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Abstract

This article focuses on the implementation of a lightweight model of a friction pendulum bearing in
the finite-element model of a base-isolated structure. The proposed approach appears as an alternative
to a high-fidelity finite-element model. The model considers the slider moving on the sliding surface
as a material point with three degrees of freedom. The equations of motion for the slider are derived
by leveraging the Lagrangian formalism. The three-degrees-of-freedom model is compared with other
available analytical approaches that can be employed to define the response of friction pendulum
bearings, mainly unidirectional formulations. From the numerical experiments, the dynamic response
of a structure with and without base isolation is obtained using a finite-element analysis. Acceleration
time series, recorded during an earthquake, are employed as an input. The numerical results, in terms
of displacement and acceleration evolutions, demonstrate the positive effect of seismic isolation on
mitigating the risk of failure in the structure.
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Аннотация
Разработана упрощенная модель фрикционно-маятниковой опоры, применяемой при конечно-

элементном расчете конструкции с сейсмоизолированным фундаментом. Упрощенная модель
выступает в качестве альтернативы детализированной конечно-элементной модели опоры и опи-
сывает движение, совершаемое ползуном, представленным в виде материальной точки с тре-
мя степенями свободы, по поверхности скольжения. Уравнения движения ползуна получены
с использованием формализма Лагранжа. Проведено сравнение данной модели с известными
аналитическими моделями, прогнозирующими поведение фрикционно-маятниковых опор, пре-
имущественно однонаправленных. Динамическое поведение сейсмоизолированной конструкции
и её варианта при отсутствии сейсмоизоляции изучено посредством численных экспериментов
с помощью метода конечных элементов. В качестве входных данных использовались акселе-
рограммы, записанные во время землетрясения. Анализ численных данных, характеризующих
амплитуду перемещения и ускорения сейсмоизолированной конструкции, показал, что примене-
ние сейсмоизоляции значительно снижает риск повреждения конструкций.

Ключевые слова: строительная конструкция с сейсмоизоляцией, фрикционно-маятниковая
опора, аналитическая модель, конечно-элементное моделирование, анализ переходных процессов
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Introduction
Seismic isolation decouples the structure from the ground by providing lateral

flexibility, while ensuring sufficient rigidity to withstand vertical loads transmitted from
the superstructure [1, 2]. Base isolation serves as an efficient method to reduce displacements
in the superstructure during a strong ground motion by dissipating the energy from seismic
waves. This goal is achieved by adding friction or flexibility. The most common examples of
dissipative devices are friction pendulum systems [3], high damping rubber bearings, and lead
core rubber bearings (LRB) [4].
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Typically, a friction pendulum isolator consists of top and bottom steel plates and a steel
slider. The bottom steel plate is machined to form a concave sliding surface on which the slider
moves. The surfaces of the slider, which are in contact with other elements of the bearing, may
be covered with a composite material liner to obtain some desired characteristics of the sliding
behavior (Fig. 1).

Fig. 1. Friction pendulum isolator

The sliding surface is characterized by little resistance to lateral movement due to the low
coefficient of friction. Therefore, the device has a large capacity for movement, which is limited
only by its geometric dimensions in the plane.

Friction isolators have garnered substantial research interest [5–8]. The period of oscillation
of a structure equipped with friction pendulums depends mainly on the radius of curvature of
the concave sliding surface rather than on the supported mass [7]. Friction isolators are generally
compact, making them an attractive option for retrofitting existing buildings [8]. They have
proven effective for seismic isolation of certain types of structures [9,10] and bridges [11] as well.

Some technological demands, such as the need to limit displacement of the sliding isolator
during a strong ground motion, have led to the development of triple [12,13] and quintuple [14]
friction isolators that accommodate more sliding surfaces and provide multiple regimes of
response during a seismic excitation. Furthermore, friction pendulum bearings with variable
curvature were proposed and studied [15–19]. The variable curvature of the sliding surface
theoretically enables an adaptive frequency conversion, thus minimizing the likelihood of
undesired effects associated with resonance. In contrast, classical friction pendulum bearings
provide a constant isolation frequency, which is associated with a higher risk for resonance
occurrence. Apart from being an option for base isolation, friction pendulum bearings emerge
as a solution for inter-story seismic isolation. High-rise buildings equipped with inter-story
isolation reportedly demonstrate a better response compared to those with base isolation [20].

