BcrioMoraresibHoil dyuknuu U(z,y), CBI3aHHON ¢ KOHTAKTHBIM JIABJIEHIEM 3aBUCHMOCTBHIO

LlU(x>y) - f(xay) - kOU(ﬂfa y)> OPpUMET BU

(k?OL‘f‘Ll)U(ZL‘,y) = f(xjy)’ (11)
f@[G, U]dr = 0, 12
rie ; -
VG, U] = (V? + a1)G(z,y,¢, n)% + G,y €, n)%@’")_

ov2G
(e TEEBED (2 4 a)ue,n)

N — BHEIIHdAs HOPMaJb K KOHTYPY ['.

0G(z,y,£,1m)
on ’
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Cootrnorienne (12) npejcrasisier coboit kpaesoe ycsosue s dyukiun U(z,y). Takum
obpaszoM, mpobsiema pereHnsi nHTerpaabHoro ypasaerus (10) cBejeHa K DENIEHUIO KpaeBoii
sagaqn (11), (12). OcHOBHOE OT/IMYIHE OT OJHOMEDHBIX KOHTAKTHBIX 38189 3aKJII0IaeTCsI B TOM,
YTO KPaeBoe YCJIOBHE 3aIMCAHO B BHJE KOHTYPHOIO MHTErpasa 110 IpaHuIe 00IacTi KOHTAKTA.

MHorocBsi3HbIe KOHTAKTHBIE 3aJ1a91 TakzKe CBOoJgATe K perenmio (11), (12) [10].

[Ipu pemneHnn KOHTAKTHBIX 3314 JIjId 000JI049eK CpeJIHeli TOJIIMHBL ¢ yaeToM JedopMarimii
HOIIEPETHOIO CJBHUTa OTJIMINE OT PACCMOTPEHHOI TOCTAHOBKH 3aKJII0UYAETCS TOJIBKO B OLIEPATO-
pe Ly B mpaBoii yactu ypaHeHud g pyHkinun ['puna.

3. Meroguka YUCJIIEHHOIO PEIIeHUs] NHTErPAJIbHBIX yPABHEHUI KOHTAKTHBIX
3amayg [11]

leomeTpusi B3anMOMEHCTBYIONINX TeJ 3a9acTyi0 TAKOBa, UTO UCKATH (DYHKIMIO BIIASHUS
ynobuee B cucreme KoopauHaT (ag, [f2), CBA3AHHON ¢ 000JIOUKOIL, & yCI0BHEe KOHTAKTa 3alliChI-
BaTh B CHCTeMe KOOpJuHAT mramia (o, 1) (puc. 5):

Lé(ag, Ba,&a,m2) = L1d(ag — &, Ba — 1m2),

koo (o, 1) + // G(ay, B1,&,m)o(&,m)dQ = flar, Br), (a1, B1) € S
Q

[Ipu sTOoM HaJI0 3HATH (POPMYJIBI IIEPEX0/ia OT OJHON CUCTEMbI KOOP/IMHAT K JIPYTOii:

a1 = 041(042752% B = /31(@2752)-

Puc. 5. Cucrembl KOOpuHAT
Fig. 5. Coordinate systems

ObJtacTh KOHTAKTa MOKPOEM CETKO# TOMOJIOTUYIECKUX TPSIMOYTOJBHAKOB, B KayKJIOM U3 KO-
TOPBIX IIPOBEJIEM MHTErPUPOBAHUE C ITOMOIILIO KBaJIpaTypHoit dhopmysibl [aycca. [lorpebosas
BBIIIOJIHEHU YCJIOBUS KOHTAKTa IJIACTUHBL U IITaMIla B KaxKJI0M KBaJpaTypHOl TO4YKe, CBeAeM
pobJieMy ompejie/ieHns 3HaUYeHNiT KOHTAKTHOTO JIABJICHU B y3/1aX NHTETPUPOBAHUS K PEIIEHUIO
CUCTEMBI JIMTHEHHBIX ajredpandecKuX ypaBHEHUA

kOU(alquv ﬁltpq)"‘

nal ngl N

N
+ Z Z (bt — an) (dgr — cxr) Z Z G (tspgs Bupgs Evit, Mkt )0 (Exints Mjki) AiA;

k=1 =1 i=1 j=1

= f(alqua ﬁltpq%

Yuen. zan. Kasan. yn-ra. Cep. @usz.-mar. Hayku | 2025;167(4):719-743



728 S.A. Kuznetsov | Mathematically rigorous formulation of contact ...

rme A; u N — BecoBble MHOXKUTEJM U YHUCJIO Y3JI0B B KBajparypuoit dopmyse [aycca;
Ng,, Ng, — KOIUdecTBO dparMeHToB pas3dueHus ceTKu 1o ocaMm; s,t=1,2,... N;
p=12,...,n0,59g=1,2,...,ng,.

4. Pe3yabpTaThl perieHns KOHTAKTHBIX 33a4

4.1. BzaumopgeiicTBue C >KE€CTKHM TEJIOM ILJIACTHUHBLI CPEeAHE TOJIIMINHBI, JieXKa-
meil Ha ynpyrom ocHoBanum [12]|. Kak usBectno, perreHue 3a/1a4 TeOpun IJIaCTUH U 060-
JIOUEK Ha OCHOBe KJjaccmueckoit Teopun Kupxroda—JIsBa 1mo3BosisieT moydarh mpueMjeMble
10 TOYHOCTHU PEIIeHUsI TOJIBKO JJIs TOHKUX 00beKTOB. [Ijisi 1tacTuH n 000JI0UeK cpejiHei TOJI-
IIUHBI HEOOXOIUMO UCIOJIB30BATh TEOPHUH, B KOTOPBIX YUUTBHIBAIOTCs JIe(hOPMAIMH TIOITEPETHO-
ro capura (MCKpUBJIEHEE HOPMAaJU K cpejuHHON nosepxuoctu). B pabore [6] C.H. Kapaces,
FO.II. Aprioxun uccienoBain BiausHue ydera J1edOpMalyii MOIepedHoro CIBUIa Ha pacipeie-
JIeHHEe KOHTAKTHBIX HAIIPSKEHU, HO OI'PAHUYM/INCh TOHKUMH IIaCTUHaAMHU. PaccMoOTpuM KOH-
TaKTHYIO 33/a4y O B3aMMO/JICHCTBUM IITaMIla C IJIACTUHON cpeiHeil TOJIUHBL, JieKalleil Ha
YIPYTOM BUHKJIEPOBOM OCHOBAHWH.

Ucnonibzyem Teopuio THMOIIEHKO, YYIUTHIBAIONIYIO JjehopMaIii IOIEPEIHOrO  CJIBUTA.
CorutacHo 9T0it Teopun onepatopbl L u L1 B ypaBHeHun (3) UMEIOT B/

d* 4 1 1 d?
L= dx4+4)\ LI_D K daz?’
rie K = 5Fh/12(1 + v) — xecrkocTb Ha caur, 4\ = k/D | k — xosdbdunuent nocrem yupy-
rOr0 OCHOBaHUSI.

Pemtenne KoHTaKTHON 3ajladuu MOJIYYUM IIPU TPEX pa3/JUIHbIX BapuaHTax 3aKperIeHUsd
IJIACTUHBI:

1) oba kpas kectko 3amemiens: G(+l,§) = GL(£l,§) =

2) oba kpag mapuupso oneprsl: G(£l,&) = G (£1,€) =

3) oba kpas cBobomusr: G (+l,&) = G (£l,€) = 0.

X

Ob6imee perenne ypaBaerusi (3) J0CTATOYHO MPOCTO MOJYUUTH METOJIOM BapUAIUU TTPOU3-
BOJILHBIX TTOCTOSIHHBIX. YJIOBJIETBOPUB I'PAHUYHDBIM YCJIOBHSAM, IOJIYIUM (DYHKIUIO BJIUAHUS B
BOJC

4 4

G(1,8) = ) CpiYi(A\)Y;(\x) /DwZZBﬂY A)Y;(Aa)H(z — €)/(4N'D K),

7j=1 =1 j=1 i=1
e H(zx — &) — equanunas dbyuxims Xepucaiiga, Y;(z) — 6amounse dynknun Kppuiosa:
Yi(z) = coshx cosz, Yo(z) =sinhzsinz, Yi(x)=sinhzcosz, Yj(x)= coshzsinz,

0 0 Kiy —Kim
00 —Kan —Ky
Bi) = | _K, K 0 0
Kim Kq 0 0

Konkpernsrit Bun C}; onpejengercs TPaHIIHBIMA yCTOBHAMN.
J171s1 2KeCTKO 3allleM/IeHHBIX KPaeB

Cii = (CsKam + CrKap — 2K) S,  Cha = (—ChKam + CsKgp — 4N’ D) Sy,
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C121 - (_Cthm + Cstp + 4)\2D)Ssma C(22 = _(Cstm + Cthp + 2K)Ssm>
033 - (Cstm - Cthp - 2K>Ssp, 034 — (Cthm —|— CSde - 4>\2D>Ssp,
Ciz = (CrKam + CsKap +4X’D)Sy,,  Caa = (—CsKapm + CrKgp — 2K) Sy,
Cis = —KgpSsmSsp, Cs1 = —Ci3, Chy=—Ci3, Cho = Ci3,
C(14 - Kdesisp7 CY23 = 0147 C(32 = _0147 C’41 = _0147
Dy = cosly + coshl, — 2.
JI1s1 mapHUPHO OIEPTHIX KPaeB
Cii = (Cs — Ch)(KagpSh — KamSn),  Cia = (Ch, — C5)(KamSh + KapSy),
Cis = (Cf = C9)Kap,  Cra = (CZ = C) K,
033 - (Ch + Cs)(de Sh + Kdm Sn)a 034 = (Ch + Cs)(de Sn - Kdm Sh),
Co1 = Crp, Oy =—C11, Cy3=Cuy, Cy=Cs=—Ch,
O30 = —Cly, Cy=—-Cuy, Cip=~0Cs,
Dy = cosly — coshly.
JLnst ¢cBOOO/THBIX KpaeB
Cll = (Cstm + Cthp + 2K)Ssm7 C112 - (_Cthm + Cstp + 4)\2D)Ssma
021 = (—Cthm + OSde - 4)\2D)Ssm; 022 — (_Cstm - Cthp + 2K)Ssm7
033 = (Cstm — Cthp + 2K>Ssp, 034 = (Cthm + CSde + 4)\2D)SSP’
Cyz = (Cthm + Cstp — 4)\2D)Ssp, Cu = (—Cstm + Cthp + QK)SSP,
C’13 = _deSsispa C124 = _0137 C’31 = _0137 C'42 = C1137
C(14 = Kdmssmssp7 CY23 = 0147 C(32 = _0147 C'41 = _0147
Dy = cosly + coshly, — 2.
31ech BBeIeHbI 0003HAYCHUS
Ssm:Sh_Sm Ssp :Sh+5m
Sy, = sinhly, S, =sinly, C) = coshly, C, = cosl,,
Ky =K +2)°D, Kgn=K—2\D, Ily=2\, [, =4M.
B ciyuae miockoro mramna f(z) = 0, u ypaBHenue (8) nmpumer Bu/I
UV (2) — pU (z) + qU(x) = ay, (13)

e p=1/(koK), ¢ = (1+ kok)/(koD), ag = a/ky.
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Ob6imee pererne ypasuenust (13) mpejcraBumo B Bujie

U(z) = ag ZAM(x)H/q : (14)

Vi(z) = cosh(aix) cos(asz), Va(x) = sinh(ayx)sin(asx),

V() = sinh(aix) cos(asx), Vi(x) = cosh(ayz)sin(asx),

1 1 . .
a; = 71 [20/q+Dp, as = 5\/ \/q — p — neificTBUTEIbHAA U MHUMAs 9aCTH KOPHeEil XapaKTepH-

CTHUYECKOIO YPaBHEHHsI, COOTBETCTBYIOMIEro ypasHeHuio (13).
[Moncrasus U(&) u G(z,€) B ycnosue (9), upuBeieM €ro K BHUJLY

4

Z Fi(Ala A27 A37 A47 a)K(CC) = 0.

i=1

Tak Kak 39TO COOTHOIIEHME JOJZKHO BBINOJHSITHCS TPU JIIOO0M = € [—a,a], To Koabdumm-
eHTbl Tpu Y;(x) JMO/KHBI paBHATHCS Hy0. Takum 06pas3oM, MPOU3BOJIbHBIE MOCTOSHHBIE
Ai, Ay, Az, A4 cyTh pellieHre CUCTEeMBbI JIMHEHHBIX aredpandecKuxX ypaBHEHHI

E(A17A27A37A47a) :Ou 2217_47

KOTOPOE MOKET OBITh 3aIlMCaHO B 3aMKHYTOM Bujie. KOHKpeTHbIe BbhIpaKeHus 3/1eCh He IpUBe-
JIeHbI BBUJTY WX T'POMO3JIKOCTH.
Jlasnee npejicraBieHbl HEKOTOPbBIE PE3y/IbTaThl pACIeTOB OTHOCUTEIHLHOTO KOHTAKTHOT'O JIaB-
a

nennst og(x) =o(z)/P, P= /a(x)dx B 3aBUCHMOCTH OT /] jjist wracTurel | = 1 pasznnd-
—a

HO¥ TOMIMUHBI h TPU PA3JIMIHBIX pa3Mepax CUMMETPUYHO PACIIOJIOKEHHOTO ITamia. B cuy
CUMMETpUH 3312491 I'PAMUKNA MOCTPOEHBI TOJILKO I TpaBoil mosioBuHbl mraMmia 0 <z < a.
YuciaMu OTMEYEHBI PE3yJIbTAThI, COOTBETCTBYIOIINE PA3IUIHBIM OTHOCHUTE/ILHBIM pPasMepaM
mramma: a/l = 0,1; 0,25; 0,5; 0,75; 0,9. Ha puc. 6, 7 moka3aHbl pe3yIbTaThl JJisi JKECTKOTO
3aleMJeHus, Ha puc. 8, 9 — Jyid mapHupHoro omnupanus, Ha puc. 10, 11 — st ¢BOOOTHOTO
kpadg. Puc. 6, 8, 10 mumocTpupyoT pacupejeseHne OTHOCHUTETHHOIO KOHTAKTHOTO JIaBJICHUS
Jyig ToHKuX wiactud h = 0,170, puc. 7, 9, 11 — ana miactun cpeguaeit Toammabl h = 0, 5.

XOpoIo BUJIEH Pa3/JIMIHbII XapaKTep pacipeie/eHus KOHTAKTHLIX HaIPIKEHUN 1Mpu pas3-
HOI ToJINKUHE TIACTUH. J[JIT TOHKUX IIACTUH PEe3yJIbTAaThl COBIAIAIOT C IOJIYYEHHBIMU paHee
pemenusiMu Ha ocHoBe Teopuu Kwupxroda—Jlasa. g mractur cpegHeil TOIIMUHBI IPUA Ma-
JIBIX 00JTaCTSIX KOHTaKTa HaIPS?KEHUs TOJIBKO MOJIOKATEIbHBIE, B OTJINIHE OT TOHKAX ILIACTHH.
[Ipu yBesmmuenuu pasmepa MmTamia B NMEHTPAJILHON 30HE 00/IACTH KOHTAKTA TMOSABIAIOTCSA OTPHU-
1aTe/IbHble HAIPAKEHUs, T. €. B CJIydae OJHOCTOPOHHErO B3aMMOJEHCTBUS B 9TOW 30He OyjieT
[IPOUCXO/IUTH OTPBIB IIOBEPXHOCTH IJIACTUHBI OT IITaMIta. Pa3zmep 9TuX 30H 3aBUCUT OT yCJIOBHil
3aKperieHns KpaeB IJIacTHHHI.

AHa/M3 9UC/IeHHBIX Pe3y/IbTaToOB TaKKe IOKa3aJl CYIIeCTBEHHYIO 3aBUCUMOCTD PacIpeiese-
HUA KOHTAKTHBIX HAIPIKEHUN OT YCJIOBUI 3aKpEIICHUd ILIACTHHBI HEe TOJILKO JjId OOJIBITTNX
OTHOCHUTEJIbHBIX PA3MepOB IITaMIla, HO U JIId MAJIbIX, [IPU 3HAYUTETHHOM YIAJIEHUN TPAHMUIL
00/1aCTH KOHTaKTa OT KPaeB ILJIACTHHBI.

Pesysbrarhl ncciieioBatnusi MOTYT OBITH HCIIOJIB30BaHbI IIPU BEPUGMUKAINNA AJTOPUTMOB
U IIPOrpaMM YHCJIEHHOI'O peIleHus 3a/a9 KOHTaKTHOTO B3aluMOJIeHCTBUA.
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0,5

0,75

0.6 0.8 1
02 0.4 0.6 08 1
Puc. 6. o¢(z) upu h=0,1 Puc. 7. o¢(z) mpu h=0,5
Fig. 6. o¢(z) for h=10,1 Fig. 7. o¢(z) for h=10,5

0,5

0,75

0.9

0 0.8 1

Puc. 8. o¢(z) npu h=0,1 Puc. 9. o¢(x) npu h=0,5
Fig. 8. o¢(z) for h=10,1 Fig. 9. o¢(z) for h=10,5
foa To
0,1 6 0,1
0,25 /
80 | 5 025
0,5
60
0,5
10 |
20 + 0,75

O 0.6 08 1
ol : ‘ ‘ ‘ .
0.2 0.4 0.6 08 1

Puc. 10. op(x) upu h =0,1 Puc. 11. oy(x) upu h =0,5
Fig. 10. op(z) for h =0,1 Fig. 11. o¢(x) for h=10,5
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4.2. BpbIHy>XX/IeHHbIe TAPMOHUYECKNE KOJieDaHUsl MJIACTUHBI C »KECTKOI HaKJIA/I-
koit [13]. PaccMoTpuM yCTaHOBUBIIHIACS MTPOIECC BBIHYZK/ICHHBIX KOJICOAHUIT MTPIMOYTOJIBHOM
IUTACTUHBI MMUPUHON 20, B3aNMOJEHCTBYIOIIEH ¢ YKeCTKOM HaKJIaIKON mupunoit 2a (puc. 12).
Bynewm cumraTh, 9TO IIACTHHA HAXOAUTCA B YCJIOBHUAX IMJIMHIPIIECKOTO N3THOA, KOHTAKT 0e3-
OTPBLIBHBIN. 3amnuiineM ypaBHEHHE JIBUKEHUs TJIACTUHBI ¢ YI€TOM TOIEPEYHOrO CABUTA U HMHEP-
1y Bparenus [14] u ypaBuenue nBuKeHUs HAKIAJKH B BUJIE

LW (z,t) = Lio(z, 1), (15)
>V
—— = P(t) — R(t). 16
o (t) — R(t) (16)
31ecn
_o (1 1y o 1 o 18
Cort \VE V) ox2orr  VE-VEOH T 2ot
1 1/18 & o
b=g+ 5 (amam) B0 = [ oo
E D E Eh ER?
‘/12: "/22:5_,u7 CQZ_)M:—)K:5—7 D:—’
p(1 —v?) 6p ph 2(1+v) 12(1+v) 12(1 — v?)

W — nporu6 miacTuHbl; 0 — KOHTaKTHOe JaBjenue; M un V — Macca u cMelienne HaK/IaKu;
P — cuna, nefictByiomas Ha HAKJIAJKY; [ — MOIYJIb CABUTA; P — IJIOTHOCTH MaTepuasia
ILJIACTUHBI.

-l -b 2a-b 1 x

v

Puc. 12. Ilnacruna ¢ HaKJIaIKOM
Fig. 12. Plate with an overlay

Kak u3BeCTHO, B yCTAHOBHBIIEMCs IPOIECCE BBIHYKJICHHBIX KOJIeOaHMiT 1oy JeificTBreM
cuibl P(t) = Pe™' moxuo cumrarsb, uro nporut Wz, t) = W(z)e™", koHnrakTHOE IaBieHne
o(x,t) = o(x)e™", cmemenne naknagku V(t) = Ve™'. Torna ypasuenne (15) npumer Buj

LW (z) = Lyo(z),

rJe

d* d? 1 d?

L=Gmt Bt h=4- 5o
1 1 w? w? 1 1 w?
B=uw?|—+4+—), Bl=—s -2, A=————_
“(vl”vg)’ Vg @ YT DR

OcrajyibHble 0O0O3HAUECHUS TE KeE.
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CorytacHO MaTeMaTUYeCKn KOPPEKTHOH MOCTaHOBKE KOHTAKTHOM 3aJladu aMILIUTY/ia KOH-
TAKTHBIX HAIIPAKECHUN ABJIAETCH PElleHueM MHTErPaJbHOrO YpPaBHEHUA

koo (z /Gx§

Jlnst racTHHKY, 3alieMJIeHHON 110 KpasgM x = &/, MYHKIUs BIUSHAA ONPEJIE/IAeTCa KaK pe-
MeHre KpaeBoul 3a/1a9m

G(x,§) = Lid(z =€),

KOTOPOE MO2KET OBITD IpeacTaBJ€HO B BUIE

-t{goaes

dé =V, =b<z <2a-—0b. (17)

G(£l,€) = G (£1,£) =0,

)+ 2 {k—smh[kl(x - &) — % sin[kq(z — 5)]} H(x — 5)} , (18)

2

rie

G1(z) = cosh(kix), Go(z) =sinh(kix), Gs(z) = cos(kex), Ga(x) = sin(kqx),

i \/\/32—431—3 I \/\/32—431—1—3
1= 2 = 9
2

5 ,
_ofs o m 0

kl fl kl fl
C1(€) L afs 0 @ chky €
Co(§) | _ ki f2 f2 shk &
Gs(&) | g 0 Qy f4 ) cosko& |’
Ca(8) fi ko ik sin kg

0 4 e afs

f2 k?2 k?2 f2

f1 = kysinhly cos Iy 4 ks sin lscoshly,
f3 = kqcoshly cos ly + ks sin lysinhly,

fa = kycoshly sinly — ks cos lasinhly,
f1 = kysinhly sin ly — ko cos lscoshly,

k? k2
=2v/B? - 4B A =A =1k (i=1,2).
C 1, 0= —i—K —i—K li =1k (i ,2)
OtmernMm, ITO
1 1\° 4w
B? — 4B, = — — >0
= (- V> e s
npu Jo0bIX w, a vV B%2 — 4By — B > 0 upu
AL S5E
w = = W
T c ph?(1+v) g

(19)

Takum obpasom, upejcrapienne (18) st DYHKIMU BIMSHUS CIPABEJIMBO HPU YCJIO-
sun (19). [Ipu Gosbiux acToTax KOPEHb XapaKTEPUCTUIECKOTO YPAaBHEHUs ki CTAHET YUCTO
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MHUMBIM, U runepbosndeckue GyHkimn B (18) HyKHO OyjeT 3aMEHUTh HA TPUTOHOMETPUIE-
ckue. JlabHeiilee perenne mpoBeeM it W < Wy, TAK KakK Caydail w > wy paccMaTpuBaeTCs
AHAJIOTIIHO.

J1J1s1 periennst HHTErpaabHOro ypasaerust (17) mpuMeHnM MeToJ, U3JI0KEeHHbBIH B pasjesie 2.
Torya jis Beromorareabaol dbyukiuu U(z), CBA3AHHON ¢ MCKOMOI aMILTUTYI0ii KOHTAKTHBIX
Hanpsizkernit muddepennuanbubiM coorrorerneMm LU (z) =V — kgo(x), moayanM KpaeByro
3a/1ay

koLU(x) + LiU(z) =V, (20)
{[G{(z.€) + BG(x,6)] U'(§) + G(z,¢) ure)- 1)
—U(&) G¢(@,€) = [U"(&) + BU)] G, )} =0,
2
Hpu yenosusx By ‘l‘% >0n4 (31 + /{%) > (kokluh — B) , T w < wy = ——plhk‘o < W,

KODHU XapaKTePUCTUIECKOTO YPABHEHUS, COOTBETCTBYOIIEro ypaBuenuto (20),

1 T 1/ 1 1 T 1/ 1
LB+ Lis (B B+ 2 2(L -
> 1+k0+4(k0K ) N T % 4<k0K )

u dbyuxiwa U(x) umeer Bu

e ]

i=1

1/2

/\1: ) )\2:

e
ui(z) = cosh(A1x) cos(Aax), wsz(x) =sinh(Ax cos(Aax),
ug(z) = sinh(Az) sin(Aez), wuy(z) = cosh(Ax) sin(Aex).

Kpaesoe ycnosue (21) ¢ ydaerom smHeitHoit HeasucumocT byskimit G;(x) npeobpasyem B cu-
CTeMy YeThIpex JIMHENHBIX a.HFe6paI/ILIeCKI/IX ypaBHeHI/IIU/I OTHOCHUTEJIBHO IITPOMU3BOJIbBHBIX ITOCTOAH-
HBIX A;. DTa cucrema u ee pelieHre B MOJHOM BH/Ie TIPUBEJIEHBI B crarbe [15].

Buas U(x), HailjleM aMITATY (bl KOHTAKTHOTO JABJIEHUs U YKECTKOTO CMEIeHUsT HAKJIA K

1 1
- | B - E At
U(x) A + kOBl < 1 =1 Zuz(x)) 7

P(A+ koBy)

" 2aBy — Mw?(A+ koBr) — iy Vi + Yol

Yl = ()\11412 — )\2A21) (SCl + 802) + (/\11421 + )\21412) (081 + CSQ) s
Yo = (MAss — AAus) (—cer + cea) + (M Agz + A2Asy) (—ss1 + 582),

v

Al i[(A_%)AI_%AQ]7 Aj l[(A—E>A3—%A4},

~ ko K " ko K
o R (CR PN
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1) cos(biAa),  ss; = sinh(b; A1) sin(b;\a),
) COS(biA2)7 CS; = COSh(bZ‘)q) Sin(bi/\2>,
1 s blzb, 62:2&—6.

cc; = cosh(b;A
A

SC; = Sll’lh(bz 1

AHann3 9uCIeHHBIX PE3YJIBTATOB MO3BOJIUII CJICJIATE CJIEIYIONINE BHIBOJIBI.

1. KadecrBennasi kKapTuna paciipe/ie/ieHus JIaBaeHus BJI0JIb 00JaCTU KOHTAKTa COBIIAJIAET
C pacIipe/jieJIeHneM KOHTAKTHOIO JIABJICHUS ITPU CTATUYECKOM HaI'DyKEeHUU.

2. VBesmuienne OTHOCHTE/ILHOI Macchl HakIa K Mo = M /Mjate TOHIKAET TACTOTY OCHOB-
HOT'O TOHA& KOJIeOaHWl MJIACTHHKYN ¢ HakKIaJkoil. [lonmkamoTes u Bce ocTajibHble COOCTBEHHBIE
YACTOTHI, T. €. BECh CIIEKTP COOCTBEHHBIX YACTOT CMEIIAETCs BJIEBO.

3. YMeHbIIEHNE OTHOCHUTEJHHOW TOJINUHBI IUIACTUHKN YILUIOTHSET CIIEKTD COOCTBEHHBIX
JaCTOT.

4. Tlpenebpexkenne jedOpMAIUAME CIBUTA 3aBBIIIAET 3HAUYEHNE COOCTBEHHBIX JACTOT. JTO
3aBbIIIEHNE HE3HAYUTEIBHO JIJIsT HUBIIUX YaCTOT U CYIIECTBEHHO JIJIsi BBICIIUX.

5. Ilpu omperesiennn YacTOThl OCHOBHOI'O TOHA KOJIEOAHUIT WHEPIUIO BPAIIEHUS MOXKHO
He YYHUTBIBATH; HEyYeT MHEPIMH BPAIEHUs IIPU OIPEJEJEHUN BTOPOIl M IOCIEIYIONNUX COb-
CTBEHHBIX YaCTOT KOJeOAHU IJIACTMHKU C HAKJIAJKOW ITPUBOIUT K IMOTPENTHOCTIM TOPSIIKA
200-300 I'm.

6. [lorpernocTu, cBsI3aHHbIE C IPeHEOPeKeHneM J1ebOPMAIUSME C/IBUTa U UHEPIIUU Bpaliie-
HUA, MaJIbl JIJIsT TOHKUX TIJIACTUH U YBEJUYUBAIOTCI TTPU YBEJTUYEHUH TOJIIUHBI ILIACTHHBI.

7. 3ajady omnpejiesieHns KOHTAKTHBIX HAIPSKEHW MPU YacTOTaX, JOCTATOYHO JAJIEKUX
OT PE30HAHCHBIX, MOYXKHO PEIIaTh C YIeTOM OJIHOTO JIUIIhL IOIEPEYHOT0 OOXKATUS IIACTUHBI,
npeneOperasi Kak CJABUTOM, TaK W WHEPIUEil BpalleHus.

8. Ilpu yBesmmuennn 4acToThl KOJaebaHWil OT HYJIS 10 Wy — YaCTOTHI OCHOBHOI'O TOHA — yPO-
BeHb HAIIPSKEHUIl TakykKe IMOBbIMaercs. CyIecTBYIOT Takue w > wi, IPH KOTOPBHIX YPOBEHb
HaIPAKEHNH 3HAUUTETLHO HUKE CTATHIECKOTO.

9. HecuMMeTpust pacrooyKeHnst HAKJIa KW TOBBIMTAeT YaCTOTY OCHOBHOT'O TOHA M YIIJIOTHSET
CIIEKTP COOCTBEHHBIX YACTOT.

[Tm. 2, 3, 8, 9 yKa3bIBAIOT IIyTU CHUXKEHUSA YPOBHSA KOHTAKTHBIX HAIPSKEHWIl B PEAHHBIX
KOHCTPYKIIMAX. TaK, HAIIPpUMeEp, P 33JIaHHOM YacToTe KOoJIebaHnii IIaCTHHKU ¢ YKECTKOW Ha-
KJIQJTKOI MBI MOXKEM, M3MEHNB MacCy HaKJ/IaJKN, YMEHBIINTh YaCTOTY OCHOBHOI'O TOHA KoJieba-
HUil 1 n30eKaTh PE30HAHCA, He 3aTparnBas reOMeTPUN IUIACTUHBI. Bapbupys TOJIIUHY T1aCTH-
HbI, MACCY U PACIIOJIOKEHNE HAKJIAIKN, MOYXKHO JOOUTHCS TOrO, YTOOBI YacTOTa BBIHY K IAIOIIEi
CUJIbI OKa3aJ1ach JIezKaIlel MeKly 9acToTaMUu COOCTBEHHBIX KOJIEOAHMIT IIACTUHBI C HAKJIA KO,
U TIOJIYYUTH HAIIPAZKEHUs] KOHTAKTa MEHBIIHIE, YeM IPU CTATHYCCKOM HATPYKCHUH.

4.3. OcecuMMeTPUYHBII KOHTAKT [MUJIMHIPUYIECKON 000JIOUKM C YKECTKO BTYJI-
Koii mpm Haysm4uu usHoca [16]. ZKecrkas Brynka jJmuoit 2a mocaykeHa ¢ HATATOM d
Ha OECKOHEYHO JIJTMHHYIO IUJIUHJIPUIECKYIO 000104Ky. [loBepXHOCTH 000JI0OUKHN M3HAIIMBACT-
csl B pe3yJibraTe BpaIleHus BTYJIKU C YIJIOBOH CKOPOCTBIO W, W3HOC abpasuBHbIi [17].

U3 perrennst craTudeckoii 3ajadu o mocajike 6aHmgazka Ha IUIHHIPHICCKYO 000J104KY |7]
M3BECTHO, YTO OE30TPBHIBHBIM KOHTAKT B HENPHUKJIEEHHOH 000JO0YKe HEBO3MOXKEH — CepemHa
000JIOUKH OTXOJUT OT BTYJIKHU. [[09TOMY ecTecTBEHHO PEIOI0KNATE, YTO IPU OJHOCTOPOHHE
cBsi3u ODOJIOUKM U BTYJIKH 00JacTb KOHTakTa ) Oyier cocroarh u3 jaByx 3om: b < |z| < a,
npudeM TOYKa OTpbiBa b HaM 3apanee HemsBecTHa, u o(+b,t) = 0.
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Moyesmmpyst yciaoBue KOHTaKTa BHYTPEHHEH MOBEPXHOCTU BTYJIKM C HAPYKHON MOBEPXHO-
CTBIO ODOJIOUYKHM B BHUJIE PABEHCTBA IEPEMENICHUN ¢ ydeToM 00KaThsi 0OOJOYKH TI0 TOJIIIUHE
1 yJaJeHneM JacTh MaTepraJja B pe3ysbTaTe M3HAIMMBAHUSA, IPUJIEM K WHTETPAJIHLHOMY YpaB-
HEHUIO CMEIIaHHOI'O THUIIa

t

k:oDa(x,t)—|—/G(x,{)a(ﬁ,t)df+NR0/0(x,t)dt: —Dd, x€Q, (22)

Q 0
rie t — Bpemd, N = K,Kjw, K, - xo3bdHIHEHT IPOHOPIUOHATIBHOCTH MeXKIy pabo-
TOI CHJI TPeHUsl U KOJIMYECTBOM yJlaJeHHOro MarepHuasa, Ky — Koapdumuent TpeHud,

Ry = (R+0,5h —d)D, R — paauyc cpeuHHO#l TOBepXHOCTH 060710uKN. DyHKIMS BIUSHUSA
G(x,§) sBisieTcs peneHreM COOTBETCTBYIOIIEH KpaeBoil 3aja4n u uMeeT Buj [18]

_ Eh
 R2D’

G(z,8) = %e”xﬁ (sin A |z — €| +cos Az — &), 4!

[Tpumenus k ypaBuenuto (22) npeobpaszosanue Jlamiaca 1o BpeMeHH U MeTOJ| CBEJIeHHsI K Kpa-
eBOii 3aJ1a1e, MOJTyInM n300pasKeHne KOHTAaKTHOrO jasjienus o(x,p). Obparenue npeobpaso-
Bauus Jlammaca mpoBouiIoch 1o mpubsmKkenHoMmy metony Tep-Xaapa [19]: o(z,t) =~ pa(x,p)
npu p = 1/t.
B rabu1. 2 npejicraBieHa 3aBUCHMOCTD (DaKTUIECKOiT JUIMHBI 001aCTH KOHTaKTa g = (a—b)/a
OT OTHOCHUTEHHBIX Pa3MepOB BTYJIKU a/h u pamuyca obonoukun R/h. Ha puc. 13, 14 mokasa-
t

HO pactpejienenue usnoca W*(x,t) = NR, / o(x,t)dt BIOIH 06JACTH KOHTAKTA B PA3JIMIHBIE

MOMEHTHI BpeMeHNU: KpuBas 1 COOTBeTCTByeg‘ t =50c,2-100c¢, 3 -1000 c, 4 — 10000 c.

[Tosryuennble pe3yabTaThl OKA3BIBAIOT, YTO CO BPEMEHEM YPOBEHb KOHTAKTHBIX HAIPIKEe-
HU YMEHBIAETCA, CKOPOCTh U3MEHEHU HAIPAKEHUN U CKOPOCTb M3HOCA MaKCUMAJIbHBI B Ha-
JaJIbHBIIE MOMEHT BPEMEHU, 3aTeM OHU OBICTPO MAJIAIOT U B JIAJbHENINEM OCTAIOTCS MOYTH I0-
crognnbiMu. V3HOC MakcnMasieHn Ha Kpaio 00JIacTH KOHTAKTa U MUHUMAaJIeH B IeHTpe. Pazm-
YUs B U3HOCE OTIEIbHBIX 30H 00JIACTH KOHTAKTA IOCTEIEHHO yMeHbInaloTcs. TakuM obpasom,
B HAYAJILHBIN [T€PUOJ] BDEMEHH ITPOUCXOJIUT TPUPAOOTKA TPYIIUXCs MOBEPXHOCTEN, TPUBOIAIIAL
K 0oJiee paBHOMEDHOMY PACIIPE/IEICHIIO KOHTAKTHOTO JIABICHIS B/I0JIb 001acT KOHTakTa. CKO-
POCTBb TPUPAOOTKH CYIIECTBEHHO 3aBUCUT OT IOCTOSTHHOM M3HAIMMBaHUA N, pajmyca 000T0UKH
U JITUHBI BTYJIKU.

Tabsa. 2. Pakrudeckad JINHA 00JIaCTU KOHTAKTa d(
Table 2. Actual length of the contact area ag

a/h R/h
20 20 100 200
0,143 | 0,085 | 0,063 | 0,048
- 0,049 | 0,026 | 0,017
10 - - 0,040 | 0,012
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10 10

10°

3 |7 4 /
DAY / ﬂ
10" V4 16°
10° //1 16° / I :

x X

X x

¢ ! 0 ¢
Puc. 13. W*(z,t) npu ao = 0,143 Puc. 14. W*(x,t) npu ag = 0,012
Fig. 13. W*(x,t) for ag = 0,143 Fig. 14. W*(z,t) for ag = 0,012

4.4. BzaummopeiicTBUe MJIOCKUX IIITAMIOB C KPYIJION IJIACTUHOM, JieXKalleii Ha
yrupyrom ocHoBaumuu [20]. YucienHo-aHanTiaecKasi MeTOMKA, [IPEJICTABIEHHAs] B Pa3/ie-
Jie 3, 6puta yenernrno npuMenena /1.JI. EropoBbiM npu periennn KOHTAKTHBIX 38149 JJ1si KPYTVIbIX
IUIACTHH, JIEZKAIIX HA YIPYTOM OCHOBAHUM U HAXOJSIIUXCS TOJT AeHCTBUEM IJIOCKUX IITAMIIOB
pa3au4HbxX dopMm B wiane. [ig pyHknum Bingaug ObLIO HANIEHO aHAJTUTUYECKOE ITPEJICTAB-
JIEHHE TIyTeM paz3JioKeHnud B psiji Pypbe 110 OKPYKHON KOOPIMHATE

[e.e]

G(T‘, 2 57 77) = Z ,Gn(T’, 5) Cos[n(go - 77)],

n=0

1 V(A7) fa(AE) — up(AT)gn(AE), 0 <r <¢&;
Gulrs€) = CunnOr) - Con @) + 35| G0 F ) — o), € <7

un(2) = ber,(z), v,(z) = —beiy(2), fu(z) = —hei,(z), gn(z) = her,(z),

C1n (&) 1 Cop () ompeiessiroTest yCJIOBUSIMU Ha KOHTYPE IJTACTHHBL U 3/16Ch HE TIPUBE/ICHBI BBH/LY
UX I'POMO3JIKOCTH, CUMBOJI » ' 03Hadaer, uro npu n = 0 BBoauTcst Kodbdurment 1/2.
Ha puc. 15, 16 mokazaHbI cCHCTEMBI KOOD/INHAT, CBI3aHHBIE C IJIACTUHOM W MITAMIIAMU B CJIy-
Yae PasJnIHbIX (DOPM IITAMIIOB.
DopmyJIbl IEPEXO/IA OT CUCTEMBI KOOP/IMHAT IJIACTUHBI K CUCTEMEe KOOPAMHAT IIITaMIIa TMEIOT
BUJ,
rcosp =e-+pcosy, rsing=psiny

JIIsT KPYTOBBIX ObJiacTeil u
rcosep =e+xcosf —xsinf, rsinp = xrsinf + y cos

JIJIsT TIPSIMOYTOJIBHBIX ODJ1acTeii.

CXOAMMOCTD PSIJIOB MCCJIEI0BAIACH YUCAEHHO, IIPU 3TOM OBLIO ONPEIeIeHO0 MUHIMAIBLHOE
YHCJI0 YJIEHOB psijia, KOTOPOe HEOOXOAUMO JJIsi JOCTUXKEHHUS 3aJaHHON TOYHOCTH IIPU OIIpeje-
JIEHUW HATPSIXKEHUA.
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Ha puc. 17-22 nokazaubl n3ojguHAN Ge3pa3MepHOro IapaMeTpa HalpsizkeHuit o*(p, x) s
KPYIIbIX win o*(x,y) [ IPSMOYTOJIbHBIX IITAMIIOB, PABHOIO OTHOIIEHHIO KOHTAKTHBIX Ha-
NPSIPKEHNI K CPEIHEMY HAIPSIZKEHUIO, OIIPEIE/ISIEMOMY JIeJIEHIEM MIPUAKIMAIOINIEH CUJIBI Ha TLJI0-
Ia/Ib IITaMIIa.

Ha puc. 17, 19, 21 xpaif miacTuHBI »KECTKO 3aiieMiieH; Ha puc. 18, 20, 22 — cBoOOEH.
DKCIEHTPUCUTET TIOJIOKEeHUs 1eHTpa mramna e = 0.7R Bcomy.

Puc. 15. Cucrempl KoopmHaT i KPYyIIbiX  Ppc. 16. CucreMb KOOPJIMHAT JJIA NIPAMOYTOJIb-

IITaMIIOB HBIX IMTAMIOB
Fig. 15. Coordinate systems for round stamps  Fig. 16. Coordinate systems for rectangular
stamps

0.05 0.05
i
I|| i
|L'|||| =
o oF -
-0.05 0.05 |-
0.05 ' 01
Puc. 17. Uzomuuuu o*(p, x) Puc. 18. Uzomunuu o*(p, x)
Fig. 17. Isolines o*(p, x) Fig. 18. Isolines o*(p, x)
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0.05 0.05

-0.05 -0.05

Puc. 19. Uszonunuu o*(p, x) Puc. 20. Uszomuaun o*(p, x)
Fig. 19. Isolines o*(p, x) Fig. 20. Isolines o*(p, x)

0.05

-0.05

.05

Puc. 21. Usonunun o*(x,y) Puc. 22. Uszonunun o*(z,y)
Fig. 21. Isolines o*(x,y) Fig. 22. Isolines o*(x,y)
3akJrroueHne

[IpeicTaBieHHBIE PE3YIBTATHI TOITBEPK AAIOT 3(PDEKTUBHOCTH MATEMATHIECKHT KOPPEKTHOI
IIOCTAHOBKYU W METOJIa PeIeHns] NHTEerPAJIbHBIX YPaBHEHUIT KOHTAKTHBIX 33189 B CTATUIECKIX
U JIMTHAMUYECKUX CJIyYasX, JJIs OJJHOCBSI3HBIX U MHOTOCBA3HBIX 00JIaCTell KOHTAKTA, JIJIsl IIITaM-
[IOB CJIOKHBIX (POPM.

BunaunTesbHasg 9acThb UCCJIEI0BATEIHLCKON pabOThI, HAYMHALA C MOJIYUICHUs] aHATATUICCKIX
U YUCJICHHBIX PEIIeHnil 3a/1a1 1 3aKaAHINBAs AHAJTU30M PE3Y/ILTATOB, ObLIa BHIIOJIHEHA yUeHIKA-
MM aBTOpa — CTyJeHTaMH U aclupaHTaMu ‘A.A. Topneesoii |, E.A. Topaeesoit, /1.J1. Eroposbim,

I''I". Buranmmuoit, C.B. Kpacuosbim, O.E. Kysuenosoit, 9.P. Jlordymmmoir, {.B. Mopenko,
A H. Humakoseim, A.C. [leuenunbim, /1. M. Canaxosoit, E.B. Cmeranunoit, M.A. Toukacopoit,
JI.P. Xaitpymuaeiv, P.P. Xakumzsaaoeiv, A.H. IllummmoBoii mpu BBIIOJHEHUN KYypPCOBBIX,
JIUIJIOMHBIX U JINCCEPTAIMOHHBIX PaboT. ABTOp OJIAaroJapuT WX BCEX 3a SHTY3Ua3M U J00po-
COBECTHOCTD!
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YrupyromiacTudecKuii m3rud mjIacTUHOK C HeHTPaJbHbIM
OTBEPCTHEM B TPEXMEPHOII MOCTAHOBKE
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AnnHoTamus

IIpencraBienbl MaTeMaTUYeCKast MOJETb U aJCOPUTM AHAJIN3a, HAIPIKEHHO-T1e(OPMUPOBAHHOTO
cocrostuust (HJIC) ynpyromracTndeckKnx MmIACTHH € MEHTPAIbHBIM KPYIVIBIM OTBEPCTHEM B TPEXMeEp-
HOI mocTanoBKe. PazpaboTaHHBIN aJIrOPUTM MO3BOJISIET PACCMATPUBATD JIIOOble KpAaeBble YCJIOBUS, 3a-
BACUMOCTH M MaTEpUaJIbl, JJIsl KOTOPBIX CYIIECTBYIOT IKCIEPUMEHTAJIBHBIC 3aBUCHMOCTHU JIHarpaMM
nedopvupoBanus. Mojenb ocHoBaHa Ha J1eOPMAIMOHHON TEOPUH IJACTHIHOCTA W Pean30BaHA
C TIOMOIIBIO KOMOMHAIIMKM MeTo/ia KoHedHbIX djteMeHToB (MKD) 1 MeTona mepeMeHHBIX mapaMeTpoB
yupyroctu U.A. Buprepa. s mosydeHust JOCTOBEPHBIX PE3YILTATOB UCCIEIOBAHBI TUI KOHEYHBIX
snementoB (K9) u ux kommuectso B 3D-10cTaHOBKE, & TaAK¥Ke CXOJIUMOCTDH PEIICHUH HA CeTKe U3 TeT-
PadIpAJIbHBIX U [EKCa3IPAJIbHBIX KOHEYHBIX 3JIEMEHTOB JIJIsl INIACTUHKU C OTBEPCTUEM B IEHTpe U 6e3
oTBepCTHS. BBISBIEHO, YTO ONTUMAJILHBIM sIBJISETCS KOHEUHbIHN 3/1eMeHT B (popMme rexcasipa. [Ipuseme-
HBI IIPAMEPBI pacdeTa IPAMOYTOJIBHON B IJIaHE IJIACTUHKHM, 3allleMJICHHON 0 KOHTYPY, IPHU JeHCTBAN
IIOCTOSTHHOM Harpy3ku. MaTepuaj IJIACTUHKN — YUCTBIN aJIOMUHUN, OMUCHLIBAEMbII U3BECTHOW TUa-
rpammoit medopmuposanus FO. Oxacu n C. Mypakamn.

KitroueBbie ciioBa: jieOpMAIMOHHAS TEOPUs [LIACTUYHOCTH, METOJ, IePEMEHHbBIX TapaMeTpOB
YIPYT'OCTHA, METOJ, KOHEYHBIX 3JICMEHTOB, TPEXMepHasd IIOCTAHOBKA 3a/1a4!
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Elastic-plastic bending of plates with a central hole
in a three-dimensional setting

A.E. Makseev! ™ K.S. Bodyagina', M.V. Zhigalov?, V.A. Krysko?

YYuri Gagarin State Technical University of Saratov, Saratov, Russia

2Lavrentyev Institute of Hydrodynamics, Siberian Branch, Russian Academy of Sciences,
Novosibirsk, Russia
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Abstract

This article presents a mathematical model and algorithm for analyzing the stress—strain state
(SSS) of elastic-plastic plates with a central circular hole in a three-dimensional setting. The
developed algorithm can be applied to any boundary conditions, dependencies, and materials for
which experimental stress—strain diagrams are available. The model is based on the deformation theory
of plasticity and was implemented using a combination of the finite element method (FEM) and the
method of I.A. Birger’s variable elasticity parameters. To obtain reliable results, the type finite elements
(FE) and their number in a three-dimensional setting were investigated, along with the convergence
of the solutions on a mesh of tetrahedral and hexahedral FE for a plate with and without a hole
in the center. The hexahedral FE was found to be the most optimal. Computational examples for a
rectangular plate clamped along the contour and subjected to a constant load were provided. The plate
material considered is pure aluminum described by the stress—strain diagram developed by Y. Ohashi
and S. Murakami.

Keywords: deformation theory of plasticity, method of variable elasticity parameters, finite
element method, three-dimensional problem setting
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BBenenue

Kpyrosoe orBepcTue siBjisieTcsl TUIIOBBIM KOHIIEHTPATOPOM HAITPSKEHUI, YACTO BCTpEYalo-
IUMCS B POTOPHBIX JINCKAX ITaPOBBIX TYPOWH, JJOH2KEPOHAX KJIEITAHBIX PaM I'PY30BbIX aBTOMOOU-
JIeit, 3BYKOITOTUIOIIAIONTINX KOHCTPYKITUAX aBUAIMOHHBIX JBUTATEsel, Manroyrax u ap. B mpo-
I[IeCCe IKCILTyaTalluy 3T 3JIEMEHTHI IOABEPKEHBI HAIPY2KCHUIO, KOTOPOE MOXKET IIPUBOIUTD K JIe-
dbopmarusiv mwiacruarocTH U pasrpyske. Ocrarounbie Hanpsizenus |1, 2|, Bo3HuKaomume npu
pa3rpys3Ke, ABJIAIOTCA OJHOM U3 OCHOBHBIX TPUYUH (DOPMUPOBAHUL J1e(DEKTOB B MaTepUAIaX IIPU
CHSITUU HATPY3KU. AHAU3Y ABJEHUS OCTATOUHBIX HAIPSIYKEHUI U €0 MOCJ/IEICTBUSIM TOCBSIIIEH
[EeJIBIA PAL UCCIIEIOBAHNN, HEKOTOPBIC N3 KOTOPLIX YIOMAHYTHI HAZKE.

OdeHb BaKHBIM SIBJISIETCSI COIIOCTABJICHUE PE3Y/IbTATOB, IMOJIYyYEHHBIX KCIEPUMEHTAIHLHO
U 9HCJIEHHBIMU MeroJamu. Tak, B pabore [3| umciieHHBIE PE3YJIBTATHI, MOTYyIE€HHBIE METOOM
koHeuHbIX jeMenToB (MKD) mius miactunok Kupxroda, Ol cpaBHEHBI ¢ 9KCIIEPUMEHTA b
HBIMH JIAHHBIMHY JIJIA TPEX BUJIOB MaTepuaJia — HI3KOYTJIEPOIUCTOMN CTa/I, A JIOMIHIEBOTO U Mar-
HUEBOIO cIIaBoB. Vcciie1oBaH BOIIPOC BIAUAHIS PA3rPy3KU PU MUKJINIECKOM HATPYKEHUN JIJIs
TpeX YKa3aHHBIX Bbllie MaTrepualios [4,5]. Mcnoap3oBana Mojie/b HEJTMHETHONO KHHEMATHIeCKO-
ro ynpounennss Chaboche st mogenuposanus a¢gpdekra Baymmarepa, 9To MO3BOIMIO BOCCO-
3/1aTh MOC/IEI0BATEILHOCTD YIPYTOILIACTUICCKUX HATPYKEHUI U pa3rPy30K C MCIIOJIL30BAHIEM
MeTO/Ia KOHEYHBIX 3JIEMEHTOB.