Dynamic structural behavior analysis has always been a challenge, given that no
straightforward recipe exists. Finite-element analysis of a base-isolated structure can provide
some insight into the response during an earthquake without restriction regarding possible
irregular geometry. In terms of seismic isolation modeling, several approaches are possible.
One solution is to develop a high-fidelity finite-element model of the bearing, which will
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add a considerable number of degrees of freedom to the finite-element model of the base-
isolated structure that might be comparable to the degrees of freedom of the structure. This
approach will clearly result in an increased overhead in terms of computational resources and
time for analysis. The question arises of how to implement less demanding models to reduce
the computational load in the transient finite-element analysis of the entire structure.

Existing analytical models have evolved from single-degree-of-freedom (SDOF)
approximations, capable of capturing the response of friction seismic isolators with acceptable
accuracy, to a vector superposition of two, inherently SDOF responses, along two orthogonal
directions assumed independent of each other [21,22].

The need to go beyond SDOF approaches and take into account the multiaxial response of
friction pendulum bearings was suggested by indicating that the bearing response depends on
the supported vertical load [23,24]. In more recent studies [25], it was argued that models rooted
in SDOF approximations neglect some phenomenological aspects of the friction pendulum
response, which might be important in the case of near-fault ground motions characterized
by a better pronounced vertical component. In one of the proposed models, the motion of the
slider on the spherical concave surface is considered as the motion of a particle with three
degrees of freedom.

Machine learning algorithms also find application in analyzing the dynamic response of
structures, as well as in reproducing the behavior of seismic isolation. The relative displacement
of stories was investigated in [26]. A hybrid analysis comprising modeling of the superstructure
using linear frame models and ANN implementation for the force-displacement relationship
of the seismic isolators was presented in [27] and validated in [28] via a comparison with
conventional time history analysis and test data. It should be noted that this analysis was
conducted for another type of isolator, not for friction pendulum bearings.

The scope of the contribution is confined to the application of approaches rooted in analytical
mechanics combined with time-history analysis using finite-element models for structures with
base isolation in classical friction-pendulum bearings (Fig. 1).

The article is organized as follows. The SDOF model application is illustrated through
the numerical simulation of a friction pendulum bearing characterization test. The force-
displacement relationships in two orthogonal directions are numerically obtained. The analytical
approach in which the motion of the slider is considered a motion of a material point with three
degrees of freedom is then introduced. Finally, the behavior of a base-isolated structure, in
which the three-degrees-of-freedom model of the device is implemented, during an earthquake
is analyzed using a transient finite-element analysis. The response of the structure is obtained
in terms of displacements and accelerations. To underscore the effect of the seismic isolation,
the responses of two identical structures with and without base isolation are compared.

1. Combination of One-Dimensional Models in Two Orthogonal Directions

In this section, an approach assuming a combination of two SDOF models in two orthogonal
directions is considered. The analytical model is implemented to numerically evaluate the
behavior of a friction pendulum bearing subjected to in-plane excitation and a vertical load.
In the sequel, the numerically obtained relationships are referred to as U-F relationships.

(︂
𝐹𝑥

𝐹𝑦

)︂
=

N
𝑟

(︂
𝑢𝑥
𝑢𝑦

)︂
+ 𝜇N

1

‖𝑢̇‖

(︂
𝑢̇𝑥
𝑢̇𝑦

)︂
, (1)
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where N is the vertical load transferred from the superstructure, 𝑟 is the effective radius of the
sliding surface u = (𝑢𝑥, 𝑢𝑦)

𝑇 , u̇ = (𝑢𝑥, 𝑢𝑦)
𝑇 , and 𝑇 denotes a transpose.

The model defined by equation (1) can be implemented in the characterization test shown in
Fig. 2. The bottom plate of the isolator is kept fixed, whereas prescribed in-plane displacements
are applied to the top surface according to the planned testing protocol.

Fig. 2. Scheme of the characterization test

The numerical results describing the interface response in terms of the force-displacement
relationships (or U-F relationships) obtained using the testing protocol depicted in Fig. 3, for
two orthogonal directions, denoted as X- and Y-, are shown in Fig. 4 and Fig. 5, respectively.

Fig. 3. Testing protocol for displacements

2. Seismic Isolator Considered as a Mechanical System with Three Degrees
of Freedom

The slider, taken as a material point, has three degrees of freedom (𝑟, 𝜃, 𝜙) . The equations
of motion are derived by using the Lagrangian formalism as follows:

𝑑

𝑑𝑡

(︂
𝜕𝐿

𝜕𝑞𝑖

)︂
− 𝜕𝐿

𝜕𝑞𝑖
= 𝑄𝑖, 𝐿 = 𝐸𝑘 − 𝐸𝑝. (2)

In equation (2), 𝑞𝑖 denote the generalized velocities, 𝑞𝑖 correspond to the generalized
coordinates, and 𝑄𝑖 represent the generalized forces (𝑖 = 1, . . . , 3), while 𝐸𝑘 and 𝐸𝑝 stand
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for the kinetic and potential energy, respectively. In the expanded form, a system of three
equations is obtained:

⎧
⎪⎨
⎪⎩

−𝑚𝑟(𝜃2 + 𝜙̇2 sin2(𝜃))−𝑁 cos(𝜃) = 𝑄𝑟,

𝑚𝑟2𝜃 −𝑚𝑟2𝜙̇2 sin(𝜃) cos(𝜃) +𝑁𝑟 sin(𝜃) = 𝑄𝜃,

𝑚𝑟2(𝜙 sin2(𝜃) + 2𝜙̇𝜃 sin(𝜃) cos(𝜃)) = 𝑄𝜙.

(3)

Fig. 4. Force-displacement relationship in the X-direction: 𝑈𝑥 − 𝐹𝑥

Fig. 5. Force-displacement relationship in the Y-direction: 𝑈𝑦 − 𝐹𝑦

The generalized forces on the right-hand sides of the equations in the system of equations (3)
are obtained by summing the inertia force components with the normal reaction 𝑅𝑛 (for the first
equation) and the friction forces 𝑅𝜃 and 𝑅𝜙 (for the second and third equations, respectively),
as shown in Fig.6:

⎧
⎪⎨
⎪⎩

−𝑚𝑟(𝜃2 + 𝜙̇2 sin2(𝜃))−𝑁 cos(𝜃) = −𝑚𝑎𝑟 −𝑅𝑛,

𝑚𝑟2𝜃 −𝑚𝑟2𝜙̇2 sin(𝜃) cos(𝜃) +𝑁𝑟 sin(𝜃) = 𝑟(−𝑚𝑎𝜃 +𝑅𝜃),

𝑚𝑟2(𝜙 sin2(𝜃) + 2𝜙̇𝜃 sin(𝜃) cos(𝜃)) = 𝑟 sin(𝜃)(−𝑚𝑎𝜙 +𝑅𝜙).

(4)
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Fig. 6. Generalized coordinates, normal reaction, and friction forces acting on the slider

In equation (4), the acceleration vector is defined in polar coordinates (𝑎𝑟, 𝑎𝜃, 𝑎𝜙) , but the
recorded acceleration contains the Cartesian components of the acceleration vector (𝑎𝑥, 𝑎𝑦, 𝑎𝑧) .
The equation below describes the relationship between the acceleration vector components
expressed in polar and Cartesian coordinate systems:

⎡
⎣
𝑎𝑟
𝑎𝜃
𝑎𝜙

⎤
⎦ =

⎡
⎣
cos(𝜙) sin(𝜃) sin(𝜙) sin(𝜃) − cos(𝜃)
cos(𝜙) cos(𝜃) sin(𝜙) cos(𝜃) sin(𝜃)
− sin(𝜙) cos(𝜙) 0