B pa6ote [6] o momesnn Kupxroda 6611 IpoBeieH IKCIEPUMEHT JIJIsi HEKOTOPBIX THIIOB T'€0-
MEeTPHUHU TEHTPAJILHOIO OTBEPCTUA B IJIACTUHKE TPU OJTHOOCHOM PACTAXKEHWH, UTO MO3BOJIUJIO
9THM K€ aBropaM B 7| SKCIIepUMEHTAIBHO JIJIsl IJIACTUHOK U3 HUKEJst OOHAPYKUTH 3hDheKT
[Topresena—Jle Ilarenne (ITJIIII) — npocTpaHCcTBEHHO-BPEMEHHOl HECTAGUIBLHOCTH TLJIACTUHYE-
CKOro Tevenusi. B Ha3BaHHDBIX 9KCIIEPUMEHTAJIBHBIX pab0OTax OTCYTCTBYET CPABHUTEIbHbBIN aHa-
JIN3 BJIMSHUS JIMaMETPa OTBEPCTHUs Ha IIacTUUIecKue jiehopMaliuu Ipu HArpy3Ke — pa3rpy3Ke.
Taxxke jyis acTunok Kupxroda pe3yabTarhl YUCJIEHHBIX UCCIEIOBAHUN KOHIIEHTPAIIMN Ha-
MPSZKEHIH BOKPYT OTBEPCTHIA, oIy deHHbIe ¢ moMoInbio MKD, anamurudeckux mo/ixo/10B Ha, 0c-
HOBE aCUMIITOTUIECKUX PA3JIoKeHuii 1 Merojia HanMenbinux Keajparos (MHK), npecrasienst
B paborax [8-10].

B [11] mocrpoena maremaTmueckasi MOJeTh KOHTAKTHOIO B3aUMOJEHCTBUSI JBYX ILJIACTHH
(kmHEMaTHIecKas MoJiesib Kupxroda) ¢ yueToM pasHOMO/YJIbHOCTH MATePUAJIOB, (DU3MIECKO
U KOHCTPYKTUBHOIN Hesimueitnocteit. [l mccaenoBanus HampsizKeHHO-1eDOPMUPOBAHHOTO CO-
CTOsIHUS IIPUMEHEH METOJI BAPUAIMOHHBIX UTEPAIUl, [IO3BOJIAIONINN CBECTU YPABHEHUS B YaCT-
HBIX [IPOU3BOJIHBIX K O0BIKHOBEHHBIM b depenimaibabiM ypasaenusm (O/Y). McnonbzoBan
MeTOJI TIepEMEHHBIX mapamMeTpoB ynpyroctu Buprepa [12].

Pab6ora 13| mmocssimena mocTpoeHnio 1 UCCIeJ0BAHIIO MATEMATHIECKIX MojieIeil (pusnaecku
HeJINHEeHHBIX IJIACTHH U 0aJI0K U3 OMMO/LY/IbHBIX MaTepUasIoB. JJIs YUC/IEHHOTO UCC/IeI0BAHNUS
HCIIOJIb30BaHbl KPUTEPHil IIACTUYHOCTH Mpnseca M MeToJ NepeMeHHBIX IIapaMeTPOB TeOpUH
ynpyroctu Buprepa [12], MKD), mis Koroporo npoaHaJn3npoBaHa ero CXOAUMOCTb U JIOCTOBED-
HOCTB PE3YJIbTATOB. 3aJaua ¢ pa3rpy3koii 6bLia uccienobana B padore [14]. B [15] pazpaborana
MaTeMaTuueckas mMojesb ruokux (1o reopusim gon Kapmana u I'puna—Jlarpanzka) dusnde-
CKI HEJMHEHHBIX HOPUCTBIX Pa3MEepPHO-3aBHCUMBIX OasIoK Diinepa— Bepnym mon jgeiicrsueM
HONIEPEYHOM 3HAKOIIEPEMEHHO HArpy3Ku. VCII0/1b30BaHbl HTEPAIMOHHbIE AJITOPUTMbI (KOHETHO-
PA3HOCTHBII METOJ, B COYETAHMU C METOJIOM IIePeMEeHHBLIX MapaMeTPOB YIPYTOCTH IPU ydeTe
busnIecKoil HeMHEHHOCTH) pacdeTa XaoTHIECKUX U TUIIEPXa0THIECKUX KOJIeOaHuil Kak Mexa-
HUYECKOI CHCTEMBI C «II09TH» OECKOHEYHBIM YUCJIOM CTeIleHel CBOOOILL.
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B pabore [16] npeioxken 10/Ix0/] HEPA3PYIIAIOMIEr0 KOHTPOJIS MEXaHUIECKUX KOHCTPYK-
uii, cocTodmuii m3 ABYX 3TanoB. Ha mepBoM 3Tame NpoOBOIUIACH HIACHTUMUKAIUA I10-
JocTeli/BKIIOYeHn ¢ pasHbIME  (DU3NIECKUME CBOMCTBAME ¥ MPOM3BOJIBHON TeoMeTpHeil
B 3D-KOHCTPYKIUSX Ha OCHOBE TEMIIEPATYPHOIO IT0JIsi, METOIOB CKOJIB34AINX ACUMIITOT U KOHEY-
HBIX 3JIeMeHTOB. lIpuBesieHbl pe3yIbTaThl, JIeMOHCTPUPYIONEe OOHAPY KEeHNE BKJIIOUEHUiT pas-
JIMYHOIN reoMeTprdaeckoil popMmbl (Ky0, cdepa, SJIUIICOn T, TOP U BKJIIOYEHUs CJIOKHON (DOPMBI )
U3 CTaJIU, MEJIU U AJIIOMUHUA.

B uccnenosanun |17 nokasana NpUHIMIKAIbBHAS BaXKHOCTH HMCIIOJB30BAHUS TPEXMEDPHBIX
MoJIesIell 115 aHaIn3a nepoprupoOBaHHBIX KOHCTPYKIINNA. ABTOPBI YCTAHOBUJIN, YTO IPUMEHEHNE
00bEMHBIX KOHEUHBIX 9JIEMEHTOB TI03BOJISIET BISIBUTH KOHIICHTPAIMY HAIIPSYKEHU Ha BHYTPEH-
Hell TTOBEPXHOCTU 0DO0JIOUKH, KOTOPBIE HE YYUTHIBAIOTCH B JIBYMEPHBIX 00OJIOYEUHBIX MOJIC/ITX.
[Tonyuennbrit KO3 MUITMEHT KOHIIEHTPAIIUN HANIPIKEHUI JOCTUTAeT 3HAUYEHUA 2, UTO IOJITBEP-
JKJTaeT HeOOXOIMMOCTh TPEXMEPHOI'O aHAJM3a.

BaskHbIil acrekT nccaeoBaHnus HAIDY3KH —Pa3rpy3Kd paccMOTper B pabore [18]. Asro-
PBI UCIIOJIB3YIOT MOANMUIIMPOBAHHYIO MO/1esh JIleonoBa — [lanacioka — /lyrieitsia ¢ yaeTom 30HBI
IUIACTUYIHOCTH, YTO [MO3BOJISIET aHAJM3UPOBATD MPOIECCHI J1Ie(POPMUPOBAHUS IIPU ITUKJINIECKOM
Harpyxkeunu. Juciaennoe mogemupopanune MKD mogreep:xkaer ajeKBaTHOCTH 9TUX aHAJIUTHU-
YEeCKUX PEIICHUI.

Ocoboro BHUMAaHUS 3aC/IyKUBAeT HMccaenoBanue [19], rjae mpoaHaJM3npoOBaHO BIMSIHUE 3a-
30pOB MezKjy GOJTOM U oTBepcTHeM Ha Koddduiment konientpanun Hanpszkeruil (KKH).
[Tokazano, 4To usmenenue 3a3opa B quanaszone 0—1 % amamerpa npusoaut K usmenenno KKH
110 10 %, 910 HEOOXOANMO YUUTLIBATL IIPU PacdeTaX HAIPYZKEHUS — PA3rPyKEHMS.

B pabore [20] sKcriepuMeHTATBLHO HCCIEI0BAHO BIUSHIE HAa TPOYHOCTHBIE XapaKTePUCTUKH
COOTHOIIEHUsI TITUPUHBI 00pa3ia K JuaMeTpy orBepcTusd. [lojiydeHHble JIaHHbIE UMEIOT BaXKHOE
3HaYEHHE I IPOTrHO3MPOBAHKS [TOBEICHUS IIACTHH IIPU MUKJINIECKOM HArPY>KEHUN.

Uccrenosanne [21]|, ocHoBaHHOe Ha MeTOJie MHTErPATHHBIX ypPABHEHHU, OKA3aJI0, ITO Xa-
pakKTep pacipelie/ieHus] HAIPsiZKeHUii (coKaTue WM PACTsyKeHne) Ha IPaHUIe OTBEPCTUS Cy-
IIECTBEHHO 3aBUCUT OT COOTHOIIEHUS €ro paJinyca W 30HbI IJIaCTUIHOCTUH. B wacTHOCTH, I
OTBEPCTUII MAJIOIO PaJINyca BO3HUKAIOT BBICOKNE PACTATMBAIONINE HAIIPAXKEHUs, KOTOPbIe CHU-
JKAIOTCs € YBEJIMYEHUEM pa3Mepa OTBEPCTHUs. DTOT BBIBOJI KOPPEIUPYET C PEe3y/IbTaTaMU pe-
[IeHUsT yIPYTOMIACTUIECKOH 3a/1a41 JJisi CTPUHIEPHON IIJIACTHHBI ¢ KPYIJIBIM oTBepcTueM [9),
IJle UCIOJIb30BaHbl ycjioBue miractudnoctu Tpecka—Cen-Bernana nm KoMOMHUPOBAHHBINA METO/T
(Teopust Bosmytenuii, anaaurundeckue Gyukiun 1 MHK). D101 m0/1x0/1 103B0JIsSIET OIPEIeInTh
rpaHuIly pasjiesia YIPyroi u miactTudeckoi 30u n ucciaeaoarb HJIC koHCTpyKINm.

UccnenoBanre KOHIIEHTpAIUKA HAIPSKEHUN B IICEBJOYIPYTUX IJIACTUHAX U3 CILJIABOB C TIa-
MaATbIO bopMbl (SMA) [22] moquepkuBaeT BazKHOCTh y4era (Pa30BbIX IPEBPAIIEHUIN U [IACTHY-
noctu. Venosib3oBanue merona 1mudpoBoit Koppessiun u3obpazkennit (DIC) s kaanbpoBku
KOHEYHO-3JIEMEHTHOM MOJIe/ TN TTO3BOJIUJIO aBTOPaM IpojeMoHcTpupoBaTh, uto KKH He asisger-
Cd TIOCTOAHHBIM U U3MEHSETCH B 3aBUCUMOCTH OT CTaJ UK (DA30BOTO MPEBPAIICHUS U PA3BUTHA
IJTACTUIECKUX JedopMariuii. 9To yKas3blBaeT Ha HEOOXOJIMMOCTH HEJNHEHHOrO aHaIn3a s
COBPEMEHHBIX MaTEepHUAJIOB.

Psan pabot mocBsIen ynpaB/IeHuIo TIACTUYECKUME JIeOPMAIUAMI B CTPOUTE/IHLHBIX KOH-
CTPYKIIUAX C IEJIBIO TIOBBIMEHUS UX ceficMuyueckoil croiikoctu. Tak, MeTos ocjaadieHus T
B NIPUI'PAHUYHBIX 30HAX IIyTeM CBepJieHHsi oTBepcTHii [23] qokaszan cBowo 3hdeKTUBHOCTD J1ist
HaIlpaBJIeHUsl [JIACTUIECKUX MIAPHUPOB B KeJlaeMble 30HbI (6aakn). AHAJIOIMYHO B CTAJIbHBIX
KOHCTPYKIMsIX [24] paccemBanne SHEPrUM JOCTUTAETCH 3a CYET MPOEKTHPOBAHUSI COEJIUHEHMUI,
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e IIacTudecKne jgedopMalin KOHIEHTPUPYIOTCS B OMOPHBIX IIACTUHAX C OTBEPCTHIME, 0Oec-
[eYnBasi MpeJicKazyeMoe IIJIaCTUYECKOe TTOBeJIeHne. DTH UCCJIEJOBAHIA T0KA3aJ/Id, YTO OTBEP-
CTHA ABJIAIOTCA HE IIPOCTO OCH&6H€HI/I6M, a MHCTPYMCHTOM Jid YIIpaBJ€eHUA ITJIACTUIHOCTBLIO
BCEl KOHCTPYKIIUU.

UccrenoBanne yeTaaocTHON TPOYHOCTH CTOMOPHBIX IIACTHH |25 IIPOIEMOHCTPUPOBAJIO, 9TO
HaJIn9Me BUHTOBBLIX 3alVIYHICK, CO3JAI0IIMUX JIOKaJIbHbIC IIJIACTHUYCCKHUE ﬂe(bOpMaL[I/II/I B OTBEP-
CTUAX, MOXKET 3HAUYUTEJIBHO IIOBBICUTH YCTAJIOCTHYIO IIPOYHOCTH ILJIACTUH M3 HEprKaBerollen
crasm. OJHAKO JJIT TUTAHOBLIX CILIABOB 3TOT 3hdeKkT He HAOJIIONAETCs, UTO MOIYEPKUBAELT
3aBUCHUMOCTD YIIPYIO-ILJIACTAYECKOTO OTKJINKA OT MaTepuaJa.

CitestlyeT OTMETUTD, 9TO OCHOBHBIE nccienoBanud 1o anaandy HJIC miactun npoBoguinch
JUId KWHeMaTndecKux Mmopeneir Kupxroda, nmpuueM B TpexMepHOil MOCTAHOBKE IPH JeHCTBUM
[IOTIEPEYHOI PaBHOMEPHO-PACIPEIEICHHON HAIPY3KHU 110 1eDOPMAIMOHHON T€OPUN TLIACTUTHO-
CTH TaKue HuccjaeaoBaHnugd OTCYTCTBYIOT.

B nacrosgrieit pabore mocTpoenbl MareMaTnieckas Mojienab u aaroputrM pacdera HJ/IC nps-
MOYTOJIBHBIX IIJIACTUH C IIEHTPAJbHBIM KPYIJIBIM OTBEPCTHEM, C YIETOM Pa3T'PYy3KHU, B TpeXMep-
HOI IIOCTAHOBKE. MeTO,ZLOM KOHEYHDbIX 9JICMCHTOB (TI/IH KOHEYHOI'O dJIEMEHTa, €ro CXO;LHMOCTI:)
C TIOMOIIIBIO MeTOJIa TIePEeMEHHBIX TapaMeTpoB buprepa [12] JJId YUCTOr'0 AJIIOMUHUA UCCJIEI0-
Bano H/IC miactun B 3aBUCHMOCTH OT JHaMeTpa MEHTPAIHLHOT0 KPYTJIOO OTBEPCTHUS.

1. IlocranoBKa 3amavu

PaccmorpuMm crutomboe TBepaoe Teio B (popMe MPSMOYTOJbHON IIJIACTHHBI, 3aHIMAIOIIEi
B JIEKAPTOBOIl CHCTEME KOOPJMHAT TpexMepHyIo obsacth (puc. 1). B sToit cucreme KoopuHar
IUIACTUHKA, KaK TpexMepHas 00/1acThb (2, ompejeneHa CJIeayomIM 00pa3oM:

Q={(z,y,2) eR’ |z €[0,a],y €[0,0],2 €[0,h]}.

B nenrtpasnbhoil 06/1acTH IJIACTUHBI PACIOJIOZKEHO CKBO3HOE IUJIMHJIPUIECKOE OTBEPCTUE
jmameTpoM d. ['paHnynble TOBEPXHOCTHU

Sy ={x=a, ye€[0,b], z€[0,h]},

a—d a+d b—d b+d
52_{:56[0, 5 }U{ 5 ,a],yG[O,T}U{T,b},z—h},

Sy ={x =0, ye[0,b], z€[0,h]},
Sy={x€[0,a], y=0, z€[0,h]},

[ a—d a+d b—d b+d
o= {re o5 o[t a] e fo 5o [H24], —ol.

Se ={x €[0,a], y=">b, z € [0,h]},

(a —d a+d b—d b+d
57_{xe 5y },ye[T,T},ze[o,h]}.

(1)

Ha mnosepxnocts Sy neficTByeT momnepedHasi HArpy3ka uHTeHcuBHoctu ¢. lloBepxnocTtu
Ss u S7 cBoOOIHBI OT Harpy3ok. Ha moBepxuocTsx Sy, S3, Sy u Sg 3aJaHbI CIEIyIONINE Ipa-
HUYHBIE YCIOBUS:
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S5

Puc. 1. PacueTHast cxeMa TpexMepHO#i MJIACTUHBI C TIEHTPAILHBIM OTBEPCTHEM
Fig. 1. Schematic diagram of a three-dimensional plate with a central hole

Matepuas IJIaCTHHBI YIPYTHUil, TPOCTPAHCTBEHHO HEOJHOPOJIHDLIN U (PU3NUECKU HeJTMHeli-
HBII. YTIPYTOIIACTUYECKIH OTKJIMK MOJICTUPYEM B paMKax JepOPMAIIMOHHON TEOPUH TLJIACTU Y-
HOCTHU. Y paBHEeHHs paBHOBecHs Kolu B rmepeMerieHngax uMeroT BUT

N \ AN
7 i ya 7

A+ p) 0, + pAu+ F =0, Z@w,ﬁy,ﬁz), Ku,v,w), aF,G,H), (2)

rae 0,,0,,0, — 9acTHBIe TPOU3BOAHEIE @ 1O KOODJAMHATAM Z,Y, 2 COOTBETCTBEHHO,

_Ou Ov Ow E(z,y,z,e;,e0)v(x,y, 2, €, €0) _ E(x,y,2,8,¢0)

6

N g—i_@_y—i_g’ (1+v(x,y, 2,&,60)) (1 — 2v(z, 9y, 2,€,€0)) a 2(1+v(z,y,2,€i,80))’

E u v — moxyns ynpyroctu u koddduriment [lyaccona, cooTBeTCTBEHHO, 3aBUCAIIINE OT KOOP-
JIMHAT ¥ HAIPIKEHHO-/1e(DOPMUPOBAHHOTO COCTOAHUS B ILJIACTUHKE.
VYpaBuenus (2) npuenem K 6e3pasMepHOMY BHJLY C MOMOIIBIO BbIPAYKeHUIT

~ xT ~ Y ~ z ~ u ~ v ~ w
"L‘:ga ?/237 ZZE) U=— V= W= —.

NuTrencuBHOCTD JleopMalinii MpuMeT BT

V2 3
_ V- _ 2 _ 2 _ 2 4 22 2 2
€ = 3 (Ezz 8?’#]) + (5yy 822) + (822 6962) + 2<€:ry + €2z + gyz)'
[Tpu onpeiesieHny MOsIBJIEHNS TLJIACTHIECKUX JedOpMaIiiii UCIIOJIb3yeM KPUTEpUil 11acTid-
Hoctu Museca. st MojeMpoBaHus yIPYTOIJIACTHYECKOr0 U3rMOa TPEXMEPHOl ILIACTUHKE
PaCCMOTPHUM JMArPAMMY [Tl 9UCTOrO aroMuHust |26]:

0; = 04 [1 — e‘gi/ES} upu de; > 0,
g; 3G0 (&fi — 8117) 1Ipu dé—fi < 0.

rae €s — IpeJesl TeKy4YeCTu MaTepuaJia, 811) — OCTaTO4YHbIC IIJIaCTHUYICCKUE ,He(bOpMaHI/II/I.
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2. BpruucieHHBI 3KCOEPUMEHT

Hucsiennoe uccsieioBanne ypapuenus (2) ¢ kKpaesbiMu ycjaoBusgMu (1) ObLIO TIPOBEIEHO
¢ momorpio kombuaanun MKD u merona nepemenubix nmapamerpos yupyrocru Buprepa [12].
PesynpraTsr mosty4dens ¢ momoripio mporpavMvuoro nakera COMSOL Multiphysics. Ucnonszo-
BaHA IJIACTHHA M3 YUCTOTO AJIOMUHUS CO CJIEIYIONNMI Xapakrepuctukamu: ¢ = 1m, b = 1w,
h = 0.05M, Momynan casura G = 25 - 10°Ila u momyas FOnra Ey = 66.6 - 10? I1a, obbeMHbIi
Moyib K = 1.94G,. Koadbdurment Ilyaccona v = 0.35. Mccaenopana cxomumocts MKD i
IJIACTUHBI C IEHTPaIbHBIM OTBEPCTHEM IIPU BapbHPOBAHUHU MAPaAMETPOB CETKH. Pe3ysbTars
[OJIYYEHbI JJIsd JBYX THUIIOB KOHEYHBLIX 3JIEMEHTOB: IE€KCa’dIpbl U TeTPasipbl. PaccMOTpeHbI
JBa, ciydasd: 1tacTuHa ¢ orBepctreM d = 0.3 m ciuionHas 1iacTuHa 0e3 orBepctud d = 0.
B Tabn. 1 npejcraBieHbl MakcuMaJibHble niepeMenienuss Wi u Wy 1miacTUHBI ¢ OTBEpPCTHEM,
JIICKPETU3UPOBAHHON rekcasapaibubiMu  (Wi) u rerpasapanbabivu (W)  s1emenTamu;
W3 u W, — MmakcuMmaJibHbIe epeMeIeHns CIJIONTHOM IACTHHBI (6e3 OTBepCTHsI ), JTUCKPETU3U-
poBaHHO# rekcasapaababivMu (Ws3) u terpasapanbubivu (W) ) smementamu; Ni — KOJIHIECTBO
KOHEUYHBIX 9/IEMEHTOB B (popMme rekcasapa, Ny — KOJTUIECTBO 9JIEMEHTOB B (hOpMe TeTpasd/Ipa.

Taba. 1. 3aBUCHMOCTH MaKCHMAJBHBIX TEPEMENIEHU IIACTHHBI OT TIeOMETPUYIECKUX Tapame-
TpoB (a/h,d) u NIOTHOCTH CeTKU TeTpasiaibHbIX Na U rekcasapaiababix Ni KD

Table 1. Dependency of the maximum plate displacements on the geometric parameters (a/h,d) and
the density of the tetrahedral Ny and hexahedral Ni FE mesh

d=0.3, q=40 | d=0, ¢=40

N W, N, W, | M Wi N, Wy

109 7.3486 -107° | 939  7.3486-107° | 100 9.7769-107° | 774  9.9286-107°
156 7.4814-107° | 1316  7.5492-107° | 169 9.9459-107° | 1236 1.0114-107*
341 7.5939-107° | 3895 7.6712:107° | 342  1.008-10~* | 3281 1.0293-10~*
1442 7.9228-107° | 13769 7.9454-107° | 1682 1.059-10~* | 13654 1.0654-10~4
6810  8.05-107° | 90168 8.1031-107° | 7500 1.0842-10~* | 96163 1.0936-10~*

§=1.58 —1.94 \ —92.97 5 =257

MaxkcumasibHOE 3HAYEHHE IHepeMelieHnAd W 1o 061>eMy IJIacTuHbl  V OIIpeaeJsIeHO

o popmyiie
W = / wdV,

7
a OTHOCHUTEJIbHAS ITOI'PENTHOCTD PEIIEHUs] BBIYUC/ICHA CJISYIONUM 00pa30M:
|wn—1 - wn|
y=—————-100%.
w1

B oboux cirydasgx MOHOTOHHAsI CXOIUMOCTDL HAOJIIONAETCH JJIsT TEKCAdIPATbHBIX 3JIEMEHTOB
upu yseaudenun Ni. Hammame orsepcrust cnmkaer W ma 20-25% wms-3a nepepacupeesre-
HUs HaIpsizKeHWil. ['eKcaspbl 1eMOHCTpUPYIOT Oojiee OBICTPYIO CXOAMMOCTH, HAIPUMED, IIPH
N; =~ 150 pemrenne cxoaurcda K pesyabratam st Ny ~ 1300 npu d = 0.3. Iorpemraocts i
rpyobix cerok Ny jgocruraer 8-10%. Ilpu N; > 3000 norpermaocts He npepbiinaer 2.5%.
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BuiBogbr: 17151 MOJIeInpoBaHus epOPUPOBAHHBIX IIJIACTUH PEKOMEHIOBaHbI MeKCadIpaib-
HeIX ceTku ¢ N7 > 3000 (§ < 2.5%). Terpasapasibubie KD cerku Tpebyror Ha MOPSIOK GOJIbIITE
9JIEMEHTOB JIJIsI JIOCTUKEHUs conocTaBuMoii Tounoctu. Hanbosbias morpentaocts (10 10 %) xa-
paKTepHa JJIsi 30H KOHIIEHTPAINN HAIIPSIKEHU y KOHTYpa OTBEPCTHsA. 371eCh U B JaJIbHeIIIeM
[IBETOBAs IIIKaJIa OT CHHEro JI0 KPacHOI'0 O3HAYAeT, 9TO MaTepruaJsl B JTaHHONI 00JIaCTH HAXOIUTCS
B YIIPYTOM COCTOAHHH, T.€. &; < €. KpacHbiM 0003HaUEHBI 00/IACTH ILIACTHIECKUX JTedopMa-
mouit, Tae €; > €.

2.1. IlnactmHa 6e3 orBepcTus. lccieyem 3a1a4dy ylupyromiacTuueckoro n3rubda ria-
ctunbl 0e3 orBepeTusa d = 0 ¢ reomerpudeckumu napamerpamu a = 1, b =1, h = 0.05 B 1po-
recce IMUKJIMIeCKOro Harpy»KeHus U moc/ieryoreii pasrpysku (puc. 2). IlseroBas mkajia orHo-
MIEHUS £;/€5, KOTOPasl MOKA3BIBAET 30HBI IIACTHYICCKHX JedopManuii, rjae €; > €5 — yUpyro-
IJIaCTUIeCcKas 30Ha, €; < €, — yupyras 30Ha.

B nporiecce Harpyzkenus pu MaJioit Harpyske ¢ = 5 (puc. 2, Touka A) 30HBI IJIACTUIECKUX
nedopMaruii mepBoHaYAILHO BOSHUKAIOT B IIEHTPE JJIMHHBIX CTOPOH IacTuHbl. C yBeJndeHu-
em Harpysku ¢ = 20 (puc. 2, Touka B) mractudeckue 30HbI PACITUPSAIOTCS, 1 HOABJISIETCS HOBAST
IIACTHYIHAs 00J1acTh B IeHTpe tacTusbl. [Ipn MakcumasnbHoit Harpyske ¢ = 30 (puc. 2, To4-
ka C) 30HBI ITACTUIHOCTH (DOPMUPYIOT YETKHUH KOHTYD [0 HEPUMETPY IIIACTUHBI (HMCKIIOYast
YIJIbI) B TIEHTPE U MO JMATOHAJISIM, COEJMHSIONIMM I[EeHTD ¢ yrjaamu. B mporecce pasrpyike-
HUS TOBeJIeHNe MaTepuaJja SBJISeTCS YIPYTHUM, UTO IPOSBJISIETCS B UCTepe3uce Ha Ipaduke
puc. 2. Ilocie mosuoit pasrpysku g = 0 (puc. 2, Touka G) B IIaCTHHE COXPAHSAIOTCS OCTa-
TOYHBIE TIJIACTUYECKUE JTePOPMAIUN Eoyy, JOKATUZ0BAHHBIE ITPEUMYIIIECTBEHHO BJIOJL CTOPOH
IJIACTUHBI. YTJIOBBIE 00JIACTU OcTaloTcd ynpyrumu. [loBejienne CIIONIHON TJIACTUHBI Xapak-
TepU3yeTcs TOCIeI0BaATETbHBIM PA3BUTHEM ILTACTUIHOCTH OT KpaeB K IeHTpy. llocte caarmsa
HArPY3KH IJIACTUHA He BO3BPAIAETCH B UCXOJHOE COCTOSHEE, YTO CBUJIETEILCTBYET O HeoOpa-
THMOM XapakTepe J1eopMUPOBAHUS.

B ”
30 = |
= !
2501 e '
1 —
cred 15 A I
10 if T g
A b {
5 1 '
G / :J y N
0 1 3 4 5 - 10~
| S w0
€om 8,1'”})
= Harpyzka =sss Pasrpyska

Puc. 2. Harpyska u pasrpyska ILIacTUHBI 0€3 OTBEPCTUS
Fig. 2. Loading and unloading of the plate without a hole
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2.2. IlnactmHa c oTBepcTueM. Bhlia peleHa 3a/1ada yIIpyroiacTuaeckoro nedopmu-
pOBaHUs IJIACTUHBI C IIEHTPAJIbHBIM KPYTJIbIM oTBepcTueM juamerpa d = 0.3. [lnactuna nmesta
caeyionume reomerpudeckue napamerpol: ¢ = 1, b = 1 u tommuny h = 0.05. MccaenoBanue
BKJIIOYAJIO B ceOsI aHAJIN3 TOBEIeHNs TJIACTUHBI KaK B ITPOIecce HATPYKeHUs, TAK M B IIPOIECCe
nocseyoneit pasrpysku (puc. 3). IlBeToBast mKaia OTHOIIEHUS €;/€, MOKA3BIBAET 30HBI TLIa~
cTrdecKux JiepopMaluii, rie €; > €, — yUpyrollacTudeckast 30Ha, €; < €5 — yIpyras 30Ha.

'S
N
)
T

2w
N O

15
10

w107

=]
—
[§e]
%)
+
o

ont ynp

mmmm Harpyska mssm Pasrpyska

Puc. 3. Harpyska u pa3rpyska IJIACTHHBI C OTBEPCTHUSI
Fig. 3. Loading and unloading of the plate with a hole

Ha puc. 3 npejicraBiena 3aBUCHMOCTDb B IIPOIECCe HATPYKEHUS ILIACTUHBI, ULTIOCTPUPYIO-
mas ee peakIinio Ha MPUJIOKEHHYIO HArpy3Ky ¢. Ilpu orHOCHTE IbHO HU3KOI Harpy3ke ¢ = 10
(puc. 3, Touka A) 30HBI IIACTHYECKUX JIeDOPMAIHIl B 9TOT MOMEHT TOJBKO HAYMHAIOT (hOPMU-
poBaThes. VX BO3HMKHOBeHHE HaOJIIOIAETCs B 00JIACTAX ¢ MaKCHMAJIBLHON KOHIEHTpaIueil Ha-
HPsIPKEHUT, Mpekjie BCero 1Mo KOHTYPY OTBepCTHsl (TJe TeOMeTpusl IPUBOJAUT K KOHIEHTPAIUN
HAIIPSIYKEHNUIT) U B TIEHTPe JJIMHHBIX CTOPOH TIACTHHBI MJIM Ha 3alleMIeHHbIX Kpasx. C yBende-
HreM Harpysku ¢ = 20 (puc. 3, Touka B) nabiroaercs 3HAUNTEIbHOE DA3BUTHE [TACTHIECKIX
necdopmaruii. [lnacTudeckne 30HBI PACHIUPSIOTCA OT KOHTYpPa OTBEPCTUsSI M KPaeB ILJIACTUHDI,
HAYMHAIOT CJUBATHCS, OXBaThIBasd 3HAYUTE/ILHYIO YacTh o0ObeMma Mmarepuasa. VHTeHCUBHOCTD
mwiactTudecknx Jsedopmaruii Bospacraer. 1lpn Mmakcumasnbhoil ucciemyemoii narpyske g = 30
(puc. 3, Touka C) maacrudeckue jedopMarui HOCAT MACIITaOHBIH XapakTep. SHaUUTeTbHAs
YacTh MJIACTUHDI, 38 MUCKJIIOYECHUEM, BO3MOXKHO, HEKOTOPBIX YIJIOBLIX 30H C HU3KUM YPOBHEM
Halps?KeHUH, MMepexo/InT B IJIacTUYecKoe cocTogaue. Marepuas mojsepraeTcd WHTEHCHUBHOM
ILJIACTUYIECKO j1ebopMaIliy.

Ha rpacduke puc. 3 pasrpyska IpejcraBisgeT coOoil HUCXOIAILYI0 BeTBb KpuBoii. B mporiecce
CHUZKEHWsI HAIPY3KU ¢ MAKCUMAJILHOTO 3HaueHus (puc. 3, Touka F) nosejenne marepuasia siBjisi-
ercs yupyrum. OJIHAKO U3-3a HAKOILIEHHBIX IJIACTUYECKUX JiebopMaIuil COCTOsIHUE TIACTUHBI
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He BO3BpAaIaeTcst B UCXOAHYI0 TOUKy B. Pazimaue B mepemMeniennn mpu o IHON 1 TOI ke HArpy3-
ke ¢ = 20 Ha IIyTH HATPYKEHUS U PA3IPY3KU JEMOHCTPUPYET HAJIMYNE OCTATOUHBIX jehopMa-
I Eony - [Ipu iposioszkernn pasrpysku ¢ = 15 (puc. 3, Touka E) ocrarounsie medopmanun
U CMEIIEHHbIE TJIACTUYECKHE 30HbI COXPAHSAIOTCS, XOTs UX UHTEHCHBHOCTH MOXKET HECKOJIbKO
CHUZKATBCS U3-3a YIPYroro Boccranosienus. [locse nosmoit pasrpysku ¢ = 0 (puc. 3, Tod-
ka G) mIacTuHA He BO3BPAIAETCs B UCXOHOE HyJieBoe cocTosinue. Habiroqaercst 3Ha9nTe IbHOe
OCTATOYHOE TIepeMeIleHne, 1 B MarepuaJie (hUKCUPYIOTCS OCTATOYHBIE IIacTHIecKue aedop-
maruu. Ux pacnpenenerne st Toukn G mpejcraiisier coboil cOCTOsTHNE KOHCTPYKITUU MTOCJIE
CHSATHS HAIpPy3KHU.

[IpoBeientoe ucce0OBaHME HATJISIIHO JEMOHCTPUPYET, UYTO HAJIMYINE OTBEPCTUS SIBJISIETCS
MOIITHBIM KOHIIEHTPATOPOM HAIPSI’KEHWT, 9TO W3MeHseT MOBeJeHNe IJIACTUHBI 110 CPABHEHUIO
co crromHoii mractuaoit (6e3 orseperus, d = 0). Ilpum ogHUX U Tex Ke YPOBHAX BHEIIHE
HAIPY3KH ¢ pa3Mepbl 30H ILIACTHIECKUX jedopMalruii B IJIACTUHE C OTBEPCTHEM OOJIbIIIE.
Kpurnyeckne narpysku, npu KOTOPBIX HAYMHACTCA UHTEHCUBHOE ILJIACTHYECKOE J1ePOPMUPO-
BaHUe, JJIsl [IJIACTUHBI ¢ OTBEPCTUEM HUKE, UeM JIJIsl CILIONIHO# miacTuHbl. [Iporece pa3rpysku
IPUBOIUT K (POPMUPOBAHUIO OCTATOIHBIX HAIPSIKEHUI 1 1epOpMaIiiii, KapTa PacipeIeIeHus
KOTOPBIX HAIIPAMYIO CBA3aHA C UCTOPUEN HATIPYKEHHUS U reoMeTpueil orBepcTus. Takum obpa-
30M, II0JIyY€HHbIE PE3Y/IbTaThl IOTYEPKUBAIOT KPUTUIECKYIO BaXKHOCTD ydeTa KOHIIEHTPATOPOB
HaIpsIZKeHUH, TaKUX KaK OTBEPCTHSI, IIPU IIPOEKTUPOBAHUHI U OIEHKE ITPOIHOCTU KOHCTPYKIIHIA,
paboTaroIux B yIpyromiacTuIeckoi 00/1acTi, TaK KaK X HAJIMYINe 3HATUTETbHO CHUYKAET pe-
CYyPC M HECYIILYIO CIIOCOOHOCTD JIEMEHTA.

3akJ/rroueHue

1. IlocTpoena MaTeMaTnmyeckas MOJIEJb HATPY3KHU — PA3rPY3KH IJIACTHHKH B TPEXMEPHON
[IOCTAHOBKE C yYETOM YIPyroiiacTudeckux jedopmaruii 1o jedopMaioHHoil Teopun Iuia-
cTuaHOCTH. B KauecTBe MeTo/1a PellieHus UCIIOIb30BAHbl METO/I KOHEUHBIX 3JIEMEHTOB (B IaKeTe
Comsol Multiphysics) 1 urepannosnast Ipore/Iypa MeTo/[a ePeMEeHHBIX [TAPAMETPOB YIIPYTOCTH
Buprepa. B kadecTBe Kpurepus ILIaCTUIHOCTU IPUHAT Kpurepuit Mu3seca.

2. Co3z/tan aBTOPCKUIl aJrOpUTM METO/a EPEMEHHBIX ITapaMeTpoB yipyroctu buprepa, ko-
TOPBII 3aIporpaMMUpPOBaH 1 BHeApeH B mporpaMmMubiii maker Comsol Multiphysics. locTosep-
HOCTH TIOJIy9EeHHBIX PE3Y/IbTATOB obeciiedena ucciegoBanueM cxoanmoctn MKD jyis terpas-
PAJIbHBIX U TeKCA3IPATHHBIX 9JIEMEHTOB.

3. UccnmenoBanbl 30HBI MJIACTUYIECKOH JTebOpMAaI IPU PABHOMEDPHO-PACIIPE/IE/IEHHON Ha-
Ipy3Ke U 'PAHIYHBIX YCJIOBHUAX THIIA 3AIEMJIEHN IO BCEM CTOPOHAM B TPEXMEPHON IJIACTUHKE
6e3 oTBepCTUd U ¢ OTBepcTreM. PaccMOTpeHb! 3a/1auu ¢ pa3rpy3Koil.
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AcuMIIToTn9eckoe mccieIoBaHne NPOILyJIbCUBHOTO
ABUKEHUA MAIILYIEero IAJINHAPUYECKOTO KPbLjia
C 3JInOTIYeckoii popmoii ceuenud

A.H. Hypues 9, A.P. Baiimyparosa, O.H. 3aiimena

Kaszancxut ([pusoasicerkuti) dedeparvrond yrusepcumem, 2. Kasanw, Poccus
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AnHoTanus

UccnenoBano MpOMyJIbCUBHOE NBUXKEHWE B BI3KOH HEC)KHIMAEMON KHUIKOCTH ITUJINHIPUIECKO-
ro MAIIyIIero Kpbuia C JUIUITHYECKON (opMmoii ceuennsi. VcciiemoBanre HAIIpaB/IeHO Ha CO3IAHUE
AHAJINTUYECKON MOJIEJIN, MO3BOJISIONIEH IPeJ/ICKa3bIBATh KPEHCEPCKYI0 CKOPOCTb TAKOIo KpbLia 0e3
IIPUMEHEHUS PECYyPCOEMKUX UHCICHHBIX MeTonoB. Maremarutieckas ITOCTAHOBKA 3aJadd OCHOBAHA
Ha HecTaloHapHbiX ypapHeHusx Hasbe — Crokca. IBurKeHnne Kpbljia OMUCAHO KaK IJIOCKOIAPAJLIE b-
HOE IMOCTYIIaTe/IbHO-BpalllaTebHOe KojiebaHue ¢ 33 IaHHBIMU CKOPOCTAMU. Pelrienne 3a1a4u I0CTPOSHO
B paMKax aCUMITOTHYECKOI'O II0JIXO/a B IIPEIIIOJIOXKEHUN O BBICOKOYACTOTHOM M MaJIOaMILIUTYIHOM
xapakTepe kKojiebanwmit. [lomyuena crpykrypHas opMysia, ONUCHLIBAIONIAs WU3MEHEHUE KpeiicepcKoit
CKOPOCTH KPbLI& B 3aBUCUMOCTH OT yIVIa IIOCTyHATeJIbHBIX KoJjiebaHuil, casura a3 Mex 1y IOCTyIa-
TEJbHBIMU U BPAIIATEIbHBIMU KOJIEOAHUSIMU, aMILTUTYIbI BPAIATEIbHBIX KOJIeOAHUi U COOTHOITIEHUS
MOJTyOCeil JUIMITUIECKOTO cedenus. lIpogeMoHCTpUpOBaHa COTJIACOBAHHOCTH PE3Y/IbTATOB C M3BECT-
HBIMU aHAJUTHYECKUMHU PENIEHUsIMU JJIs KPYTJIOTO IMUINHAPa. PaccMoTpeHbl mpeieibl TPUMEHIMOCTHU
MOJIEIN B 3aBUCUMOCTH OT YaCTOTHI KOJIEOAHMIA.

KirogeBple cJioBa: MamyImee  KpbLIo, BA3KadAd  HeCKuMaeMad  2KHJIKOCTD, YpaBHoenue
Ha,BBG*CTOKC&, ACUMIITOTHYICCKUE PA3JIOZKEHU I, erﬁCepCKaH CKOPOCTDb

BaaromapuaocTu. VccenoBatne BBITIOJTHEHO ITPH MOIEPKKE IPanTa Poccuitckoro HayIHOTO (HhOH-
Ja (mpoekt Ne 22-79-10033-11).
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Abstract

The propulsive motion of a cylindrical flapping wing with an elliptical cross-section in a viscous
incompressible fluid is investigated to develop an analytical model for predicting the cruising speed
of such a wing without resorting to computationally expensive numerical methods. The mathematical
formulation of the problem is based on the unsteady Navier—Stokes equations. The wing motion is
described as a planar translational-rotational oscillation with prescribed velocities. The problem is
solved using an asymptotic approach, under the assumption of high-frequency and low-amplitude
oscillations. A structural formula is derived that describes the variation of the cruising speed in
relation to the angle of translational oscillations, the phase shift between translational and rotational
oscillations, the amplitude of rotational oscillations, and the aspect ratio of the elliptical cross-section.
The consistency of the results with known analytical solutions for a circular cylinder is demonstrated.
The limits of the model’s applicability with respect to the oscillation frequency are considered.
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Bseaenue

B mociieiHne HECKOJIBKO JIET TOSIBJICHUE TEeXHOJIOTUN JIJIsi CO3/IaHus HeOOIbINX OeCIInIOT-
HBIX BO3JIYIITHBIX U IOJIBOJHBIX allllapaToB 110 00Pa3y IITHUIL, JIETAIONINX HACEKOMBIX U THIPO-
OMOHTOB TIPUJIAJIO HOBBI MMIIYJILC UCCJCIOBAHUAM B ODJIACTU KOJIEOATETbHBIX JBUXKUTEJICH.
OTO IPHUBEJIO K aKTyaJH3alliid MHUPOKOTO KJjacca 3a/@ad adpOoruIpOMEXaHuKNd MAIIyIIero Imo-
JleTa, 1 pbI0oOIIo00HOr0 iaBanus. OMHON U3 TaKUX 3aJad SIBJIAETCA CO3/aHue OTHOCUTEIHLHO
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IPOCTOl YHUBEPCAIBHON TEOPUH, TIO3BOJIAIONIEH OIMCHIBATH a3POTrUIPOINHAMUKY KoJIebaTe lb-
HOI'O JIBUZKHUTE/I 0€3 HMCIOJIb30BAHUS PECYyPCOEMKOIO IIPSMOIO YUCICHHOIO MOJIEJNPOBAHKS.
B macrosiee BpemMs pasBUBaeTCs HECKOJILKO MOJXOM0B K PEIICHUIO 3TOM 3a1a9H.

Kaccuaeckuii mojixo 0CHOBaH Ha Teopuu ujleaibHoi Kujakoctu. OH Havas (opMUPOBATEH-
cst emie B 1920-1940-x rogax B paborax JI. Ipamngriasa [1|, B. Bupubaywma [2], T. Teogopcena [3],
U. Tappuxka [4], I Baruepa [5|, I T'mayspra [6], M.B. Kesgpima u M.A. JlaBpenthesa |7],
JL.U. Cenona 8], A.1. Hekpacosa [9] u pososizKaeT ycrerto pa3susarbes B Hamm guu [10,11].
OCHOBHBIC OIPpaHUYCHHS KJIACCHIECKOTO MOIXO0/Ia COCTOAT B HEOOXOIMMOCTHU JIONOJIHATEILHBIX
[PEJIIOJIOKEHIH O TOUYKAX OTPBIBA MOTOKA UJIM CTPYKTYPe BUXPEBOrO CJIEJIa, KOTOPble HE0OX0-
MO (POPMYJIMPOBATD JJIsi HECTAIMOHAPHOIO MPOIIECCa JIBUKEHU.

AJIbTepHATHBHBII 1101X0/] OCHOBAH Ha IIOCTPOEHUHU ACUMITOTHYECKIX MOJeJIel BA3KOro 06-
TeKanus. [lepBble aCHMITOTHYIECKHE PEIICHU 3aa4 O IOCTYIIATeIbLHBIX KOJIeOaHUAX TeJI B I10-
KostIreiicst (Ha 6eCKOHETHOCTH ) XKUIKOCTH ObLTH Tostydenbl B paborax [Ixk. Crokca [12] B XIX Be-
ke, I. HlmuxTunra [13], H. Paiian [14,15] B XX Beke. CoBpementbie ncceseoanust [16-19] ne-
MOHCTPHUPYIOT BO3MOKHOCTH (DOPMHUPOBaHUS OOIIEH aCUMITOTHYECKON TeOpUH /I ONUCAHUST
HPOILYJIbCUBHOIO JIBUZKeHUsI Kojieb mommerocst tesia. Tak, B paborax [16—19] 6buin Haiijensr pe-
HICHK, OIMCLIBAIONINE KPECepCKUe PEesKUMbI JIBUKEHIA KPYTJIOro IUIMHIPUYIECKOTO KpbLIa,
COBEPIIAOIIET0 BpallaTebHO-IIOCTYyIIaTe/IbHbIe KojiebaHnus. B HacTosieit pabore mpeacTaBieHo
JlaJIbHElIIee pasBUTHE aCHMIITOTHYIECKOTO MOJX0/Ia, PACCMOTPEHa I'MJIPOJANHAMUKA MAIIYIIEro
KPbLIa C JUIMITHIECKON hopMOil cedeHns.

1. IlocranoBKa 3ama4yu

[Iycts mmmaApUYecKoe KpPbLIO € JUTANTUYECKONW (DOPMOIl CedeHHMs COBEPIIaeT ILIOCKO-
napaJjiieJJbHOEe MOCTYIATEIbHO-BPAIIATEIbHOE TTEPUOANICCKOE IBUZKECHUE B BA3KOU KUJIKOCTH
CO CKOPOCTAMUA

U = U cos acos(wt + ¢)ix + Usinacos(wt + ¢)jy, 2 = Qpcos(wt)ky, (1)

e {2 — yrjoBasi CKOPOCTb BpaliaTrebHoro apu:kennsi; U — CKOPOCTb MOCTYIIATEILHOIO JIBU-
JKEHUSI, KOTOPasi COBITAIAeT 10 YaCTOTe CO CKOPOCTHIO BPAIIATETLHOTO JIBUKEHUsI, HO CMEIEeHA
o dase Ha ¢; ix, jy U Kz — equHnIHBIE BEKTOPA, IIapaJiie/ilbHble OCHOBHBIM OCAM HEIIO/IBUZK-
HOIT JiekapToBoil cucteMbl Koopauuar XY Z (kz — BekTop, mapaulefbHbIH OCH MUJINHJIPA).
Uccnenyem BuzKeHne *KUJIKOCTH, BBI3BAHHOE KOJICOAHUSIMU, W OIIPEIETUM IHIPOINHAMUIECKOE
BO3JIEfiCTBIE HA KPBLIO.

CdopMmymupyeM COOTBETCTBYIOIILYIO0 MaTeMaTHIecKyto 3aady. OnuineM IBUKEHNE KU KO-
CTH OKOJIO KPhLJIa ¢ IMOMOIIbI0 ypaBHeHnii HaBbe — CToKca 1 HEpPa3phIBHOCTH:

Ovx vy Ovx 1 ap
= ——— A
ot TUNox Ty T T ax VAN
(%y 8?Jy aUY 1 8]7
_ 9P A 2
BN +UX8X+UY8Y pay-i-l/ XY Uy, (2)
81) X avy
X 7Y
ox "oy
e Axy — oneparop Jlammaca B HENOJBHMXKHOW cucTeMe KOODJMHAT, p — JIaBJICHHE,

Ux U Vy — KOMIIOHEHTBI CKOPOCTH, p KW V — IIJIOTHOCTL U KHHEMaTHUYeCKad BASKOCTL 2KUJI-
KOCTH COOTBETCTBEHHO.
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rHOHOJ’IHI/IM cucremy (2) yCJIOBUAMU IIpUJIMIIaHUA Ha I'PaHUIEe KpblLjla, COIJIaCHO (1), " ycJjio-
BUAMUI
Vx = Vy = 0

Ha OCCKOHEYHOCTH.

2. Ilepexoa B KPMBOJIMHEHYIO CUCTEMY KOOPIMHAT

2.1. Ilepexoa B moABUXKHBIE JEKAPTOBbI KOOpAMHATHI. [l pemenus cdhopmynin-
POBAHHOI MaTeMaTHYECKOl 3aJa49y yI00HO IEpeiiTH B IIOABMKHYIO CHCTEMY KOOPIUHAT TYZ,
JKECTKO CBA3AHHYIO ¢ TesioM. TeKyliee MoJI0KeHne Tejia OXapakTepusyeM rnepemMernienusamu X ()
u Yy(t) ero menTpa mMacc u yriioM moBopota ¢(t), Kak 9To mokasaHo Ha puc. 1. CBsa3b KoOpanHAaT
MOIBMKHON Xy M HenoJBUKHON XY cucreM KOOPJAMHAT 3318 UM KaK

T\ X - Xy X —-Xo\ x [ cosp  singp R
<y)_]”(Y—Yo)’ (Y—Yo)_[“”(y)’ I‘”(—Smw o) Te=te 0

PI/IC. 1. HaqaﬂbHoe n TeKyuiee IIOJIOZKEeHUd TeJla U CBA3aHHBble C HUMHW HEIIOJABU2KHadAd U IIO/IBU2KHAs
CUCTEMBI KOODJIUHAT

Fig. 1. Initial and current positions of the body and the associated fixed and moving coordinate
systems

HO,ZLBI/I}KHaH cucreMa Iy IlepeMeniaeTcd IIOCTYyIlaTe/JIbHO OTHOCUTEJIbHO HeHOﬂBH}KHOﬁ
CUCTEMBI CO CKOPOCTHIO V U BpaIlaeTcs ¢ YIJIOBO#H CKOPOCTBhIO €2:
Vi (t) Vy(t)

A A\
e ™~ ™~

V = Xyix + Yojy = (cos p X + sin ngO) i, + (—sin ©Xo + cos ngO)jy, Q= oky.