⎤
⎦ ·

⎡
⎣
𝑎𝑥
𝑎𝑥
𝑎𝑧

⎤
⎦ . (5)

Given that the slider is forced to move along the sliding surface, an expression for the normal
reaction can be obtained from the first equation in the system of equations (4):

𝑅𝑛 = −𝑚𝑟(𝜃2 + 𝜙̇2 sin2(𝜃))−𝑚𝑔 cos(𝜃) +𝑚(cos(𝜙) sin(𝜃)𝑎𝑥 + sin(𝜙) sin(𝜃)𝑎𝑦 − cos(𝜃)𝑎𝑧). (6)

Leveraging the expression for the normal reaction, the friction force components are
expressed as:

𝑅𝜃 = −𝜇𝑅𝑛sgn(𝜃),

𝑅𝜙 = −𝜇𝑅𝑛sgn(𝜃 sin(𝜃)).
(7)

Thus, the system of equations (4) reduces to the following two equations:

𝜃 − 𝜇𝜃2sgn(𝜃) + [𝑔/𝑟 − 𝜙̇2 cos(𝜃) + 𝑎𝑧/𝑟 − 𝜇𝜙̇2(sin(𝜃)sgn(𝜃) + (𝜇/𝑟)(cos(𝜙)𝑎𝑥+

+ sin(𝜙)𝑎𝑦)sgn(𝜃)] sin(𝜃) + (1/𝑟)(cos(𝜙) cos(𝜃)𝑎𝑥 + sin(𝜙) cos(𝜃)𝑎𝑦)−
− (𝜇/𝑟)(𝑔 cos(𝜃) + cos(𝜃)𝑎𝑧)sgn(𝜃) = 0,

(8)

𝜙− 𝜙̇2𝜇 sin(𝜃)sgn(sin(𝜃)𝜙̇) + 2𝜙̇𝜃 tan(𝜃) + (1/𝑟 sin(𝜃))(𝜇 sin(𝜃)𝑎𝑦sgn(sin(𝜃)𝜙̇)−
− 𝑎𝑥) sin(𝜙) + (1/𝑟 sin(𝜃))(cos(𝜙)𝑎𝑦 − 𝜇(𝑟𝜃2 + 𝑔 cos(𝜃)− cos(𝜙) sin(𝜃)𝑎𝑥+

+ cos(𝜃)𝑎𝑧)sgn(sin(𝜃)𝜙̇) = 0,

(9)

which are solved numerically.
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3. Dynamic Response Analysis of a Structure with Seismic Isolation

The general-purpose finite-element code ANSYS Mechanical APDL is employed to build the
finite-element model of a reinforced concrete structure (with elasticity modulus 𝐸 = 30 GPa ,
Poisson’s ratio 𝜈 = 0.2 , and density 𝜌 = 2500 kg/m3 ) shown in Fig. 7. Point masses
(𝑚 = 2000 kg) are defined at each level, at points E, F, G, H, I, J, K, L, M, N, O, and P.
Two versions of the model are developed: one equipped with base isolation and another
without seismic isolation, for reference. For the reference model (without seismic isolation), the
seismic input is applied to all nodes located at 𝑧 = 0 , whereas, for the model of the seismically
isolated structure, seismic accelerations act at locations where the friction pendulum bearings
are installed (i.e., points A, B, C, and D at 𝑧 = 0 , see Fig. 7, b).

Fig. 7. Reference structure without seismic isolation (a), structure with base isolation (b)

The generated finite-element mesh (Fig. 7, a) contains 4044 finite elements SHELL181 and
12 finite elements MASS21. SHELL181 is a four-node element with six degrees of freedom per
node (translations in the X-, Y-, and Z-directions and rotations about the X-, Y-, and Z-axes).
MASS21 is a point element with six degrees of freedom (translations in the nodal X-, Y-, and
Z- directions and rotations about the nodal X-, Y-, and Z-axes).