[lepeiiziem B ypaBHeHUSX (2) B TOIBIZKHYIO CHCTEMY KOOD/MHAT, HCIIOJIH30BAB COOTHOIIEHNUS (3).
Yuursiaga

Vxy = {_(pvxy, Axy = Ay,
o Cnn me) () -e Ty ) (V23] v
o () e ()] v
(i) e = [ ()] o

1peoOpa3yeM ypaBHEHUsI KOJIMIECTBA JBUKEHUS K BUJLY
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0 Ux Ux — Xo . Y vx) 1 o
5 (Uy> + |:[<,0 (UY . }/E) + 2 o . ny vy - _;[,va‘ryp + VAzy v, . (4)

CBa3b ME2KIY CKOPOCTAMU B HO,HBH)I{HOP'I n HeHO,ILBI/I}I{HOﬁ CUCTEMaX KOOpAWHAT JTaHa COOTHO-

MICHUAMU )
Uy vy — Xp [y
=7 . . 5
()= (o i)+ (%) )

IlozxeiicrBoBaB Ha 00e wactu (4) Marpureit I, , MOIyIHM

0 Ux (0 Ux o 1 Uy
g (o) + () 7 [ ()] = 5o v ().

[TepBoe ciraraemoe B J1eBOIt YacTu 1peodpasyeM Kak
0 (vx 0 Vx . (oy d (v,
I,— =— |1 -1 = —
o () = [ ()] () = ()
d Xo -y . [ —sinp cosy X, cosp sinp\ (v —@y\|
+E {I@ <Y0)} _¢<—x)+90<—cosg0 —sing Y, + —sing cosp) \v,+¢zr)|
. 0 Vg d VX . Yy . ‘/y . Uy o [T
S )i () () e () o (%) -2 ()
a BTOpOe —
Ug\ ox\| _ (V2 vz (Y _
(6% [ ()] = () oo () =+ (2]
_(y 3%—2} O (v L vy
S \Pox - Yoy ) \wy P\, )

CobpaB Bce 9IeHBI, TPUJIEM K yPABHEHUIM

5

ov ov ov 10p
T ) T r 9P Aw 9 .2 . —Ax
ot v Ox —H}y@y p8x+y Vo 2Py TPy ’
ov ov ov 10p ) . ..
a—ty —I—Uxa—; + vya—yy = ~>3y + vAv, — 200, + Q*y — pr — A, (6)
Ov,  Ovy
— = 0.
ox + dy

3ech
Ax\ i Vx
Ay ) dt \W )~

-2
@
P=p-p', p Py (®+y%) — p(Asz + Ayy),

OHpe,D;eJH/IB HOBO€ JaBJICHUE KaK

ov, ov, ov, 1 0p°

o + Uy o +Uy8 :—;a—x—l—yAvm—i—%bvy—l—ngij@y,
v, v, v, 10p° , o .
et} o v __-= Av, — 20v, — ¢, 7
ot v ox Jrvy@y p Oy Lt A R (7)
Jv v
=+ =2 =0
or Oy
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Brenem dbynkimio Toka 1) :
W
oy Y ox

[lepenurmiem (7) B TepMuHax (PYHKIMU TOKA:

oG . W, AY) O, AY) 06 ONG  OAY Db
7—1—%0— o(z,y) =vi%, oz,y)  Ox Oy or Oy (8)

Vg

B moasmkHOIT cucTemMe KOOp/IMHAT Ha TeJle JIOJ2KHBI BBITOJTHATHCS YCJIA0BUS Tpuniianusd. B Tep-
MUHAX (PYHKIMH TOKa MX MOYXKHO 3aIUCATDH CJIEYIONIUM 00pa30M:

oY
=0 —=0. (9)
on

Jl1s1 ompeiesieHns yCa0BUs Ha OECKOHEYHOCTH YUTEM, 9TO abDCOIIOTHLIC CKOPOCTH CBAZAHLL C OT-
HOCHUTEJIbHBIME COOTHOIIEeHusAME (5), & TaKzKe TO, 9T0 Ha GECKOHETHOCTH B aBCOJIFOTHOl crucreme

KOOpILI/IHaT }KI/IILKOCTB HOKOI/ITCH, T. €. 'UX = 'UY = 0 B pe3yHbTaTe HOJIyLH/IM
1 . 2 2
(z,y) = 00 ¢N§<P($ +y) + 2V, —yVa. (10)

2.2. Ilepexon B KpuBOJIMHeliHble KoOpAWHATHI. /lajiee nepeliieM B KPUBOJIMHEITHYIO
HOJIBUZKHYIO SJUIUIITUYIECKYIO CHCTEMY KOODJIUHAT (7, 6), KECTKO CBA3aHHYIO C KPBLIOM (B KO-
TOPOii KPBLJIO HEMOJBUKHO) U 3aaHHYI0 KOH(MOPMHBIM 0TOOpazKeHneM

2(r,0) =x +1y, x=2mycoshrcost, y=2m. sinhrsiné (11)

obiact 7o < 17 < 00, 0 < 0 < 27 BO BHENIHOCTH cevueHUs MUINHAPA (B (DU3NIECKON TLIOCKO-
CTH), IIPU KOTOPOM T = Ty TIepeiiJIeT B 3aMKHYTYIO KPUBYIO, OIIPEJICJISIFONLY 0 PO UIIH CEUeHNUS,
a OECKOHEJHO yJiajieHHasl TOUYKa Iepeiiier B OECKOHEYHO yIAJIeHHYI0. 3aMeTuM, 9T0 K03hhu-
meHThl Jlame st ssumnTrdeckux KoopauHatr (11) paBHbI

222 020z 020z 020z

_Yete U0 U=U< )1/2
rTM T3¢ oror 0000 '

A= 2Mo (cosh2 r — cos? 6

O6o3HaunM OOIBINIT 1 MEHBIIHN PaJlyChl SJIJIHITHYECKOTO IIINHIpa Kak IR, n R, cooTBeT-
CTBEHHO, & UX cooTHomenue Kak b = R, /R, < 1. Obe3pasmepum ckopocTb Ha U, mpocrpan-
CTBEHHBbIE KOOPAMHATHI Ha R, , Bpems Ha w™'. Oupegennm napamerpbl otobpazkenns (11) mq

n 79 KaK
B /1 — b2 vy L+D _11 1+
Moo = 5 Moo’ = 5 TO_in—b'

KommoHeHTB! 110J1s1 CKOPOCTH (U, Vg) B SJLIHIITHYECKON CHCTEMe KOODJIMHAT BBIPA3UM Uepes3

(vg,vy) B BUzE
1,00 oy\_ ~ L( oy  Ox\_
M\ a0 T80 ) = X \"aes  ras) T

_ 1y 194
T Xoe T T Nor
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[lepenuriiem cucremy ypaBHeHuit JBuzKenus (8) B HOBOIi MOJBUKHON KPUBOJIMHEHON cucTEME
KOOD/IMHAT B TepMUHAX (DYHKIIUKA TOKA ¢ B O€3pa3MepHBIX IIEPEMEHHBIX B BUJIE

OAG R O A)
B Ul v T

AL (O P\ 0WAY) _ 0b0AY  0AY Y
X2 \or2 " 082)  O(r,0)  or 09 or 08’
DBespazmepubie mapamMeTpbl 3314 €, K, X Telepb OIPeIeTuM KaK

v U A R,
w2 "TWoR. T R XT U

€T

= ? A%, (12)

9
=

Honosmanm 3amady rpanndaabiMu yejaoBusaMmu B coorsercrsun ¢ (9) u (10). Ha rpanune kpbiia
IIOJLy YUM
9P

¢:O7 E

Ha GeckonevnocTn rpaHuYHbIC YCJIOBUS TPUMYT CJICTYIONINN BU/I:

—0. (13)

r—oo: P~ %Xcos(t)(x2 +y?) + 2V, — yVa.
Saecs V, u V, ompezendiorca Kak
V, = (cos pcos a — sin g sin ar) cos(t + ¢) = cos(¢ + a) cos(t + ¢),
V, = (sinpcos a + cos psin ) cos(t + ¢) = sin(p + «) cos(t + ¢),
v = Osin(t).
Jls paccMaTpuBaeMoil S/UIMIITHYECKON CHCTeMbI KOOPIMHAT OJLY IiM

r—00: 1~ 2xmZ ((coshrcosf)?® + (sinhrsin6)*) cost+

- : : (14)
+2me cosh 7 cos 0 sin(p + ) cos(t + ¢) — 2mey, sinh 7 sin 0 cos(p + «) cos(t + ¢).

3. AcuMmnroTrudecKoe pa3jioKeHUe

3.1. IlpenmosioxkeHme 0 MaJIOCTU aMOJAUTY Kojiebaumii. [loctponm acumnroruye-
CKoe peleHue 3ajadu B npeignoioxkennn © ~ k < 1. Ilpeacrasum ¢ B Buje pasjioxKeHus
110 CTENeHIM K :

Y = k" + k' + O(K?).

[Moxcrasus paszioxkenue B (12), 3amuimem ypaBHEHUs JJisi ONpeIesIeHust g 1 1y

% — 2 A%y = —2ysin(t),
OAY1 5 5 1 O(th, Ath)
R R T

[Tpu ycnoeun © < 1 rpannunbie ycaoBus (14) Ha GeckoHedHOCTH 3amuIieM B hopme
r—00: 1~ xym2 (cosh2r+ cos26)cost+
+2m cos(t + ¢) (coshr cos @ sin v — sinh r sin 6 cos o) +
+02m, cos(t + ¢) sint (coshr cos 6 cos a + sinh 7 sin @ sin o) + O(0?),

nJI
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2r

r—00: 1~ xm {%] cos(t) — muoe” sin(f — ) cos(t + ¢)+ (15)

+rXMooe” cos(f — ) (—sin ¢ + sin(2t + ¢)) /2 + O(x?).

3aMeTnM, UTO TPeThe CjaraeMoe OIIPe/IesIseT CTAMOHAPHYIO MTOPAaBKy K CKOPOCTH Ha Oec-
KOHEYHOCTH Topsijika, © = xk 1ipu ¢ # 0.

CobpaB wieHbl pu COOTBETCTBYIOMUX crenedsx x B (13) u (15), momyumm ciemyroniue
IpaHUYHbIE YCJIOBUA JIA Uy U 1 :

o
or

0
r=ro:¢1 =0, %

2r

r=ry:y =0, =0, r—00:Yy~xmi [%] cos(t) — muoe” sin(f — ) cos(t + ¢),

e "y
=0, r—>oo:¢1wxmooercos(0—oz)( Sln¢+zln( +¢)).

3.2. IlIpeamnosioxkeHme o BBICOKOYACTOTHOM XapakTepe KoJjiedbaumii. /lonosnuressb-
HO IIPEINOJIOKIM BBLICOKOYACTOTHBIN XapakTep Kojebanuii e2 ~ © ~ k < 1. [Ipeacrasum pe-
menne B wienax O(xkY) n O(k'), cornacno nopxony Illnuxtunra [13], B Buje paszsoxKenuit
BO BHernHell (1 ~ 1) u BHyTpeHHeil orpaHcIoiHbx (1 ~ ) obracTsax

(o] (o)
re~e: b= E el 5, r~1: out = E eV, k=01,
Jj=1 Jj=0

out

rae Yyt — BHeIIHee pelneHue, ;" — HOIPAHCIORHOE peIlleHHe.

4. Pemenue B riaBaoM wiene O(k)

@QyHKIus TOKa, OIUCHIBAIONIAA BHEIIHee HecTallioHapHOe TedeHne OKOJIO KPbLIa, B IJIaBHOM
waiene O(kY, %) onpenesmm kak perenue 3aaam

8A\I/0,0
ot
r=ro: Yoo0=0; r—oo: Yoo~ xymee sin(f — a)cos(t + ¢).

= —2xsin(t),

Haitnem ero B Bumge

o0 = xmZ (cosh 2r — cosh 27y + cos 20 — e~ "2 cos 26) cos(t)—

—mMuo2€” sinh(r — rg) sin(f — «) cos(t + ¢).

3amMeTnM, 9TO KacaTe/bHasl COCTABJISIONAs CKOPOCTU HA T'PAHUIE SJITUITUYECKOrO IHJIHHIPA
He paBHa HYJIIO:

10V
—3 55 = ~(VA(0) cos(t) + V2 (0) sin(t)) =
= —2xym2_(sinh 2rg + cos 260) /A(1o) cos(t) + 2ma.e™ sin(6 — a) /A(r),
V=V+iV, =
_ 2xm2,(sinh 2r + cos 20) — 2me.e™ sin(f — ) cos(¢p) + i2mac€” sin(f — a) sin(¢)
N A(ro) '
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st yIoBieTBOpeHUs YCJIOBUS MPUJINIIAHUS PACCMOTPHUM IIOBeJeHNe B IOrpaHcioe. Bpejem
[OI'PaHCJIONHYI0 KOOPAUHATY

T =¢&n—+ro.
[Tomyumm norpaHncsoifHoe ypaBHEHHUE

9 %o 1 ™o
ot \ on? A(ro)? Ont

=0

C 'PaHUYIHBIMUA YCJIOBUAMU

oo
on

n=0: 11 =0, =0, n—o00: o1~ (Vi(0)cos(t) + Va(0)sin(t)) nA(ro).

Ucnosnbzosas mojcranoBky 1) = (/A(rg), pellleHre MOXKHO 3alucaTh B BUJe

Vo1 = Real {e“ (g G Zzﬁg - 1)) (Vi(0) — iVQ(H))} B —exp (MQ |

5. Pemenne B wnene O(k!)

5.1. CramuoHapHasi COCTaBJAIOIIAdA pelleHus. Pemenne BO BTOPOM JI€HE 110 K CO-
CTOUT U3 CYMMBI OCIUJIIAIIMOHHBIX U CTAIIMOHAPHBIX KOMIOHEHT. /lajiee BRIMUCIUM cTalmonap-
HYIO KOMIIOHEHTY PEIIeHUs.

SanurieM norpaHcaoinyio 3aady. OHa MOXKeT ObITh OIUCAHA YPABHEHUEM

1 %oy
0 (%71’ (A(ro))* On? ) _ 1 a4”¢1,1,st1
d(n.,0) ~ (A(ro))2 ot

st

C HYJIEBBIMU I'PaAaHUYIHBIMU YCJIOBUAMMU.
Ucnonbzosas 1 = (/A(rg), nepemnmuiiem ee Kak

_ 1 {(8%,1) (282%,1) B (6%,1) (53%,1)} . 841/)1,1,st1
A(ro) ¢ 00 0¢C? 00 o¢? st ok

[Toxcrasus dbyHKIUI Y91 B BHIE

wo1 = Real {e" (f1(¢) +if2(¢)) (Vi(0) — iVa(0))},

IIOJIyIUM

1 V(o)L eal((“?(flﬂfz) (02(f1—ifz))_(fl_if2> (a?’(fmfz)))_

Nro) 00 4 ¢ a2 ac
1 [0V oVa \1 O fi +ifs) (O°(f1 —ifs) : P(fr+ifa)\\
o v ) e (Mg () - i () ) -
. a47701,1,8‘51

=5
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Permrenne sToit 3a/Ja4911 MO2KHO 3alliCaTb KaK

R i (V. OV
¢1,1,st1 - _)\(7”0) % (|V| ) ZRG&I(G) — W <%V 90 V) Z—llmag(G)

V=Vi—iVa, [V?=V2+V5,

rie yakims G yIOBIETBOPSIET CJIEAYIONMEMY ypPaBHEHUIO:
'G _O(fitifs) (O°(fr—ifs)\ (i —ifs) P(frt+ifa)\ _
aCA ¢ aC2 e aC3
I <_(_1)3/4 +(—1)¥ (26<—1>3/4< _ eiﬁ<> + zg) .

C y49€TOM I'PaHUYIHBIX }/'CJIOBI/Iﬁ 9Ta (bYHKHI/IH OolIpeJesadeTcd B BuJIe

G_ﬁ‘i‘i_(%‘i‘%)C‘i‘
V2 2V2 2 2

1
5o ((—1)"”’/4(3“1)3/“C (1 + 2e-DY* 4) 2(v8 + 15 +zC)) .

OTcro/ta MoIyInM rpaHUTIHOE YCJIOBHE JIJTsT BHEITHeH CTAIMOHAPHON 3a1a9u:

a\Ijl,(],st _ )\(7’ )awl,l,stl _ awl,l,stl
o ). Yo ) o )

BHGHJHIOIO CTallMOHAPHYIO 3a1a4y 3allMIIEeM KaK
2
A \Ijl,O,st - O

Ona umeer cJieyoline IPAHUIHbIE YCIOBUS:

o . 8\1[1,0,51: _§ 2 2 av _a_v -
e ( ar )T0_8<39 (V1 )) (aev aev> Vi0s =0,

r—o0: Wygg~ —mexe cos(d —a)sing + O(e").

Perenne 3Toit 387141 MOXKHO IPEJICTABUTH B BUJIE JIBYX CJaracMbIX:

Viost = Yiost1 + Y1 0st2-

(17)

[lepBoe y10BI€TBOPSIET IPAHUYIHBIM YCJIOBUSIM Ha Tesie (17), BTopoe — CJIeiy oM IPaHn THbIM

YCIIOBUSIM:
r=ro: Yipa2a=0, 7—00: Wgea~ —Mexe cos(d —a)sine.
Bropoe ciaraemoe MO¥XKeT OBITH OIMMCAHO TAPMOHUYECKON (DYHKITHEH
Uy gst2 = —Meoe ) sinh(r — 1g) cos(f — «) sin ¢.

Omnpenenenne Vg dABIgETCA Ooslee CJIOKHON 3a1adeil.
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5.2. AHajmTuYyeckoe penieHne CTalMOHAPHON 3aJa49u AJis KPYTOBOTO IUJIMHAPA.
PaccmorpuMm cHadasia 9acTHBIN cirydail Kojiebanuit Kpyriioro munnpa. iveem

V(0) = x — 2sin(d — «) cos ¢ + 12sin(f — ) sin ¢,

% (|V|2) = —4cos(f —a) (xcosp —2sin(f — a)), i <—V — —V | = —4xcos(f — ) sin ¢.

FpaHI/I‘{HOG yciioBue Ha TeJie 3allniieM KaK

AT 3 3
——LOstl = ——cos(f — ) (xcosp — 2sin(f — a)) — =x cos(f — a) sin ¢.
or r—ro 2 2
Pemenne W, 41 onpenensgerca Kak

\Illostl——Zst(H a){ 1}——Xcos(9 a){ }cosgb——xcos(@ a{ }smqﬁ

Hobasus (18), naiijiemM (byHKINIO TOKA, OMUCHIBAIONLYIO BHEIIHEE CTAIIMOHAPHOE TEUCHUE:

Uy gt = —%SIHQ(Q a){ 1}——)((:059 o {e }cos¢——xcos(9 a{ }smqﬁ.

Takoe TeyeHne nMeeT HEHYJIEBYIO CPEJIHIOID CKOPOCTb B HAIIPABJIEHUH, ITEPIIEHTUKYJISIPHOM OCH
MOCTYTATEIHLHOIO KOJIe6aTE/IbHOTO JTBUKEHUA:

(Ug 00, Uy00) = O (Z cos ¢ + Z sin (;5) (— sin a, cos av). (19)

B HemoABmKHOMN crucTeMe KOOPAUHAT (—Uy oo, —Uyoo) — ITO KpPeHicepeKast CKOPOCTD JIBHKEHHST
KpblIa (CTAIIOHAPHbBIE COCTABJISIIONINE CHJIBI, JIEHCTBYIOIINE Ha TeJIO MPU JIBUKEHUH C JTOI
CKOPOCTBIO, PABHBI HYJIIO). DTOT Pe3yJbTaT B TOYHOCTH COBIAJIAET C PEIIeHUeM Jjisi KPYTJI0Tro
IUJIMHJPA, 0y YeHHbIM paHee B paborax [17,18].

5.3. YwucjieHHoe pellleHHe CTAaUOHAPHOW 3ajauM JJIs  SJJIAITHYECKOrO
uunHApa. [loaHoe anajinTudeckoe pemenne CTaluoHapHoi 3818491 /11 O0IIEro CJrydast moJIy-
YUTH JOCTATOYHO CJIOXKHO. B Hacrosmeil pabore /I ero onpeIeseHus HCIOIb3yeM YHCICHHbIE
METO/IbI.

Banumiem nogzagaty (16), (17) s Uy g1 B Buge

AVVLO,stl = 07 A\Ijl,(] stl — _Wl ,0,5t15

(0T 3/(0 5 oV IV _
r=rp: ( 5y )r0_8<89(|V|)) (aev aev) Uy 0501 =0, (20)

r— 00 . \Ill,O,stl ~ O<€T),

rie Wi ost1 — 3aBUXpeHHOCTD. [locTpomM ee umciieHHOE pelieHne ¢ IOMOIIBIO MeTO/1a KOHETHBIX
pasHOCTeil Ha OCHOBE UHCIEHHON cxeMbl, onncanHoii B pabore [20]. Cchopmupyem B orpaHmdeH-
HOit obstact 79 < 1 < 7o, 0 < 0 < 27 paBHOMEpHYIO (B IPOCTpaHCTBE KOH(MOPMHOIO 0TOOpa-
JKEHHs1) PACIETHYIO CETKY C M, X Ng y3iaamu. JMCKpeTHbIe 3HAYEHNs TEPEMEHHBIX OITPE/IeINM
B y3Jax cetku. [lyist anmpokcnmarmu oneparopa Jlarmraca (B aByMepHOit 06/1aCTH) HCIOJIb3yeM

Yuen. zan. Kasan. yn-ra. Cep. @usz.-mar. Hayku | 2025;167(4):759-776



770 A.N. Nuriev et al. | Asymptotic study of the propulsive motion ...

CTAH/IAPTHDBIN CUMMETPUYHBIN ATUTOYETHBIH 11abiou. Ha rpanure muimHIpuiecKoro Kpblia
[IPOBEJIEM JTUCKPETU3AINIO IPAHUYHBIX YCJIOBUI CJIELYIONIM 00Pa30M:

1 2 8‘If1,o,st1
Wﬁ Uy ost1(ro + hy) — R o )

r=rg

\T’Lo,stl(ro) =0, W1,0,5t1(70) =

rJe TUJIbJa 0O03HAYAeT MPHUOJINKEHHYIO CeTOYHYIO (DYHKIMIO, A — IIar CeTKH 110 KOOP/MHA-
Te 7. YCJIOBHE JUIA 3aBUXPEHHOCTH 3eCh OTPaykaeT IUPOKO M3BECTHOE ycjaoBue Toma BToporo
HOPSAIKA TOIHOCTH.

Ha BHemmmeii rpanurie, Ipe/oozKUB, 9T0 B TIABHOM wiene Wi g1 (Teo) ~ €2, cdopmy-
JIIPYEeM CJIeJyIoNee IPaHuIHOE YCIOBHE [T 3aBUXPEHHOCTH:

our2) Wi ost1
or

31ech uHeKC (up2) y CUMBOJIA YACTHOI POU3BOHON YKA3bIBAET HA WCIIOJIH30BAHUE HAIIPAB-
JIEHHOM Pa3HOCTU BTOPOI'O IMOPsAAKa TOYHOCTHU JJid alllIPOKCHUMAIINN COOTBeTCTByIOILLef/I IIpouns-
BOJIHOIA.

Ananornano, n3 npeanonoxkennsg Wy g1 ~ ce” + de”
chopMyIupyeM IpaHuIHOE YCJIOBHE I (DYHKIIUN TOKA,

r'=Tx: QWLO,stl(roo) + (TOO) =0.

" (kak 310 cHesnaHo B pabore [19])

=T \Ijl,O,stl (Too) = (eroo + e_roo)\ljl,O,stl(roo - hr) - \Ill,O,stl (roo - Qhr)

5.4. Pe3sysbTaThl pelieHns CTalimoHapHOIl 3a/1a4u B 00IeM ciiydyae. AHaju3 rpa-
HUYHBIX yeaoBuii 3agaan (20) nokasas, aro obimasi hopMysia Jijis BEIYUCIEHNs CTaIMOHAPHOI
CKOPOCTH Ha GECKOHeYHOCTH (IO MOJIYJII0 PAaBHOI KpelicepeKoli CKOPOCTH MAIITYIIero KpbLja)
MOXKET OBbITh IIPEJICTaBJIEHA B BHJIE

(ux,om uy,oo) =0 ((uﬂ/Q,O COS(¢) + Ug /2,7 /2 Sln(¢)> sin(a), (u0,0 COS(¢) + Uo7 /2 SlIl(QS)) COS(O()) .

Taxum obpazom, s oIy IeHHsT TOJTHON TapaMeTPUIecKoil 3aBUCUMOCTH B paMKaX IHCIEHHBIX
pacueToB HEOOXOIUMO OIPEJIC/INTh ITOBEJIEHNE YeThIpeX (DYHKIUA U, /2,05 Ux/2.7/2, U005 U0,m/2
or mapamerpa b. Cremaem 5TO ¢ TOMOIIBIO YUCIEHHON CXEMbI, M3JIOXKEHHOI B pasjese 5.3,
BLIOPAB COOTBETCTBYIONINE 3HAYCHUS ¢ U « ipu © = 1.

11 HACTPOMKHN TapaMeTPOB YUCJIEHHON CXeMbl IIPOBEJIEM aHAJU3 CEeTOYHON CXOIMMOCTH,
a TaKKe BBIIOJHUM CDaBHEHHE Pe3yJIbTATOB PACYeTOB ¢ TOYHbIM perrerueM (19), m3BecTHBIM
1 cirydas b = 1. PesynbTrarnl BEIMUCICHUS (DYHKIUN Ux /2 /2 A1 KPBLILEB C COOTHOIIEHUEM
nostyoceit b = 0.2, 1 Ha pa3HBIX CETKaX IIPH I's, = 2.8 mpejicTaBjieHbl B TabJI. 1.

Kak M0xKHO BUJIETH, pe3yabTaThl ¢1ab0 3aBHCAT OT ceTKH. Hajaumdanme HeOGOJBINON OomuoOKu
(mopsiyika 0.1 % wa camoit mogpobHOii ceTKe) YUCIeHHOrO pelerus B ciiydae b = 1 o0bscHsieTcst
OrpaHUYECHHON 00JIACTHIO pacyuera W BIAUSHUEM I'DAHUYHBIX YCJIOBHII.

Tabu. 1. 3nauenus GYHKIUU Uy /o /o, BBIMUCICHHBIC HA PA3HBIX CETKAX
Table 1. Values of the function u, 3 /2 calculated on different meshes

b 257x257 513x257 513xb13  1025x512 Tounoe perenne
0.2 | 0.61943 1.62456 1.62475 1.62484 —
1 | —1.252717 -1.250936 —1.251266 —1.25128 -1.25
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PesynbraTel pacdera Ur/ao, Ur/2x/2, W00, Uor/2 I PasHbIX 3HadeHuit b Ha ceTke
n. X ng = 513 X 257 1pn ro = 2.8 moKazaHbI HA pUC. 2.

a=0,¢=0 a=0,¢p=n/2
A
Q\ 8 *.
3 \ ‘
\ ‘.
\ 6
< \ .
F2 \ A,
LN 4
\\ .
» Aea.. .,
1 ~o > -....,__.-.
~‘———---..__q.______.. Aeeann, .., -
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
a=a/2,¢=0 a=al2,p=nr2
0 _____..—-—-—--I 4
’_‘.— | el
-5 A 1
'd v
T -10 /
= / 0 ¥
K v
-15 /
g _ v
=20 J ! v
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
b b

Puc. 2. 3aBucnmocTn Uz a0, Ur/2,7/2, U0,0, Uo/2 OT Hapamerpa b
Fig. 2. Dependencies /20, Ur/2.7/2, 0,0, and ug /o on parameter b

[Tony4yeHHBIC 3aBUCHMOCTH IPEJICTABJIAIOT MepBoe IPUOIMZKeHHe KpeilcepCcKoil CKOpocTH
JIBUZKEHUsI KPbLIa [P BBICOKUX dacrorax (& < 1) kosebanuit. Orenku o61acTi MIPUMEHUMO-
CTH MOJICJIH 110 € MOXKHO IPHBECTHU I caydasd b = 1 Ha OCHOBAHUM pe3yJILTATOB, IOy YeHHbBIX
B pabore [17]. Tax, B MAJIOAMIIIUTY/IHOM JJHAIIA30HE OTHOCUTE/IbHBIE OIIUOKHY €IT 5 OIIPEeIeJIeHHsT
sHavenuit GyHKIui Uy A1g ¢ = 0 u ¢ = 7/2 (3nadennsa yuxmmit mpu a =0 u o = 7/2
COBIAJIAIOT) MOYKHO BBIYHCJIATH KAK

3 g2 3771
b1 o L . 100
Ho=0 ™\ T 1332 1 1271 1 417 % o
5 ~2 4 1 4!
eITyor/y A ¢~ lde 100 %.

4 08:2+351+36

I'paduku stux dyukimit n306pakeHbl Ha puc. 3.

Kak MOXKHO BHJIeTH, BBICOKOYACTOTHAS aCUMIITOTHIECKas MOJENb IIPeICKa3bIBAET CKOPOCTh
¢ omubkoit Meree yem B 10 % 1pu € < 0.01 jayist ¢ =0 u € < 0.029 mna ¢ = 7/2. Bamernwm,
YTO JIJIsl JIDYTUX 3HAYEHUH b 1IPU PAa3HBIX (v ¥ ¢ JUAINA30H IPUMEHUMOCTU MOYKET OTJIMYaThCS.
O6 sTOM, B YacCTHOCTH, FOBOPHUT IoBeJeHne GYHKIUH U, npu Maiaeix b. Tak, g ciaydas
a=m/2 u ¢ =m/2 Mozmenb npeacKkasbiBaeT 3GQEKT CMeHbI HAIPABJIECHUS JIBUKEHNST KPbLIA
OpU TIepexojie OT KPYIJIOro NMUJINHIpa K TOHKOH miacruse [21], anajormunbiii addekT mpu
a=7/2 u ¢ =0 MOJEIBIO He NPEJICKA3BIBACTCA (U3-3a HEJOCTATOYHOIO KOJMYECTBA WICHOB
PABIOKEHHs ).
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102_
—errp=0
——— erfp=n2 ””
X
Gi 101
[
O
=
=
o
100,
”
7’
'
”
10-3 102 107! 10°

Puc. 3. I'padux omubkn erry ana ¢ =0 u ¢ = 7/2, nocrpoennsie 10 Gopmyaam (21), s ciaydas
b=1, rx1
Fig. 3. Plot of the error erry for ¢ =0 and ¢ = m/2 based on formulas (21) for b =1 and x < 1

3akJroueHue

[TocTpoena BBICOKOYACTOTHAA MaIoaMILTHTyAHast (2 ~ © ~ k < 1) acuMIOTOTHYECKAs MO-
JIeJIb TIPOTIYIbCUBHOIO JBUKEHUS ITAJIMHIPUIECKOT0 MAIITYIIEro KPbLIa ¢ SJUIUIITUIECKOH hop-
Moit ceuenns. Ha 6a3e 3Toit Mojiesin BbIBeIeHa CTPYKTYPHas (popMysia Jjid onpejie/ienns Kpeii-
CEPCKOIl CKOPOCTH JIBUKEHUsT MAIIYIIEro KPbLIa B 3aBUCHMOCTU OT 3HAYEHUN MapaMeTpoB «,
¢, © u b. 3aBUCUMOCTH OT MEPBBIX TPEX MapPaMeTPOB MOJIYYeHbl aHAJUTUIECKH, 3aBUCUMOCTh
or b maiiiena uuncsenno. IIposemMoncTpupoBana COrIacOBAHHOCTD MOJIyYEHHBIX PE3yJILTaTOB
¢ aHAJINTHIeCKUME (hOpMyJIaMu Jijist KPYTJIOro IuanHIpa upu b= 1.

KondaukT naTEpecoB. ABTOPHI 3agBJISIOT 00 OTCYTCTBUU KOH(MINKTA WHTEPECOB.

Conflicts of Interest. The authors declare no conflicts of interest.

JImreparypa

1. Prandtl L. Uber die Entstehung von Wirbeln in der idealen Fliissigkeit, mit Anwendung auf
die Tragfliigeltheorie und andere Aufgaben // Kdrméan Th., Levi-Civita T. (Hrsg.) Vortrige aus
dem Gebiete der Hydro- und Aerodynamik (Innsbruck 1922). Berlin, Heidelberg: Springer, 1924.
S. 18-33. https://doi.org/10.1007/978-3-662-00280-3 2.

2. Birnbaum W. Der Schlagfliigelpropeller und die kleinen Schwingungen elastisch befestigter
Tragfliigel // Z. Flugtech. Motorluftschiffahrt. 1924. Bd. 15. S. 128-134.

3. Theodorsen T. General theory of aerodynamic instability and the mechanism of flutter. NACA
Technical Report No NACA-TR-496. Washington, DC: Natl. Advis. Comm. Aeronaut., 1935.
P. 291-311.

4.  Garrick LLE. Propulsion of a flapping and oscillating airfoil. NACA Technical Report
No NACA-TR-567. Washington, DC: Natl. Advis. Comm. Aeronaut., 1936. P. 1-10.

5. Wagner H. Uber die Entstehung des dynamischen Auftriebes von Tragfliigeln // Z. Angew. Math.
Mech. 1925. Bd. 5, H. 1. S. 17-35. https://doi.org/10.1002/zamm.19250050103.

Uch. Zap. Kazan. Univ. Ser. Fiz.-Mat. Nauki | 2025;167(4):759-776



A.H. Hypues u jip. | Acumnrorndeckoe ucc/ieJ0BaHUE IPOIYIbCUBHOIO JBUKEHUST ... 773

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Glauert H. The force and moment on an oscillating aerofoil // Gilles A., Hopf L., Kérman Th.
(Hrsg.) Vortrdge aus dem Gebiete der Aerodynamik und verwandter Gebiete (Aachen 1929).
Berlin, Heidelberg: Springer, 1930. S. 88-95. https://doi.org/10.1007/978-3-662-33791-2 16.

Keadviu M.B., Jlaspenmves M.A. K reopun kosebomerocst kpblia // Texn. samerku ITATU.
1935. T. 45. C. 48-52.

Cedos JI.U. Tliockue 3amaan rugpoauaamMuku u aspoguaamukn. M.-JI.: TUTTJI, 1950. 440 c.
Hexpacos A.U. Teopust kpbuia B Hectanuonapaom noroke. M.-JI.: AH CCCP, 1947. 262 c.

Alaminos-Quesada J., Fernandez-Feria R. Propulsion of a foil undergoing a flapping undulatory
motion from the impulse theory in the linear potential limit // J. Fluid Mech. 2020. V. 883.
Art. A19. https://doi.org/10.1017/jfm.2019.870.

Fernandez-Feria R., Alaminos-Quesada J. Analytical results for the propulsion performance of a
flexible foil with prescribed pitching and heaving motions and passive small deflection // J. Fluid
Mech. 2021. V. 910. Art. A43. https://doi.org/10.1017/jfm.2020.1015.

Stokes G.G. On the effect of the internal friction of fluids on the motion of pendulums // Trans.
Cambridge Philos. Soc. 1851. V. 9, Pt. 2. P. 8-106.

Schlichting H. Berechnung ebener periodischer Grenzschichtstromungen // Phys. Z. 1932. Bd. 33.
S. 327-335.

Riley N. Oscillatory viscous flows. Review and extension // IMA J. Appl. Math. 1967. V. 3, No 4.
P. 419-434. https://doi.org/10.1093 /imamat,/3.4.419.

Riley N. The steady streaming induced by a vibrating cylinder // J. Fluid Mech. 1975. V. 68,
No 4. P. 801-812. https://doi.org/10.1017/50022112075001225.

Nuriev A.N., Egorov A.G. Asymptotic theory of a flapping wing of a circular cross-section //
J. Fluid Mech. 2022. V. 941. Art. A23. https://doi.org/10.1017/jfm.2022.287.

Feopos A.I., Hypues A.H. Kpeiicepckasi CKOPOCTb NINIMHIPUYECKOTO KpBLIa IIPH MaJbIX
[OCTYIIATE/IbHO-BpalaTeIbHbIX KosieOanusx // Yden. san. Kazan. yn-ta. Cep. ®us.-marem.

mayku. 2022. T. 164, xu. 2-3. C. 170-180. https://doi.org/10.26907/2541-7746.2022.2-3.170-180.

Nuriev A.N., Egorov A.G., Zaitseva O.N., Kamalutdinov A.M. Asymptotic study of the
aerohydrodynamics of a flapping cylindrical wing in the high-frequency approximation //
Lobachevskii J. Math. 2022. V. 43, No 8. P. 2250-2256.
https://doi.org/10.1134/S1995080222110233.

Egorov A., Nuriev A., Anisimov V., Zaitseva O. Propulsive motion of an oscillating cylinder in a
viscous fluid // Phys. Fluids. 2024. V. 36, No 2. Art. 021908. https://doi.org/10.1063/5.0189346.

Nuriev A.N., Zaitseva O.N., Kamalutdinov A.M., Bogdanovich FE.E., Baimuratova A.R.
Asymptotic study of flows induced by oscillations of cylindrical bodies // Fluid Dyn. 2024. V. 59,
No 2. P. 314-330. https://doi.org/10.1134/S0015462824602110.

Nuriev A., Baimuratova A., Zaitseva O., Zhuchkova O. The dependence of the propulsive
characteristics of a flapping wing on its cross-sectional shape // Proc. 2023 Ivannikov Ispras
Open Conf. (ISPRAS). Moscow, 2023. P. 135-138.

https://doi.org/10.1109 /ISPRAS60948.2023.10508181.

Yuen. zan. Kasan. yn-ra. Cep. @usz.-mar. Hayku | 2025;167(4):759-776



774 A.N. Nuriev et al. | Asymptotic study of the propulsive motion ...
References
1. Prandtl L. Uber die Entstehung von Wirbeln in der idealen Fliissigkeit, mit Anwendung auf die

10.

11.

12.

13.

14.

15.

16.

Tragfliigeltheorie und andere Aufgaben. In: Kdrman Th., Levi-Civita T. (Hrsg.) Vortrdge aus
dem Gebiete der Hydro- und Aerodynamik (Innsbruck 1922). Berlin, Heidelberg, Springer, 1924,
S. 18-33. https://doi.org/10.1007/978-3-662-00280-3 2. (In German)

Birnbaum W. Der Schlagfliigelpropeller und die kleinen Schwingungen elastisch befestigter
Tragfliigel. Z. Flugtech. Motorluftschiffahrt, 1924, Bd. 15, S. 128-134. (In German)

Theodorsen T. General theory of aerodynamic instability and the mechanism of flutter. NACA
Technical Report No. NACA-TR-496. Washington, DC, Natl. Advis. Comm. Aeronaut., 1935,
pp- 291-311.

Garrick I.E. Propulsion of a flapping and oscillating airfoil. NACA Technical Report
No. NACA-TR-567. Washington, DC, Natl. Advis. Comm. Aeronaut., 1936, pp. 1-10.

Wagner H. Uber die Entstehung des dynamischen Auftricbes von Tragfliigeln. Z. Angew. Math.
Mech., 1925, Bd. 5, H. 1, S. 17-35. https://doi.org/10.1002/zamm.19250050103. (In German)

Glauert H. The force and moment on an oscillating aerofoil. In: Gilles A., Hopf L., Kédrmén
Th. (Hrsg.) Vortrige aus dem Gebiete der Aerodynamik und verwandter Gebiete (Aachen 1929).
Berlin, Heidelberg, Springer, 1930, S. 88-95. https://doi.org/10.1007/978-3-662-33791-2 16.
(In German)

Keldysh M.V., Lavrentiev M.A. On the theory of the oscillating wing. Tekh. Zametki TsaG1, 1935,
vol. 45, pp. 48-52. (In Russian)

Sedov L.I. Ploskie zadachi gidrodinamiki i aerodinamiki [Two-Dimensional Problems in
Hydrodynamics and Aerodynamics|. Moscow, Leningrad, GITTL, 1950. 440 p. (In Russian)

Nekrasov A.L. Teoriya kryla v nestatsionarnom potoke [Theory of Wings in Nonstationary Flow].
Moscow, Leningrad, Akad. Nauk SSSR, 1947. 262 p. (In Russian)

Alaminos-Quesada J., Fernandez-Feria R. Propulsion of a foil undergoing a flapping undulatory
motion from the impulse theory in the linear potential limit. J. Fluid Mech., 2020, vol. 883,
art. A19. https://doi.org/10.1017/jfm.2019.870.

Fernandez-Feria R., Alaminos-Quesada J. Analytical results for the propulsion performance of a
flexible foil with prescribed pitching and heaving motions and passive small deflection. J. Fluid
Mech., 2021, vol. 910, art. A43. https://doi.org/10.1017/jfm.2020.1015.

Stokes G.G. On the effect of the internal friction of fluids on the motion of pendulums. Trans.
Cambridge Philos. Soc., 1851, vol. 9, pt. 2, pp. 8-106.

Schlichting H. Berechnung ebener periodischer Grenzschichtstromungen. Phys. Z., 1932, Bd. 33,
S. 327-335. (In German)

Riley N. Oscillatory viscous flows. Review and extension. IMA J. Appl. Math., 1967, vol. 3, no. 4,
pp 419-434. https://doi.org/10.1093 /imamat/3.4.419.

Riley N. The steady streaming induced by a vibrating cylinder. J. Fluid Mech., 1975, vol. 68,
no. 4, pp. 801-812. https://doi.org/10.1017/50022112075001225.

Nuriev A.N., Egorov A.G. Asymptotic theory of a flapping wing of a circular cross-section. J. Fluid
Mech., 2022, vol. 941, art. A23. https://doi.org/10.1017/jfm.2022.287.

Uch. Zap. Kazan. Univ. Ser. Fiz.-Mat. Nauki | 2025;167(4):759-776



A.H. Hypues u jip. | Acumnrorndeckoe ucc/ieJ0BaHUE MPOIYIbCUBHOIO JBUKEHUST ... 775

17. Egorov A.G., Nuriev A.N. Cruising speed of a cylindrical wing performing small translational-
rotational oscillations. Uchenye Zapiski Kazanskogo Universiteta. Seriya Fiziko-Matematicheskie
Nauki, 2022, vol. 164, nos. 2-3, pp. 170-180.
https://doi.org/10.26907 /2541-7746.2022.2-3.170-180. (In Russian)

18. Nuriev A.N., Egorov A.G., Zaitseva O.N., Kamalutdinov A.M. Asymptotic study of the
aerohydrodynamics of a flapping cylindrical wing in the high-frequency approximation.
Lobachevskii J. Math., 2022, vol. 43, no. 8, pp. 2250-2256.
https://doi.org/10.1134/S1995080222110233.

19. Egorov A., Nuriev A., Anisimov V., Zaitseva O. Propulsive motion of an oscillating cylinder in a
viscous fluid. Phys. Fluids, 2024, vol. 36, no. 2, art. 021908. https://doi.org/10.1063/5.0189346.

20. Nuriev A.N., Zaitseva O.N., Kamalutdinov A.M., Bogdanovich E.E., Baimuratova A.R.
Asymptotic study of flows induced by oscillations of cylindrical bodies. Fluid Dyn., 2024, vol. 59,
no. 2, pp. 314-330. https://doi.org/10.1134/S0015462824602110.

21. Nuriev A., Baimuratova A., Zaitseva O., Zhuchkova O. The dependence of the propulsive
characteristics of a flapping wing on its cross-sectional shape. Proc. 2023 Ivannikov Ispras Open
Conf. (ISPRAS). Moscow, 2023, pp. 135-138.
https://doi.org/10.1109 /ISPRAS60948.2023.10508181.

Nudopmanus 06 aBTopax

Aprem Hawnnesuu Hypwues, 10kTOp (PU3MKO-MaTeMaTHIeCKUX HAYK, JOIEHT, BEILYIUI HayJIHBII
COTPYJHUK HAyYIHO-UCCJIE/I0BATEIbCKOM Jtaboparopun «HTEIeKTyabHbIe OHOMUMETUICCKIE U IIPH-
posiocoobpasublie cucrembl», Kazanckuii ([Tpuosnkekuii) dbenepanbHbiil yHUBEpCHTET

E-mail:  nuriev_an@mail.ru

ORCID: https://orcid.org/0000-0003-1561-557X
Awnrenuna PadunbeBna BailimypartoBa, miainmii HAy9IHBIH COTPYIHUK HAYIHO-UCCIIET0BATE b=
ckoii jtaboparopun «HTE/LIEKTya bHbIe ONOMUMETHIECKe U TPUPOI0CO00pa3Hble CUCTeMbI», Kasam-
ckuit (IIpuBosnkckuii) deiepajbHbIil yHUBEPCATET

E-mail:  angelina.baimuratova@yandex.ru

ORCID: https://orcid.org/0009-0008-5012-5377
Oabra HukonaeBHa 3aiineBa, KaHamjaT MIeJarOrHIecKuX HAyK, CTAPINUl HAYIHBIH COTPYIHUK
HayIHO-UCCJIE0BATE/BCKOI JabopaTopun «HTeIeKTya/IbHbIe OHOMUMETHIECKIE U IIPUPOI0CO00pas3-
uele cucrembl», Kazancknit (IlpuBomkcknit) denepanbublii yHIBEpCHTET

E-mail:  ZaitsevaON@corp.knrtu.ru

ORCID: http://orcid.org/0009-0001-9724-7514

Author Information

Artem N. Nuriev, Dr. Sci. (Physics and Mathematics), Associate Professor, Leading Researcher,
Laboratory of Intelligent Biomimetic and Nature-Inspired Systems, Kazan Federal University
E-mail: nuriev_an@mail.ru
ORCID: https://orcid.org/0000-0003-1561-557X
Angelina R. Baimuratova, Junior Researcher, Laboratory of Intelligent Biomimetic and
Nature-Inspired Systems, Kazan Federal University
E-mail:  angelina.baimuratova@yandex.ru
ORCID: https://orcid.org/0009-0008-5012-5377

Yuen. zan. Kasan. yn-ra. Cep. @usz.-mar. Hayku | 2025;167(4):759-776



776 A.N. Nuriev et al. | Asymptotic study of the propulsive motion ...

Olga N. Zaitseva, Cand. Sci. (Pedagogy), Senior Researcher, Laboratory of Intelligent Biomimetic
and Nature-Inspired Systems, Kazan Federal University

E-mail:  olga_fdpi@mail.ru

ORCID: http://orcid.org/0009-0001-9724-7514

[Tocrymuna B pemakmuio 9.10.2025 Received October 9, 2025
[Mpunsita ¥ nybsmkarmmu  25.10.2025 Accepted October 25, 2025

Uch. Zap. Kazan. Univ. Ser. Fiz.-Mat. Nauki | 2025;167(4):759-776



B.®. ®appaxos | MUKpPOCTPYKTYPBI HA MOBEPXHOCTU KPEMHUS . . . T

OPUTUHAJIBHAYL CTATbHI
VIK 535.211
https: //doi.org/10.26907 /2541-7746.2025.4.777-785

MuKpoCTPpYKTYpPbl Ha IIOBEPXHOCTU KPEMHUS
JJig NOBBINIeHNS 3(P(PEeKTUBHOCTH COJTHEYHBLIX 3JIEMEHTOB,
chopMUpOBaHHBbIE MOIIIHBIM CBETOBBIM HNMITYJIbCOM

B.®. ®appaxoB

Kazanckuti pusurxo-mexnuveckuts uncmumym um. E. K. 3asotickozo Dedeparvrozo uccaedosamenvcrozo
uenmpa «Kazanckut naywnord yenmp Poccutickoll axademuu nayks, 2. Kasanv, Poccus

bulat _f@mail.ru

AnaHoTanusa

Ompeneneno BAUARNE PEsKIMOB HOHHOH mMmiagTamuy noHaMu As™, Mn™, InT u mvmynscroro
CBETOBOTO OT2KWTIa Ha MeXaHU3M (DOPMUPOBAHUS PEKPUCTAINZ0BAHHBIX PEILePHBIX MEPUOTTICCKUX
MHUKPOCTPYKTYD U3 PaCIIaBICHHOI (Da3bl HA MTOBEPXHOCTH KPEMHHUEBOI (Si) MIACTHHDI I IIPUMEHe-
HHUS UX B COJTHEUHOH dHEpPreTHUKe.

KimroueBbie cjioBa: cojiHeUHasl SHEPreTUKA, KPEMHWI, UMITYJIbCHOE CBETOBOE 00JIyUeHne, HOHHAS
UMILTIAHTAIUST, KOIPMUITHEHT OTpasKeHNsI

BaarogaprocTu. Asrop Beipaxkaer Giraromgapuocts P.J. BarasoBy 3a MOArOTOBKY U IIPeIOCTaB-
JIEHUE HEKOTOPBIX 00PAa3IOB JIJisi S9KCIIEPUMEHTOB.