A transient analysis is then carried out using the recorded acceleration time series
(the X-component of the input is displayed in Fig. 8). It should be noted that the employed
input is an excitation with the X-, Y-, and Z- components.

The response of the structure is obtained in terms of displacement evolution (Fig. 9) and
acceleration evolution (Fig. 10) monitored at point P, as shown in Fig. 7.

It is apparent that the implementation of friction pendulum seismic isolators leads to
a significant decrease in the monitored displacement. The decrease in acceleration is not so
well pronounced. In this context, seismic isolation can positively modify the fragility curves
(or surfaces) typically employed in quantitative risk assessment.

A comparison of the dynamic response of the base-isolated structure for various
characteristics of the friction pendulum bearing 𝑅 and 𝜇 is given in Fig. 11. An increase
in the equivalent radius of curvature (from 3 m to 4 m) leads to a decrease in the maximum
value of the monitored displacement up to 33 %. On the other hand, an (almost) double increase
in the friction coefficient increases the maximum absolute value of the monitored displacement
by 49 %. It should be noted that choosing the equivalent radius of curvature is much easier to
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control, given that the friction coefficient is strongly material specific. However, an in-depth
understanding of the interface behavior (i.e., the precise assessment of the friction coefficient
degradation) is crucial for accurately predicting the response of the isolator and the base-isolated
structure.

Fig. 8. X-component of the input acceleration time series

Fig. 9. Comparison of the X-component of the displacement at point P for the nonisolated and isolated
structures

It should be mentioned that the numerical results are obtained by assuming a constant
value for the friction coefficient. As an illustration of a variable friction coefficient, its evolution
(and, more precisely, its decrease in the X-direction), predicted in the context of the
characterization test (Fig. 2), is shown in Fig. 12.

These results are consistent with the data provided in [29], on a decrease in the friction
coefficient from 0.07 to 0.04.

In a comprehensive research with an experimental basis, reported in [6], it was deduced
that the friction coefficient depends on the sliding velocity and the normal pressure
acting on the sliding surface. The behavior illustrated in Fig. 12 has been obtained [30]
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using phenomenological models that postulate a dependence of the friction coefficient on
the sliding velocity, normal pressure, and the rise in temperature during sliding [31, 32].
The temperature rise can be experimentally detected using either thermocouples [33, 34]
or thin-film thermocouples [35]. The accurate assessment of available models reveals
discrepancies between theoretical predictions and experimental data, which can reach up
to 40–50% for sliding paths longer than 10 m. The above implies that simulation of the
characterization test may and should be included in the design of bearings for a better model
constant identification prior to the time history analysis of the base-isolated structure.

Fig. 10. Comparison of the X-component of the acceleration at point P for the nonisolated and isolated
structures

Fig. 11. Comparison of the X-component of the displacement at point P for various characteristics of
the friction pendulum bearing
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Conclusions
Some theoretical models of friction pendulum seismic isolators, their applications

in the mathematical modeling of experimental characterization of bearings (such as
the U-F relationships), and their implementation in the analysis of the dynamic response
of a structure equipped with friction pendulum isolators were considered. Although SDOF
models possess some drawbacks in predicting the friction pendulum bearing within base-
isolated structures, they should be employed in the model constant identification phase. Models
that consider all degrees of freedom for the isolator provide a more accurate assessment of its
multiaxial response and are better suited for the analysis of the dynamic behavior of the overall
structure. Additionally, lightweight analytical models are clearly more efficient in a transient
finite-element analysis compared to detailed high-fidelity finite-element models of the bearings.

Fig. 12. Change in the friction coefficient, in the X-direction, obtained in a simulation of a friction
pendulum bearing characterization test

The obtained numerical results showcase the favorable effect of seismic isolation on the
dynamic response of a structure during earthquakes. The proposed algorithm can be applied
for the design of seismic isolators, for their placement within the structure, as well as for
optimizing the response of the structure considering a specific seismic hazard. In some cases,
base isolation positively modifies the fragility curves/surfaces of the structure, providing a less
conservative risk assessment for structures in seismic regions.
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