Pabora BbImOSIHEHA B paMKax rocymapcTBeHHOro 3amdanust «PyHIaMeHTaIbHBIE OCHOBBI MOJIEKY-
JIAPHOTO KOHCTPYUPOBaHUSA, (DUUKO-XUMHUIECKOrO0 AHAJIM3a CTPOEHUsI W (DYyHKIMOHAJIHLHBIX CBONCTB
HOBBIX WHTEJIJIEKTYAJIbHBIX CHCTEM M MATEPHUAJIOB /I COBPEMEHHBIX HayKOEMKHUX TEXHOJIOTHI B 0014~
cTU OMOMEIUINHDL, KaTaIi3a, SHEPreTUKY, HAaHO- ¥ OITO9IEKTPOHUKN». PykoBogurean: A.A. Kapacuxk,
C.M. Xantumepos. Homep perucrparuun 8 ETICY 122011800132-5.

s nmurupoBanusi: Pappaxros b.D. MuKpocTpyKTyphbl HA MOBEPXHOCTU KPEMHUSI JJIsI TOBBIIIEHUST
9D HEKTUBHOCTU COJIHEUHBIX 3JIEMEHTOB, C(OOPMUPOBAHHBIE MOIIHBIM CBETOBBIM UMILYJILCOM // YdeH.
zarm. Kazan. yu-ta. Cep. @uz.-marem. nayku. 2025. T. 167, ku. 4. C. 777-785.

https: //doi.org/10.26907 /2541-7746.2025.4.777-785.

Yuen. zan. Kasan. yu-ra. Cep. @usz.-mar. Hayku | 2025;167(4):777-785



778 B.F. Farrakhov | Microstructures on silicon surface ...

ORIGINAL ARTICLE
https://doi.org/10.26907 /2541-7746.2025.4.777-785

Microstructures on silicon surface produced
by a powerful light pulse to enhance
solar cell efficiency

B.F. Farrakhov

Zavoisky Physical-Technical Institute, FRC Kazan Scientific Center,
Russian Academy of Sciences, Kazan, Russia

bulat _ f@mail.ru

Abstract

The effects of implanting As™, Mn™, In™ ions and pulsed light annealing on the formation of
recrystallized relief periodic microstructures from the molten phase on the surface of a silicon (Si)
plate for their potential application in solar energy conversion was studied.
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Bseaenune

CoJiHeuHasi 9HEpreTUKa 3aHUMaeT B MHpPe Bce 0oJiee 3HAUUTE/IHLHOE IIOJIOYKEHHE B ITPOU3-
BOJCTBE dJICKTpUIeCTBa. OHa ABJIdeTCd BOSO6HOB.HH€MI)IM HNCTOYHUKOM 3HEpPruu, B TOM YUCJIC
He OKa3bIBAIOIIMM BPEJHOTO Bo3JeiicTBust Ha skosoruto [1]. ITo orenkam mccrenoBaTebeKoil
komnanun BloombergNEF (2, 3], k koniy 2024 roja MOIHOCTD TJIOGATBHBIX COJTHEYHBIX JIEK-
TpocTannuii Jocturyia okosao 1500 I'BT, B To BpeMa kak kK Hadasay 2023 rojga oHa coCTaBJIAIa
Bcero 200 I'BT u nmpojioskaeT 1eMOHCTPUPOBATH CTPEMUTEIbHBIN pocT. [lepBocTerteHHbIMU 115
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TEKYIIero u OY/IyIero pa3BuTUs 9TOW OTPACIN ABJSIOTCA YEIIeB/IeHNe, YIIPOIIEHNe TPOU3BO/I-
CTBa W yJIyUIIeHIe TEXHUIECKUX XapaKTePUCTUK MpeobpasoBaTesieil CBeTOBOI SHEPIUU B IJIEK-
TPUIeCKyi0. B craTbe paccMOTpeH BapwaHT yiydiieHusi (hU3MIeCKUX CBONCTB M TEXHUIECKIX
XapaKTEePUCTUK Ha3BAHHOTO IIPoIiecca.

WNmKeHeps! 1 yaeHble PeAJM3YIOT PA3IMIHbIe METO/IbI COBEPIEHCTBOBAHUS IIAPAMETPOB COJI-
HEUYHBIX 3JIEMEHTOB Jiisi yBejudeHusi ux Kodddumumenra mosesnoro neiicteus (KILI). Kak
U3BECTHO, 001Iasi 3PPEKTUBHOCTh COJTHEYHOI'O 3JIEMEHTa 3aBUCHT OT HECKOJIbKHUX acCIeKTOB,
Cpe/i KOTOPBIX: COCTaB MOJIYIIPOBOIHIKA, TeMIIepaTypa, KOHTAKTBI 1 METAJLI3AIUs, THIT TTPO-
CBETJIAIONIETO MOKPBITHS, KOHIIEHTPAIUS JIETUPYIONIEro BEIECTBA U TOIOJIOTHS CJI0EB dJIeMEH-
Ta, a Takxke repmernsaius. Kpemuuii (Si) siBjisieTcsi OCHOBHBIM HOJIyIIPOBOJHUKOM, KOTOPBIIt
HCIIOJIb3YETCsI JI/IsI IIPOU3BOJACTBA (POTOIIEKTPUIECKUAX IJIEMEHTOB, IIOCKOJIBKY OH IITHPOKO Pac-
IIPOCTPaHEH B IPUPOJIE, TEXHOJIOIMK €ro oO0pabOTKM JOCKOHAJBLHO OTPAabOTaHbI, a dHEPreTH-
Jeckas MIUPUHA ITOJIOCHI MOTJIONIEHUsI COBMECTUMa C OOJIBbINell JacThI0 COJIHETHOTO CIEKTPA.
B nacrosiee BpeMsi IpOU3BOJACTBO MHOI'UX COJIHEYHBIX 3JIEMEHTOB OCHOBAHO HA MPOU3BOJICTBE
MYJIBTH- / MUKDPO- / TIOJIMKPUCTAJLITYECKOTO M MOHOKPUCTA/LTMIECKOro KpeMuus (c-Si), mpudem
MOCJITHUN OTIMYaeTcsa HauboIbIel 3 dekTuBHOCTHI0. OHIMI U3 HanboJIee TePCIeKTUBHBIX
nanpas/ienuii B mopbitiennu KIT aBiigrored co3ianme HalpaB/JIeHHOIO pAacCEeMBaHUs U YBeJIUIe-
HU€ TLIOMAJIA TOBEPXHOCTH, 9TO PABHOCUJIBHO CHUKEHUIO KOI(DMDUIIMEHTA OTPAXKEHNUsT TTOBEPX-
HOCTU WJIM YBEJUYEHUIO ITOTJVIONMATETbHON CIOCOOHOCTH COJTHEYHBIX JIEMEHTOB. Y BeJIMYCHUE
ILJIOIIA/IA TTOBEPXHOCTHU JIOCTUTAECTCS 3a CUYET TEKCTYPUPOBAHUSA, T.e. (POPMUPOBAHUS Ha, I10O-
BEPXHOCTU (DOTOIIEMEHTOB YHUKAJBHBIX PEIbeHBIX CTPYKTYP, OTJIHIAIOIINXCS PA3THIHBIMA
dbopmamu, pazmepamu U IIOTHOCTAMHE [4].

CerojiHst M3BECTHBI pa3IUIHbIE METO/IbI TEKCTYPUPOBAHUS TOBEPXHOCTHU IOJIYIIPOBOIHUKOB
JUTsl UX WCIOJIb30BaHUs B onTosjieKTponuke [2-8|. Jlis c-Si-ssieMeHTOB TakKe paspaboTaHo
MHOKECTBO TEeXHOJIOTHil 00paboTKu nmopepxuocT. Cpejin HUX Ha CErOJHANIHUN JIeHb BbI3bIBa-
FOT HauOOJIBININI UHTEPEC METOIbI CO3/IaHusl TAKUX HAHOCTPYKTYD, KAK HAHOHUTH U HAHOIIPO-
BOJIOKH [7,8|, 1 pesibedHBIX MEUKPOCTPYKTYD, 00pa3yonuxcs npyu HoHHO# nMmiutantanuu (1111)
1 uMITyIbCcHOM cBeToBoM oburydennu (MICO) [9,10]. Huxke B monosmenne K pamee oIyO/mKo-
BaHHBIM pe3ysbrataM [11| pacemorpen HOBBI 10/1x01 K BBIGOPY pexkumoB U u MICO ¢ nembio
6oJ1ee 3(hPEKTUBHOTO MUKPOCTPYKTYPUPOBAHUS TIOBEPXHOCTH C-Si.

1. SKcrnepumeHT

B kagecTBe 00pa3IioB /I KCCIeI0BaHIs OBLIN UCIIOJIB30BAHbI IIaCTUHBI ¢-Si Mapku KJIB-1
¢ Kpucrasuorpaduaeckoii opuenrtanueii mosepxuocru (100).

VW nposogunachk Ha yckopuresae HNJIY-3 nmonamn As™ ¢ smeprueit E = 50 k3B u 1030ii
D=3.12 x 10° em™2, a rakxke monamu Mn ™ ¢ sneprueit E=30x3B u nozoit D=2 x 10 cm~2.
Taxxke obpaser Si (100) 6Lt mocsier0BaTEIHLHO NMILTAHTUPOBaH noHamu InT u As™ ¢ sueprueii
E =30 k3B u mosamu o D = 2 x 10'6 em~2.

NCO 06pa3snoB mpoBOIUIOCH UMITYILCAMU CEKYH/IHBIX JTUTETLHOCTEH M3/TydIeHueM TaJio-
TeHHBIX JIAaMII HaKaJUBaHUs Ha ycraHoBKe MMIysibe-6 ¢ MJIOTHOCTBHIO MOITHOCTH W3JIYYeHUsT
gamn w = 20 BT - cM™? IpH pasiIduHbIX INTEILHOCTIX UMITYJILCA.

MoudunupoBaHHbie TTOBEPXHOCTH 00pa3IOB Si aHAIM3UPOBAIUCH HA ONTHIECKOM MUKPO-
ckorie MBC-9. CdopmupoBatnHble CTPYKTYPhI PETUCTPUPOBAINCH Ha MHMPOBYIO Kamepy. Ot-
pakaTeJbHasg CIIOCOOHOCTH COOPMUPOBAHHBIX CTPYKTYP U3MEPsIACh C UCIOJIb30BAaHUEM 30H-
JIUPOBaHUS JIydeil MOJIyIPOBOIHUKOBBIX JIa3€POB MOMIHOCTHIO P = 5 MBr, ¢ nuamerpom myd-
Ka 1.1 MM, mox yrioMm 45° K HOpMaJHu o0paslla Ha JJIMHAX BOJIH A, = 405 HM, A = 532 HM
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u A, = 650 am. [l1ockocTh mossgpusaruu ObLIa BbICTAB/IEHA HAPAJIEIHLHO OBEPXHOCTH 00-
pasna. Perucrparug MHTEHCUBHOCTH OTPayKEHHBIX JIydeil BbIoTHAIach poToanoom PJI-24K
7 U POBBIM MYJIBTUMETPOM.

[Ipodunu pacripejiesieHuss MOHOB 110 TOJIMMHE 00pa3ia ObLIM PACCUYUTAHBI C ITOMOIIBIO
nporpamMyMbl TRIM (Transport of Ions in Matter), koropas siBiisleTcst siIpoM HaKeTa IIPO-
rpamm SRIM-2013. Drta mporpamma 6blia paszpaborana @.I1. Txxeiivcom n I1.B. Moxenom
B 1983 rojy u nocrosinno coseprnencreoBasack [12]. TRIM ocroBana Ha MeTO/IE MOJIEJIUPOBAHUS
Momnte-KapJio, a mmenno, Ha npubsnkennn OUHAPHBIX CTOJIKHOBEHUI CO CIydIailHBIM BHIOOPOM
napamMeTpa yjaapa cJIeIyIoIero cTajJKkuBaromnierocd nona. IIporpamma MojiemmpyeT Bee mpoIiecehl
B3aUMOJIEHCTBUS HAJIETAIONIEH YaCTUIIBI U ATOMOB MHUINIEHHW. B KadecTBe BXOJIHBIX TapaMeTPOB
3aJIa10TCsI TUIT HOHA 1 3Heprust (B quanaszone 10 3B — 2 ['9B) u maTepuast 0IHONO UM HECKOJIBKIX
CJIOEB MUIIICHHU.

[Iporpamma SRIM mo3BosisieT ¢ BBICOKOI TOUHOCTHIO MOJIETMPOBATE: HOHU3AIIMOHHBIE TIOTe-
U SHEPrUu YaCTHIL B BEIIECTBE, SHEPTeTUUECKIEe CIIEKTPHI s/iep oTiaqn, 3D-TpaekTopun 4acTurr
C y4E€TOM MHOT'OKPATHBIX CTOJIKHOBEHHII ¢ ATOMAMU, MPOIECCHl UMILIAHTAIIUA MOHHBIX ITPUMe-
ceit B BemecTBo. OHA MO3BOJISIET BBIYUC/IATH JIEKTPOHHYIO OCTAHAB/IMBAIONLYIO CIIOCOOHOCTH
JI060r0 MOHA B JIIOOOM Marepualsie (BKJI0Yas ra30006pa3Hble MUIIEHN) Ha OCHOBE YCPeHSIIOIeit
napaMeTPU3AIIH TIPOKOTO CIIEKTPA SKCIEPUMEHTATHHBIX JIAHHBIX.

2. PesyabraThl u 00Cy2KaeHUE

Brum cchopMupoBaHbI €I0M ¢ pa3IMIHBIMU TUITAMU [IPUMECH, UX KOHIIEHTPAIlnell U pacipe-
JiesienueM 1o rioyoune. [yybunbl pacupesesienns BHEJIPEHHONW TPUMECH, PACCUNTAHHBIE HA ITPO-
rpamme SRIM-2013, npencrasienst Ha puc. 1. POpMUPYIOTCS CJIOU N-TUIA U JIEKTPUICCKH
HelTpaabHbIil cnoit B p-tuna Si myrem NI momamu Mn™ m Ast ¢ pacnpenenenusvm mpu-
mecu Ha rayomaax d = 800 A, d = 640 A. Ilpu nocienoBarensuoit U akmenTopHbiMu U J10-
HopubiMu moHamu InT m As™ dopmupyerca cymmapHbIil ¢0it ¢ TIyOMHON pacupeIeeHnst

d =540 A (puc. 1).

R R S B
A As’ E=5010B| ]
® Mn" E=30k3B| - 1
v As' E=30B| |

(ATom/cMm’/ATom/cM?)

|
100 200 300 400 500 600 700 800 900 1000
d, A

Puc. 1. Tny6una pacnpeienenus nonos nocie MM B Si monos Ast ¢ smeprueit E = 50 k3B,
nonos Mn™t ¢ smeprmeit E =30 k3B u mnociemosarenbro monamu Int um AsT ¢ smeprusivm
mo E = 30 k3B

Fig. 1. Ion distribution profile after Si implantation with As™ ions with an energy E = 50 keV, Mn ™
ions with an energy E = 30 keV, as well as sequential implantation with In™ and As™ ions with an
energy E = 30 keV each
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Ha puc. 2 (a, 6, B) nokazanbl MuKpodororpaduu CTpyKTyp Ha MOBEPXHOCTH Si-06pas3ios,
nosryuennnlx nociae MCO ¢ miaornoersio Mommoctn w = 20 Br-em™2 u jmresbHOCTBIO 6 ¢
na ycranoske miysbe-6. Buno, 410 MOIIHBIE CBETOBBIE UMITY/IHCHI TaJIOI€HHBIX JIAMIT IIPUBO-
AT K 00pa30BaHUIO pesibedHBIX MOBEPXHOCTENH pa3mvdHoil (hopMblI U ILIOTHOCTH. Panee HaMu
OBLIO TTOKA3aHO, YTO JIOKAJIbHbIE 00JIACTU TIJIABJIEHUS 00pa3yIoTCsd HA POCTOBBIX JedeKTax Mo-
HOKpHCTa/InIeckoro Si nim Ha jedexrax, eejennbix U [9]. Eciu na Si, ummianTupoBaHHOM
nonamu As™ | nabmonaiorces GUrypsl IpaBuabHOM (GOPMBI B ¢ OTHOCHTEILHO YIOPAI0ICHHBIM
pacrosiokerneM (puc. 2a), T0 B APYIuX CJAydasx BUJHBI CAYYaiiHO PACIIOIOKEHHbIE MUKDO-
GuUryphl COBEPIIEHHO HENPaBUIbHONW (opMbl. BeposdTHo, 4TO BKJIaJ B YIAIUHEHHYIO (HOPMY
MUKPOCTPYKTYp Ha puc. 2B BHecsta uMenno MU monamu In™. To, uro ycnosus MCO s
BCex 00pas3loB ObLIM abCOMIOTHO MIACHTUIHLIMEA M SHEpruu g umoHo Mn™ u In™ Gbum
OJINHAKOBBIMHU, TIO3BOJISIET IPE/IIIOI0KUTD, UTO KJIOUYEBYIO POJb B (HOPMOOOPA3OBAHUN JA€T
MMEHHO aTOMHAas Macca NMILIAHTAPYEMbBIX 3,ieMeHTOB. CyIeCcTBEHHYIO POJIb UTPAIOT ITPOIECCHI
PEKPHUCTAJUIM3AINN Si B T€UEHNE CBETOBOIO MMITYJIbCA JI0 JIOCTHKEHIS 00PA3IOM TEeMIIepaTyPhl
JIOKAJTLHOTO TLIABJIEHUS.

300 mkm

Fd

Puc. 2. Muxkpodororpacduu nosepxuocrun monHo-umitanTuposantoro Si (100) (a — momamm As™
¢ sueprueii ummtanramun E = 50 k9B u mozoit D = 3.1 x 10" cm™2, 6 — nomamu Mn™T ¢ smepruei
mvmutanTaimn E = 30 kaB u mozoit D =2 x 106 em™2, B — momamu Int u As™ mocienosarensmo
sHeprusiMu uMmitanTaimu B = 30 kaB u mosavu D = 21016 em? s kaxkoro) mocsie UCO -
TeapHOCTRI0 t = 6 ¢. [yt cpaBHeHus1 mpejicTaBiieHbl (hoTorpadun, MoydIeHHbIe HAMI PaHee MOC/Ie
obpaborkn Ha ycranoke YOJLII-1: memvmmanruposansoro Si KJIB-1 (100) mpu mIoTHOCTH MOIIHO-
ctn ceeroBoro ummyibca w = 1200 Br - cm~2 u gymrensnoctax 70 mc (r) m 90 mc (1) (nosepxHoCTD
nepes MICO 6bura ormumdosana) [11]

Fig. 2. Micrographs of ion-implanted Si (100) surface (a — As™ ions with an implantation energy
E =50 keV at adose D = 3.1 x 10" cm™2, b~ Mn™ ions with an implantation energy E = 30 keV at
adose D=2 x 10 cm™2, ¢ InT and As™ ions sequentially with an implantation energy E = 30 keV
at a dose D = 2 x 106 cm™2 after the pulsed light annealing for t = 6s. For comparison, micrographs
of non-implanted Si KDB-1 (100) obtained earlier after the pulsed light annealing in the UOL.P-1
setup at a power density w= 1200 W-cm™2 and t =70 ms (d) and 90 ms (e) (the surface was
sanded before annealing) [11]
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Hna momudunupoBaHHbIX Si-00pas3ioB ObLM n3Mepenbl Ko3dduIuenTsl oTpazkeHnd Rang
IOJT YIJIOM K COOTBETCTBYIOIIUM ITOBEPXHOCTSM CTPYKTYP U IIPOBEJIEHO UX CPABHEHHE CO 3HAME-
HUSIMHU JIJTsT KCXOJTHBIX oBepxHOCTelt Ry (KoTOpbIe ObLIH /10 CTPYKTYpPUPOBaHust). Pe3yabrarst
u3Mepennit mpejicrasiensl B tabu1. 1. Cpasuenune MukpodoTtorpaduii Ha puc. 2 moKa3bIBaeT, 9To
Ha u3Menenne R,,, OKazaun cymecrBeHHoe Biusgnue (opMbl pejibedHbIX CTPYKTYP. DTO MOXK-
HO sICHO YBHJIETb IIPU corocTaBjernnu Mukpodororpadun ua puc. 26, 2 1. Jlanabie cTpyKTYpBI
BHECJIN 3aMETHBIN BKJIAJ B YMEHbIIIeHNE KODDUIMEHTa OTParKeHUsI.

Tabu. 1. KosddurmerT orparkeHnst MOBEPXHOCTH Si /10 U mocsie GOPMUPOBAHUS PETBEPHBIX CTPYKTYP
Table 1. Reflection coefficient of Si surface before and after the formation of relief structures

Pucynok | Uou /E, k3B /D, em™? | A, uM | Rini | Rang | (Rini—Rang) / Rini X100, %
2a Ast /50/3.1x10% | 405 | 0.46 | 0.46 0
532 | 0.36 | 0.35
630 | 0.34 | 0.31
20 Mn* /30 /2x10' 405 | 0.46 | 0.46
532 | 0.36 | 0.34
630 | 0.34 | 0.33
2B In* u Ast/ 405 | 0.46 | 0.46
o 30 / mo 2x101° 532 | 0.36 | 0.34
630 | 0.34 | 0.30
2T oe3 N 405 | 0.46 | 0.43
532 | 0.36 | 0.32
630 | 0.34 | 0.27
211 6e3 111 405 | 0.46 | 0.45
532 | 0.36 | 0.33
630 | 0.34 | 0.28

D W RN W N O~ D oW

3akJrroueHue

[Tokazano, uro MU pa3amyHbIMU MOHAMH TO3BOJILET IMOJIYyYaTh pPa3JIHIHbIE MOPMOJIOTH-
YeCKHe COCTOSHHUS Ha W3HAYAJbHO TJIAJKUX ITOBEPXHOCTSX IOJIYIPOBOJIHUKOBBIX ITOJIJIOXKEK,
B dactHocTH, Si. Hekoropbie m3 o0OpasyemMbix MUKPOCTPYKTYD HPEIACTAB/IAIOT WUHTEPEC JIJIs
pa3paboOTKN KOMIIOHEHTOB COJIHEUHO# 3HepreTtuku. Vcmonb3oBarubie noHbI U pexkumbl M1CO
MO3BOJIMJIA CHU3NTH KO3 MUIMEHT OoTpazkeHus nopepxuoctu Si Ha 4 %.
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Formation control of unmanned aerial vehicle swarms
for outdoor monitoring in search and rescue tasks
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Abstract

Advancements in robotics have expanded a use of unmanned aerial vehicle (UAV) swarms in
critical tasks such as disaster response, including search and rescue operations during floods, hurricanes,
landsliding, and earthquakes. Swarm formation control stands as a critical challenge in UAV swarm
control. In this article, a simple and resource-efficient method for addressing collisions within swarm
formations during outdoor missions is proposed, along with a set of formations designed for various
task requirements. The proposed algorithm is implemented using the Robot Operating System (ROS)
for a swarm of ten PX4-LIRS UAVs. Experiments conducted in the Gazebo simulator demonstrated the
algorithm’s effectiveness, with the quantitative results presented through mean and standard deviations
of the absolute positioning error measurements.

Keywords: UAV, swarm control, leader —followers, swarm formation, ROS, Gazebo
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AnHoTanust

CoBpeMeHHbIe JOCTHKEHUs B 00JIaCTH POOOTOTEXHUKU OTKPBIBAIOT HOBBIE BO3MOXKHOCTHU JIJIsI IIPH-
MeHeHUsI POsi GeCIUIOTHBIX JleTaTeabHbIX anmnaparos (BITJIA) B kpurudeckux curyaimsix. Hanpumep,
rpynnbsl BIIJTA moryT 66T 9¢b()EKTUBHO KCIIOIB30BAHBL JJIsi TPOBEIEHUST TONCKOBO-CITACATE/BHBIX
omeparuii BoO BpeMsl HABOJIHEHUI, yparaHoB, OIOJI3HEH U 3emiieTpsceruii. B mamnoii pabore paccmar-
puBaercs npobiiema ynpasieHus gopmarmsmu post BIIJTA, koTopasi, B CBOIO 0Yepe/ib, OMPEIesseT
OO0IIyI0 pe3yJIbTaTUBHOCTH yiipasjeHusi poeM BIIJIA B xoze BeimosiHeHust muccnn. PaspaboTaH mpo-
CTOW W MAJIO3ATPATHBI MeTOJ, pe0TBpaIennst cToaKHoBeHu BHyTpu post BIIJIA Bo Bpems mosera
Ha OTKpBITO MecTHOCTH. IIpennaratorcst Tunbl dpopmaruii post BIIJIA, amanTupoBaHHBIe MO, perie-
HU€e Pa3/IndHbIX 33/a4d. Pazpaboranubiit ajroput™ peasn3oBan B Pobororexuudeckoit OuepannoHHon
Cucreme (ROS) na npumepe post uz gecsitu BITJTA PX4-LIRS. Ero sdbdekTuBHOCTD MOATBEDXK IEHA
110 pe3yJIbTaTaM IIPOBEIEHHBIX SKCIIEPUMEHTOB B BUPTyaJsibHOU cpejie Gazebo. KosmmiecrBenuble Janube
9KCIIEPUMEHTOB IPEJICTABJICHBI B BUJIE 3HAUEHUIN CPEHEr0 W CTAHIAPTHOIO OTKJIOHEHUH abCOJIIOTHOM
ommbKu nosurmonnposanust BITJIA.

KmioueBsie ciaoBa: BJIA, poesoe ympasnenne, nauiep—mociaenoBatenn, (opmarms pos BJIA,
ROS, Gazebo
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ckoro snziepersa Kaszanckoro (Ilpusoszkckoro) denepasnbroro yausepcurera (IIPUOPUTET-2030).

Hns mmrupoBauusi: Frolov O.V., Safin R.N., Tsoy T.G., Martinez-Garcia E.A., Magid E.A.
Formation control of unmanned aerial vehicle swarms for outdoor monitoring in search and rescue
tasks // YVuen. zamn. Kazan. yu-ta. Cep. @uz.-marem. nayku. 2025. T. 167, ku. 4. C. 786-805.
https://doi.org/10.26907/2541-7746.2025.4.786-805.

VYuen. 3an. Kazan. yu-ta. Cep. @us.-mar. nayku | 2025;167(4):786-805



788 O.V. Frolov et al. | Formation control of unmanned aerial vehicle swarms. ..

Introduction

Modern robotics offers great opportunities to automate and streamline various civilian tasks,
including disaster response [1,2]|, agriculture management [3], and healthcare [4]. However, this
mission is beyond the capabilities of a single robot, which are inherently limited, and requires
multiple robots to work together as a cohesive system. The coordination of large groups of robots
is the primary objective of swarm robotics [5], a field that focuses on the effective use of the
collective operation of UAV swarms, ranging in size from a few to dozens or even hundreds
of units [6, 7].

In the civilian domain, UAV swarms have already been actively employed to monitor
and tackle natural disasters [8], such as floods [9], tsunamis [10], and earthquakes [10, 11],
highlighting their potential in addressing critical real-world challenges. During urban search
and rescue (USAR) operations, UAV swarms can collaborate to locate survivors [12|. Robots
make such operations more successful and safer by working in parallel, performing several
tasks autonomously without requiring direct involvement of rescuers, and covering large
disaster-struck areas [13].

The performance of UAV swarms depends on many factors. Among them is the
need for appropriately designed UAV swarm control algorithms and, particularly, UAV
swarm formation control algorithms [14]. Extensive research efforts have been dedicated
to developing, optimizing, and improving such algorithms. The ant colony optimization
algorithm [15], maintaining UAV swarm coordination in environments with interference in radio
communication channels, is the most famous one.

Although significant progress has been achieved in managing the architecture of UAV
swarms and their trajectory, this is still quite a difficult issue, especially in what concerns
collision avoidance during the formation flight and synchronization of moving UAVs within
the swarm. These challenges are particularly evident in centralized control concepts, where
key decisions are made by a human operator and an assigned swarm leader, with other UAVs
acting as followers. Collision-avoidance strategies must be tailored to the specific operating
environment. Simple and straightforward algorithms are sufficient for open areas, while confined
spaces demand more advanced solutions (e.g., artificial potential fields [16]).

This article presents a swarm formation control approach based on centralized control
through a swarm leader [17]. In this approach, an operator interacts directly with the leader, who
is responsible for decision making, transmitting commands to followers, and synchronizing their
actions. The algorithm integrates a collision avoidance mechanism by assigning a unique altitude
to each UAV before the formation construction begins. Although decentralized swarm control
approaches may improve collision avoidance during formation flights, a centralized approach
remains the simplest and most resource-efficient, making it particularly suitable for open spaces
such as flood-affected zones.

For the above purpose, we propose a set of 10 formations designed for various tasks and
demonstrate their implementation using the Robot Operating System (ROS, [18]), the Gazebo
simulator [19], and the PX4-LIRS UAV package [20].

The article is organized as follows. Section 1 reviews related works and methods used
in the development of the proposed algorithm. Section 2 provides a detailed description
of the UAV swarm formation control algorithm. Section 3 outlines virtual experiments
conducted in the Gazebo simulator and discusses experimental results. Section 4 presents
the main conclusions and highlights perspectives for future research, development, and
application of the proposed algorithm.
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1. Related Works

All UAV swarm control algorithms can be classified into centralized and decentralized.
Centralized algorithms [21] manage a UAV swarm through a single leader. In contrast,
decentralized algorithms [22,23| rely on distributed control, with UAVs exchanging information
and executing their own instructions. In some cases, hybrid algorithms combine both these
approaches, as discussed in [24]. In our UAV swarm formation control algorithm, we
implemented a centralized approach. While many centralized swarm control algorithms are
based on multilayer UAV swarms [25], we, in order to simplify experiments, used a single-layer
hierarchy with a small UAV swarm for our simulations.

Maintaining a safe distance between flying UAVs is a key issue in UAV swarm control.
Many UAV swarm control algorithms leverage the Fixed Global Difference (FGD) concept,
which was introduced in [26] for a single formation type with the virtual experiments carried
out in the Gazebo simulator and without suggesting any performance evaluation metrics.
In contrast, we applied FGD to develop a centralized UAV swarm control approach and
validated it through virtual experiments in the Gazebo environment for different types of swarm
formations. The results of the experiments were then evaluated. Although more accurate and
flexible UAV swarm control algorithms have been proposed, such as those based on distributed
consensus and convex hulls [27|, pigeon-inspired optimization [28], and artificial potential field
method [29], FGD remains the simplest and more resource efficient algorithm for UAVs, allowing
them to maintain a fixed distance from each other.

Another pressing challenge for UAV swarm formation control algorithms is enabling
collision avoidance. In [30], a modification of the Vector Field Histogram (VFH) algorithm
was proposed to provide a collision avoidance mechanism (between UAVs and obstacles) with
an information sharing strategy among UAVs within the same swarm. However, this approach
can be unnecessarily resource-intensive for certain conditions than other simple methods
(e.g., operating in open space with obstacles other than neighboring UAVs). An alternative
solution involves analyzing the flight trajectories of UAVs, as suggested in [31|, which may
also encounter difficulties in large swarms. An effective UAV swarm control algorithm should
find an equilibrium between efficiency and resource consumption. Our algorithm incorporates
efficient collision handling mechanisms for UAV moving collectively in open spaces. GPS-denied
conditions [32] introduce interference risks. Vision-based techniques can be utilized to facilitate
this problem [33].

In [17], various methods for UAV swarm formation control are described. The main idea is
that artificial intelligence (AI) algorithms can enhance traditional swarm control methods.
Therefore, the algorithm proposed in our work could be further improved with Al-based
solutions, such as preventing interference in the UAV localization process or detecting and
avoiding nearby obstacles, including neighboring UAVs.

2. Formation Control Algorithm

In this section, we describe the proposed UAV swarm formation control algorithm and a set
of predefined swarm formations. The algorithm comprises several stages:

(a) Setting algorithm parameters: the distance between UAVs;, the circle radius (for circular
formations only), the rotation angle of the formation (orientation), and the sector angle.

(b) Assigning a unique altitude to each UAV in the swarm (as described in Equation (12)).
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(c) Generating the UAV positions in the formation based on the selected formation type
and parameters (as shown in Equations (1)—(11)) in the coordinate system relative to
the leader.

(d) Flying each UAV to its designated position in the formation while maintaining its unique
altitude.

(e) Adjusting the altitude of each UAV so that it is equal to the altitude of the leader.

To construct a formation, a coordinate grid is generated relative to the global position
of the leader, obtained using GPS. The grid defines potential positions of the followers in
the formation, which are transmitted to them. It is discretized into square cells of equal size
(each with the side length P), which is set by an operator and represents a distance between
the UAVs in the formation. In the case of circular and sector formations, P is the radius, and
the coordinate grid is a reference to define the orientations of the leader and the followers
during the formation flight. When the coordinate grid is generated, the leader calculates
the positions of the followers for the selected formation type and sends the coordinates to
them so that they can adjust their positions appropriately. The leader broadcasts a signal
to the followers to fly in the fixed altitudes according to Equation (12). Upon reaching their
assigned altitudes, the followers notify the leader. The latter sends the formation coordinates.
The followers navigate to the received coordinates (to their goal or target points) and confirm
upon arrival. Finally, the leader sends a command to equalize the altitudes.

In our previous work [34], we described the following formations: wedge, circle, echelon,
and flanks. Here, we introduce a new set of formations: modified wedge (the UAV swarm
leader is positioned as the first UAV and moves slightly ahead of the wedge, see Fig. 1, a);
sector (Fig. 1, b); column (Fig. 2, a); snake (Fig. 2, b); front (Fig. 3, a); chess (Fig. 3, b), with
up to 6 UAVs per row; boundary rectangle (Fig. 4, a) and filled rectangle (Fig. 4, b), each with
up to 6 UAVs per row; boundary rhombus (Fig. 5, a); filled rhombus (Fig. 5, b). It is important
to note that all these formations, except for the circular and sector formations, use a coordinate
grid generated relative to the leader’s position. In the circular and sector formations, the leader’s
position is the center of the circle, and the followers are evenly distributed along the boundary
of the circle or sector in accordance with a user-defined radius.

The leader’s workflow (Fig. 6) includes the following steps:

1) An operator sets the formation parameters: P (the edge length of each grid cell or
the circle and sector radius), formation type, and orientation.

2) Upon receiving the parameters, the leader generates a coordinate grid and calculates
the relative positions of the followers.

3) The leader signals the followers to set their individual altitudes as defined in
Equation (12).

4) Once the followers reach their altitudes, they confirm to leader.

5) The leader sends the formation coordinates to the followers, and they navigate to these
goal points.

6) Upon reaching their goal points, the followers notify the leader, and when all confirmations
are received, the leader sends the command to equalize the altitudes.

The followers” workflow is depicted in Fig. 7:
1) The follower receives the command from the leader to set its individual altitude and
adjusts to the assigned altitude.
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2) Once the assigned altitude is reached, the follower notifies the leader.

3) The follower receives the coordinates of its goal point and starts moving towards it.
4) Upon reaching the goal point, the follower notifies the leader.

5) The follower waits for the command from the leader to equalize the altitude.

The communication between an operator and the UAV leader and between the UAV leader
and the UAV followers is shown as an interaction diagram in Fig. 8.

I
e =
IH - XK

I I

(@) (b)

Fig. 1. Schemes of the modified wedge (a) and sector (b) formations for 6 and 3 UAVs, respectively.
The red dots represent 3 unoccupied vertices in the grid to demonstrate the formation structure.
In the sector formation (b), the red dot indicates the circle center. P specifies either the edge length
between adjacent UAVs along the X- and Y-axes for the grid formations or the radius for the circular
and sector formations

I

P—>

I

«~ P

2 I X
I

(b)

Fig. 2. Schemes of the column (a) and snake (b) formations for 4 UAVs. The red dots
represent unoccupied vertices in the grid. P specifies the edge length between adjacent UAVs along
the X- and Y-axes
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Fig. 3. Schemes of the front (a) and chess (b) formations for 3 and 5 UAVs, respectively. The red
dots represent 3 unoccupied vertices in the grid to demonstrate the formation structure. P specifies
the edge length between adjacent UAVs along the X and Y axes

«—
«—

REAK RRK
X X KK X
XK K KK X

Fig. 4. Schemes of the boundary rectangle (a) and filled rectangle (b) formations for 8 and 9 UAVs.
The red dot represents a single unoccupied vertex in the middle of the rectangular to demonstrate the
formation structure. P specifies the edge length between adjacent UAVs along the X- and Y-axes

: xf.q :
H——FK | X
3

Fig. 5. Schemes of the boundary rhombus (a) and filled rhombus (b) formations for 4 and 5 UAVs.
The red dots represent unoccupied vertices in the grid to demonstrate the formation structure. P
specifies the edge length between adjacent UAVs along the X- and Y-axes

P
|
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Uch. Zap. Kazan. Univ. Ser. Fiz.-Mat. Nauki | 2025;167(4):786-805



O.B. ®posios u jp. | Yupasienue poeM GeCIUIOTHBIX JIeTATEbHBIX allllapaToB. . .

793

Start

v

Set formation's parameters:
P,a, 3, type, yaw

v

Send a command to the followers
to take individual altitudes

y
4

3
>
)

No Al followers Yes

reached the individual
altitude?
A

4

Generate a coordinate grid
based on P, o, 3, type

the defined

Orient the the generated
coordinate grid according to

yaw angle

Send designated coordinates
(goals) to the followers

Move to a goal in (z,y)

Y
>
Y
No All followers ves
reached the goal
in (z,y)?
Y

Send a command to the
followers to equlaize altitudes

Fig. 6. Leader UAV’s workflow. P is the formation parameter, « is the sector angle in radians, § is

the rotation angle of the formation (orientation) in r
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Fig. 7. Follower UAV’s workflow
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Fig. 8. Interaction diagram of the swarm’s communication processes

In the equations below, i = 0 is the leader’s identifier, and the positions of other UAVs are
calculated relative to the leader’s position. The followers’ identifiers are in the range of [1,n—1]

for a swarm of n UAVs.

The coordinates of the modified wedge formation are defined as follows:

(xiflayifl _P)7 1f2: 17
$i,1—P,yZ',1—P, if1<i<2,
(xmyz): ( ) . n 2
({L‘1+P,y1—P), =3,
(x¢_1+P,y,~_1—P), 1f§<z<n

The coordinates of the column formation are determined from:

(xiayi) = (xiflayifl - P)-

The coordinates of the snake formation are expressed as:

(ZL" y)z (:Bi—1+P7yi—l_P)7
7 (xifl_vaifl_P)a

The coordinates of the front formation are calculated as:

(2, ;) = (w1 + P,yiq),if i <n—1.

To obtain the coordinates of the chess formation, we have

(%‘;yi) =
(%,yi—l - P)7

\

where [ is the index of the current line.

(<£U1'71+2'P,y2',1), 1f0<@<77/,
<x0+P7yi71 _P)J

switching to the next line,

if 1 mod 2=0, 7 <n,
if i mod 2 >0, i <n.

if 0 <i<mn, [ mod2#0,
switching to the next line,
if0<i<mn, lmod2=0,
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The coordinates of the boundary rectangle formation are defined as follows:

(i1 + Pyyic1), if 0 < i < n, if first or last in line,
(i, ;) = S (w521 — 5+ Py;_1 — P), if 0 <i < n, if switching to the next line, (6)
(xii1+5-Pyi1), if 0 < i < n, if not first or last in line.

The coordinates of the filled rectangle formation are found from:
(xic1 + Pyioa), if 0 <1i<n,
(i 33) = {(:pi_l _5.Puy,1—P), if0<i<n, if switching to the next line.
The coordinates of the boundary rhombus formation are specified as:
(kg +P-(1—1),y:-1— P), if 0 <i <n,if UAV, first in line,
(i, 90) = {(xo —P-(1-1),y-1), if 0 <i < n, if UAV, not first in line,

(8)

where [ represents the number of UAVs in the current line of the rhombus. The value of [
increases as it approaches the center of the rhombus and decreases after passing the center.
The coordinates of the filled rhombus formation are defined as follows:
(xo+ P - (sum —1),y;_1 — P), if 0 < i < n,UAV, is first in line,
(i, yi) = § (w521 — 2 Pyy;q), if 0 <i<n, 9)
UAYV; is not first in line,

where sum is a number of UAVs in the current line.
The coordinates of the sector formation are calculated using the following expression:

o n
Oi=i-—— dlz,y)= ; V(@ = 20)? + (v — 4i1)?, (10)
for UAV index ¢ € [0,...,n — 1] , swarm size n, sector angle a (rad), and arc length d(z,vy).
a - P? . cosb; a - P?.sinb;
iy Y1 = star 3/ N star - 3/ N Y 11
() = (e S e S .

where (Zggart, Ystart) 1S an initial position of the leader before the formation construction process.
An operator can rotate the formation to the desired orientation using the equation:

(i,9i) = (% - cos B — y; - sin B, x; - sin B + y; - cos B),
where ¢ € [0,1,...,n — 1] and f is the orientation (in radians).

The individual altitude of each follower UAV is determined as described in our previous
research [34]:

hig = hp +1d, (12)
where h;,4 is the follower’s altitude, hj, is the leader’s altitude, and id is the follower’s identifier.

When each follower receives h;y, the leader assigns the formation coordinates to
the followers. Then each UAV moves to its goal point (target). Once all followers confirm
reaching their targets, the leader commands them to equalize their altitudes: h;q = hy, where
h;q denotes the follower’s altitude and hj, represents the altitude of the leader.

Since this algorithm is feasible in simulation, the global coordinates of the leader can be
easily determined using a plugin that simulates the GPS module of the swarm leader. However,
in real-world scenarios, the leader would require additional sensors for localization, such as
front- and downward-facing cameras, alongside GPS.
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3. Virtual Experiments

This section presents the results of simulations performed to validate the proposed
algorithm’s performance. The screenshots of the simulated formation flights are provided.
For our experiments, we used a Pixhawk 4 based UAV model developed by the Intelligent
Robotic Systems Laboratory [20].

The hardware setup for the virtual experiments included the Intel Core i5-12450H processor,
16 GB of RAM, and 30 GB of storage. The software environment consisted of Ubuntu Focal
Fossa, ROS Noetic Ninjemys, Gazebo 11, and PX4-LIRS UAV plugin.

In our previous research [34], the virtual experiments were conducted for the wedge, echelon,
flank, and circular formations using a tiny swarm of 5 UAVs. The current study expands previous
experiments by using a swarm of 10 UAVs and a broader range of formation types.

3.1. Gazebo simulations. The virtual experiments were conducted in the ROS/Gazebo
environment to evaluate the performance of the proposed formation control algorithm. For all
formations, the parameters were set to P =5, f =0, and a = 90. To assess the accuracy of the
algorithm, an absolute error between the UVA actual position and its actual position assigned
by the leader was calculated.

The simulation starts with all UAVs intially located on the ground. The operator commands
the swarm leader to take off (Fig. 9, a), establish a connection to the followers, and instruct
them to take off as well (Fig. 9, b). When the entire swarm lifts in the air, the operator sets
the formation parameters and sends the command to the leader. The leader assigns individual
altitudes to the followers and broadcasts their positions within the formation. This initiates the
formation construction process.

The altitude adjustment for the followers of the modified wedge formation is shown
in Fig. 10, a. Once this process is completed, the formation construction begins. When
the formation is is successfully achieved (i.e., all UAVs reach their goal positions), the leader
sends a signal to equalize the altitudes (Fig. 10, b).

For a swarm of 10 UAVs, the operator specifies the parameters P (in meters), a, and f3.
In the chess formation, the UAVs are organized in a checkerboard-like asymmetric grid, with
a distance v/ P between the adjacent UAVs and 2P between the neighbors (in the XY-plane)
aligned horizontally (X-axis) or vertically (Y-axis). Fig. 11 shows the completed chess formation.
In the filled rhombus formation, the parameter P defines the spacing between the UAVs.
The leader determines the number of lines, constituting one half of the rhombus, and assigns
positions to the followers accordingly. The UAVs within the same line are spaced by 2P, while
those aligned along a diagonal line are separated by +/P. Fig. 12 illustrates the filled rhombus
formation, which fits all 10 UAVs but remains incomplete, as the nearest properly filled rhombus
of comparable size would require either 9 or 16 UAVs. The sector formation construction process
starts when the leader calculates the length of an arc according to P as a radius and « as
an angle of the circle sector and distributes the followers evenly along this arc. The completed
sector formation is illustrated in Fig. 13.
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(b)

Fig. 9. Takeoff process of the UAV leader (a) and the UAV followers (b). The UAVs are highlighted
with the green ellipses, and the green arrows indicate the takeoff direction

(b)

Fig. 10. Altitude adjustment (a) and altitude equalization (b) for the modified wedge formation. The
individual altitude of each UAV is set to the sum of its own identifier and the leader’s altitude. During
the altitude equalization process, the altitude of each UAV is adjusted to match the leader’s altitude.
Each UAV is highlighted with the green ellipse, and the identifiers are displayed within the white circles
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Fig. 11. 10 UAVs checkerboard formation with P =5 m. Each UAV is highlighted with the green
ellipse, and the identifiers are displayed within the white circles. The red ellipses visualize two
unoccupied vertices

Fig. 12. Completed 10 UAVs filled rhombus formation with P =5 m. Each UAV is highlighted with
the green ellipse, and the identifiers are displayed within the white circles. The red ellipses indicate
three of the unoccupied vertices

3.2. Results. To evaluate effectiveness of the proposed solution, an absolute error for
each UAV was calculated using the following equation:

A= (|xexp - xreall; |yexp - yreal|);

where Zey, and yexp are the expected coordinates determined by the leader during the formation
construction, Zye, and ... are the actual coordinates of the UAV. The absolute error quantifies
the magnitude of the deviation between the predicted and real positions of the UAVs, providing
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a measure of the formation accuracy. Lower values of A indicate better adherence to the desired
formation, whereas higher values of A suggest positioning or coordination inaccuracies.
For each formation, the mean absolute error and the standard deviation were calculated as

follows:
1 n—1 1 n—1
M = (MasaMy) = <ﬁle, ﬁzyz> s
=0 =0

n—1 n—1
1 1
0= (Uxﬂay) = n—1 Z(sz - Mx>2’ n—1 Z(Ayz - My)2 )
=0 =0

where o is the standard deviation, M, and M, represent the mean values for x and y
coordinates, respectively, and A,, and A,, are the absolute errors in the z and y directions.

Table 1 presents the experimental results, with the formation types in the first column, the
mean absolute errors (M,, M,) in the second column, and the standard deviations (o,,0,) in
the third column.

The mean absolute error (M,) ranged from 0.019 to 0.255 m (X-axis) and (M,) from 0.013
t0 0.255 m (Y-axis). The sector and boundary rectangle formations exhibited the smallest errors,
while the column, filled rhombus, and modified wedge formations showed the highest error
values. The snake, chess, filled rectangle, and boundary rhombus formations had comparable
error levels, which were lower than those of the column, filled rhombus, and modified wedge
formations, but higher than those of the sector and boundary rectangle formations.

The Gazebo simulator provides plugins for wind [36] and noise generation [37] to simulate
more realistic UAV movements. It is important to emphasize that the values presented in
Table 1 were obtained in a controlled simulation environment, which does not account for real-
world factors that can impact the performance of UAVs. In practical scenarios, UAVs may face a
range of challenges, such as adverse weather conditions, fluctuating wind speeds, or turbulent air
currents, all leading to deviations from expected trajectories. Additionally, other environmental
factors, such as obstacles, GPS inaccuracies, and interference from nearby electronic devices,
can affect the ability of UAVs to maintain precise positioning.

Fig. 13. Completed 10 UAVs sector formation with P =5 m and « = 180°. Each UAV is highlighted
with the green ellipse, and the identifiers are displayed within the white circles. The red ellipse indicates
the circle center. The blue line shows the sector angle
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Table 1. Mean values and standard deviations of the absolute errors for each formation

Formation type | (M,, M,), ‘ (04,0y),
Modified wedge | (0.136; 0.255) | (0.034; 0.274)
Snake 0.073; 0.013) | (0.052; 0.02)
Front 0.045; 0.088) | (0.015; 0.045
Column | (0.289; 0.023
0.084; 0.173) | (0.022; 0.264

Filled rhombus | (0.169; 0.031) |

Boundary rhombus | (0.101; 0.043 ‘ 0.036; 0.038

( )
( )
( )
(0.255; 0.073)
( )
( )
( )
( )

Filled rectangle 0.076; 0.107 ‘ 0.002; 0.091

Boundary rectangle | (0.019; 0.06) ‘ 0.014; 0.026

K
|
|
| ( )
| ( )
Chess | ( )
| (0.034: 0.015)
| ( )
| ( )
| ( )
| ( )

Sector (0.02; 0.037) \ 0.065; 0.032

In contrast, the virtual experiments conducted in this study were carried out under ideal
conditions, where wind, noise, and external interference were not simulated. Furthermore, the
allowed deviation from the goal point was set at a maximum of 10 cm to maintain a standardized
benchmark for evaluation. Therefore, while the results from these virtual experiments provide
useful insights, real-world performance might vary due to the presence of additional variables.

Future research should focus on larger swarms with 50 or 100 UAVs and unlock the potential
of using supercomputing resources such as cHARISMa [35]. In addition to interference control,
during formation flights, UAV swarms need secure communication protocols, particularly
in environments where the entire swarm can be misled as a result of an intervention
from unauthorized third parties intercepting and manipulating communication channels to
compromise the data exchange between UVAs and an operator.

Conclusions

A leader—follower swarm formation control algorithm was developed and tested through
simulations in the ROS and Gazebo environments. Virtual experiments were carried out
with the PX4-LIRS UAV 1.0 ROS plugin. Overall, 10 UAV formations were introduced:
modified wedge, column, snake, front, chess, boundary rectangle, filled rectangle, boundary
rhombus, filled rhombus, and sector. The mean values and standard deviations of the absolute
positioning errors due to minor noise sources were calculated. The obtained quantitative
results indicate the lowest absolute positioning error in the boundary rectangle formation
(M, =19 cm, M, =6 cm and o, =14 cm, o, =2.6 cm), which reveals that the UAVs
in this formation were the closest to their assigned positions and formed a stable tight cluster.
The sector formation demonstrated similar results (M, = 2 cm, M, = 3.7 cm and 0, = 6.5 cm,
o, = 3.2 cm) and thus was relatively accurate and stable. The worst-performing UAVs were in
the column formation (M, = 25.5 cm, M, = 7.3 cm and 0, = 28.9 cm, 0, = 2.3 cm). The front
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(M, =45 cm, M, =88 cm and o, =15 cm, o, =45 cm) and snake (M, =73 cm,
M, =13 cmand o, = 5.2 cm, 0, = 2 cm) formations had moderate accuracy, thus suggesting
that more compact swarms tend to drift less.
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